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Chapter 1. Introduction

To study the motion of water waves is one of classical problems in
Buid
mechanics.

However, it is rather hard to solve the full problem of water waves, with no approximation

based on the assumption that water waves have
small amplitude.

This fact comes from

not only its nonlinearity,
but
also an unknown

free boundary to be determined as a part

of the solution.

Several papers addressed the well-posedness for the exact problem of water waves, in

the sense of existence and uniqueness of solution. Nekrasov[30],Levi-Civita[24]and
Struik [38]considered progressing waves. The papers of Lavrentiev [23],Ter-Krikorov [41],

[42],Friedrichs and Hyers [10],Beale [3],Amick and Toland [2]concerned solitary wave

solutions. Later, Gerber [11]examined steady waves over periodic and over monotone

bottoms.

Using the abstract Cauchy-Kovalevskaya theorem, Nalimov [27],Ovsjannikov [34]and
Shinbrot [36]showed the well-posedness for the general initial value problem of surface

waves with analytic data. Moreover we see the similar assertions in [17],[18],[19],[35],
[39],[40].
As for the initial data in a class offunctions with finite smoothness, unique solvability of

the plane problem of vortex-free water waves of infinite depth was proved by Nalimov [28].
Here the direction of the pressure gradient on the free surface plays a crucial role for well-

posedness of the problem.
That is to say, if it points

inside the fluid at the initial time

then there is a unique smooth solution at small time. Yosihara solved the problem when

the domain is of finite depth, without and with the surface tension in [46]and [47],
respectively. On the basis of their papers, two-phase problem in a Sobolev class was

considered
in [13]and [l5].In these articles, we required that the initial surface and the

bottom were almost
flat. In [44]Wu removed this restriction for the problem of gravity

waves in case of infinite depth. She established the unique solvability even when the initial

surface is not a singlelValuedgraph,
by showing the fact that the sign condition relating to

Rayleigh-Taylor instability always holds for nonself-intersecting interface. This condition

implies that for any solutions of the water wave problem, it is necessary that the pressure

gradient in the inner normal
direction on the free surface is positive. In [8],we see that

the problem is actually
ill-posed

without the sign condition. Recently, Wu [45]extended
her result to the problem for three-dimensional space. The problem of capillary-gravity

waves in the two-dimensional space with a bottom and the large initial data was treated

by Iguchi [14].
On the other hand, Nalimov[29] and Iguchi, Tanaka and Tani[16]investigated the

problem describing the dynamics of planar vortical surface waves of infinite depth. When
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the Bow is irrotational, we can reduce the free boundary problem to an initial value

problem on the free surface. Then the solvability for the reduced problem leads to that

for the originalproblem.
However, for the rotationa1 flow, we cannot deduce the problem

only on the surface. We must investigate
both the problems in the

interior
and

on the

boundary of the domain.

In this thesis, we address water waves for rotationa1 flow in the plane domain with a

fixed bottom. We will prove the temporary local existence and uniqueness of the solution

in classes of finite smoothness.

Let the Auid occupy the domain 0(i)bounded by the free surface rs(i)and the bottom
I'b:

0(i)=(z=(zl,Z2); -h+b(z1)<Z2 <r7(i,z1),
ZI
ER1),

rb=(Z=(Z1,Z2); Z2=-h+b(z1), ZIER'),

I's(i)=(z= (z1,Z2);Z2=r7(i,z1),
ZI ER1),

where
h is a positive constant.

Then the motion of the
fluid is described by

p(g.(v.vz,v).vzp=-p(o,g,
inn(i,, i,0,

Vz.v=O

p-pe= -J7i

g.vliI-v2=O
ar7

v.n=O

r7(0,z1)
=

77o(Z1),V(0,I)
=

vo(I)

Here p is density (constant),v

inn(i), t>0,

onrs(i),
i>0,

on I's(i),i>0,

onrb, i>0,

onO=0(0).

(1)

(2)

(3)

(4)

(5)

(6)

(v1,V2)is the velocity, p is the pressure, g is a gravi-

tational constant, pe is an atmospheric pressure (constant),J is the coefBcient of surface
tension, 7i (a/az')((a7/aZ')(1+ (aq/az')2)-1/2)is a curvature of I's(i)and n is the

unit outer normal
to Ilb.

We introduce a function P defined by

P
P-Pe

P

+9Z2.

Then by the Lagrangian coordinates (i,I)

z=x.I.tu(T,I)dT=@u(X'i),u(i,I)=v(i,@u(x'i)), (7)
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problem (1)- (6)becomes

au

3T+Vuq=O

Vu.u=0

inn, i>0, (8)

inn, i>0, (9)

q=g(x2.I.tu2(T,I)dT)-Ju(@u(I;i))
onrs=rs(0),

i,0, (lO)

u.n(@u(I;i)) =0

u t=o
= Vo

Here
q(i,I)

= P(i,@u(I;i)),Vu= AuVT and

Au =
i

(aa@xu)-1

onI'b, i>0, (ll)

on 0. (12)

1.I.i:::dT-I.tZ::dT

-I.iadT1.I.tadT
Throughout this thesis we use the notation in vector analysis.
Once the solution (u,q)of problem (8)- (12)is determined, the solution of problem

(1)- (6)isgivenby

v(i,I)=u(i,@u-1(I;i)), P(i,I)=q(i,@u-1(I;i)), 0(i) =@u(0;i).
Therefore we will construct the solution of the problem (8)- (12).
In Chapter 2, we study the free boundary problem in case that surface tension is not

eHective. It is shown that if the initial surface and the bottom are almost Bat, the unique

solution exists, locally in time, in a class of functions of finite smoothness.

In Chapter 3, the problem with surface tension is studied. If the assumptions mentioned

above are satisfied, the problem is well-posed. Furthermore it will be shown that this

solution converges to the solution of the problem without surface tension as the coefBcient

of surface tension tends to zero.

In Chapter 4, we study the problem without surface tension again. Here we find

that for the well-posedness of the problem
it is not necessary to assume the almost

natness of the boundaries. Therefore, the result in Chapter 4 is a generalization of that

in Chapter 2.
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Chapter 2. Problem Close to Equilibrium

In this chapter, we consider the
free boundal;y

Problem when the eHect of surface tension

is
negligible.

Then the problem
is
solved under the condition that the

initial surface and

the bottom are almost flat and that the initial velocity is suitably small. Furthermore,

we find that the existence time of the solution increases unboundedly, as the initial data

tend to zero.

2.1. Main result

Theorem2.1. Let a = 0, g > 0 artds 2 3+1/2. There exist positive coy?Starlis
61 = 61(g,a)arid62 = 62(S)Such that if

n.E Hs+3/2(R'), bE Hs+3(R'), v.E Hs+5/2(o),

IlqoIIH4(R1)+ llbIIH3(R1)+ IIvoI[H3'1/2(f1)+ [ILJollH3.1/2(f1)5; 6l,

IlbIIHs.2(R1)5 62,

(2.1.1)

where LJo VTl. vo,vTl (-a/ax2,a/aX1),arid vo satisPes
the compatibility conditiorlS,

theft problem (8)- (12)has a unique solutiorl (u,q)Or"One time irtterval [0,T]satisfying

I:EE
Cj([o,T];Hs+3/2-i/2(o)),j = 0,1,2,

Cj([o,T];Hs+3/2-i/2(o)),i = 0,1.
(2.1.2)

Remark. The magnitude ofT irt the above theorem
cart be taker"uch that

T-+～ as llqollHs.3/2(R1)+[IvoIIHs'3/2(n)+lILJoIIHs'3/2(n))0.

We give a brief sketch of the proof.

In the Lagrangian coordinates, vorticity

vl.v=LJ

can be written as

Vul.u=LJ. in 0, i>0. (2.1.3)

In order to investigate this together with (9)it is convenient to use the coordinate trans-
formation

mapping

x=y+(0,G(y)) =tF(y)
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from 0 onto the horizontal slab

E=(y=(y',y2); -h<y2<0, ylER'),

where G is a function such that G(.,0)= 7o(.)and qT6(.,-h)
= b(.).Therefore from (7)

z=.u(q(y);i)=y.X(i,y), X(i,y)=(0,G(y)).I.iu(T,g(y))dT.(2.1.4)

Putting

X(i,y')= x(i,y',0), (2.1.5)

we derive from (8),(10)

(I.aaf1')
a2Xl aX2
+

ai2 ay1 (g.
(see[16])and from (9),(2.1.3)

X2t = KXli+H

with an operator K

a2X2

ai2

K(X,b) and a function H

)=O for i>0

for i>0

H(X,LJ1),LJ1(y) LJo(tF(y)),
being

given explicitly in Section 2.3. In Section 2.4 the properties of K and H will be investi-

gated. In Section 2.5, assuming that an H is given,we consider the Cauchy problem for
X with the initial conditions determined by (2.1.4),(2.1.5).In order to solve it, we will
quasi-1inearize the equations on the surface. Then we obtain the system which containsU

a weakly hyperbolic equation. For the well-posedness of the initial value problem for this

weakly hyperbolic equation, we need a kind of sign condition, which requires the condition
for gravity in Theorem 2.1. Further, we will show that the solution of quasi-linear system

satisfies the nonlinear Cauchy problem on the free surface. In Section 2.6, for a given X,
we find u (in0) by solving the boundary value problem for (9),(2.1.3).Here we apply
the partial Fourier transform to

reduce the problem to the boundary value problem
for

the system of ordinary differential equations. Then X is determined through (2.1.4).In
Section 2.7 by repeating this procedure, the solution (u,X,X) is obtained. Moreover q

can be obtained from (8).

2.2. Preliminaries

Let j be a nonnegative integer, 0 < T < ～ and B a Banach space. We say that
u E Cj([o,T];B) ifu is a j-times continuously differentiable function on [0,T] with values
in B. Let Dbeadomainin Rn, manonnegativeintegerandO< r < 1. By Hm(D) we
denote the usual Sobolev space on D of order m. By Hm+r(D) we denote the Sobolev-
SlobodetskilY space.

From [1,Lemmas 7.44
- 7.45]it follows that the semi-norm

(JJExE
Iu(I)

-

u(y)I2
Ix- yI2+2r

5

dxdy)
1'2



is equivalent to

(JEI_un
lu(x1,X2)

-u(y1,X2)l2
Ix1
-yll1+2r

･ (JEI_oh

dyldx

Iu(x',x2)
-u(X1,y2)l2

lx2- y211+2r

)
1/2

dy2dx )
1/2

Moreover, we introduce the norm ll.IIs,^1,^2(^1,^22 1):

= ^T-IaIIIaT1(A;'a2)a2ullL2(I)

IIulls,^1,^2=

where ct

that

-= IIullkr(E)+ IIuIIHr(I).

for s=m,

IcrI5m

A;Ilullm,A1,^2+ I (A;a2Ilaaulrkr(I)+ A;(02'')IIaauIIHr(I))
Icrl=m

for s=m+r,

(ch,...,an)is a multi-index, ao aT'...anonand aj a/axj. Then it holds

Lemma 2.2.1. Foray,ys20, ^1,^2 21 arldu,vE Com(i) wehave

HuvIIs,A1,^25; (IIuIILIE)+ ^2-7cllullHso(I))IIvlls,A1,^2,

where

7=I:-[s,.:jfss;Z,,so=Is2+Etv"o'%%.'fS,52S,
2+E(Ve>o) if O5s_<2,

andC=C(s,so,^1) >0.

Under the appropriate assumptions on G, g is a diffeomorphism from E onto 0. Hence

wedefine

Hr(0)=(u;uotF E Hr(I)) with llulljlr(n)IIuo qIIkr(I),

Hs(I's)= (a;uotF(y',0)E Hs(R')) with lluIIHs(rs)Iluo tF(.,0)IIHs(R1)

andsoon.

The following classes of operators have already been introduced and used to simplify
the estimates for K and H in [16],[46].

Definition. ForO 5 r,t5 a,

(1)L(r,s;i)is the totality of M satisfying the conditions:

(i)M =

M(P;P(J)) is a linear operator depending on P P(P1,...,Pk),Where
Pj are real-valued functions, J is the subset of(1,...,k), P(J)

= (Pj1,...,Pjl)if

J=(j1,...,jl) andP(J) =OifJisempty,

(ii)There exists d= d(M,i) > 0 such that ifP,PO E Hs(R') satisfy

lIP(J)IIHt(R1),IIPO(J)llHt(a,)5; d, lIPIIHs(R.),lIPOIIHs(R1)5 d.
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for some do > 0, then for any u E Hr(R1)

IIM(P;P(J))ullHs(R1)5 CIIul[Hr(R1),

lIM(P;P(J))u - M(PO;pO(J))uIIHs(Rl)5; CllP - POTIHs(Rl)IIurIHr(R1),

where C= C(r,s,i,d,do)> 0,

(2) Lo(r,s;i)consists ofM E L(r,a;i)such that

lIM(P;P(J))uIIHs(R1)5 CIIPllHS(R1)IluILHr(R1).

Lemma 2.2.2 ([16,Lemma2.9]). Suppose thaiO 5; r,i 5; a 5 s1. Thert

(1) L(r,a;i)and Lo(r,a;i)are al9ebras,

(2) Lo(r,a;i)is a two-sided L(r,a;i)-module,

(3) Iff is smooth iri a neighbourhood ofO
E Rk, iher} the operator M dePrted by

M(P,.P)u=f(P)u belongs tO L(s,a,.i)for1/2<i 5;a arids 2 1,

(4) IfM= M(P;P) E Lo(q,q;i)forartyqE [s,s']artdTyM(P;P) M(TyP; TyP)Ty
fory E R', where (Tyu)(I)=u(I+y),

then (1+M)-1(P;P) E L(q,q;a)forarty

qE[s,s1].

2.3. Representation of K and H

Throughout this section let the time i 2 0 be arbitrarily fixed. We assume that v and
X are

smooth and tend to zero as variables tend to infinity. We identify R21,Z2With the
complex I = z1 + iz2 Plane. Then Ils(i)and Iib are given by

I::'i'ws(y')
= y' +X1(y1) +iX2(y1),

wb(y1)=y1 +i(-h+b(y1)), -CX)<y1 <u.

Further let v satisfy the equations

V.v=0, Vl.v=LJ inn(i), v.n=O onrb

andput

F=v1-iv2,

f(y1)= f1(y1)+ if2(y1)

g(y1)
=

g1(y')
+ i92(y1)

F(ws(y1)),

F(wb(y1)).

Now let us takewS E I's(i)and the closed path 7 in 0(i).As 7 tends to Ils(i)Urb,the
Cauchy integral formula yields

1

27Ti I,I
F(I)

wP
"I 27(i
dz )

-&F(wn
- &v.p.Jrs(i,
7

I

F(I)
wso

dz+
1

27Ti JrbI
F(I)
wso

dz



and the Green formula yields

1

5R I,I
F(I)

w9

dz )

-iJJn(i,w
aE(I
-wg)
az1

dzldz2 - JJn(i,W
aE(I-wg)
az2

dzldz2.

Here E(I) is the fundamental solution of Laplace's equation in two-dimensional space:

E(I)= aloglzl.
Therefore we have

2i JJn(i)W
aE(I -

WSO)
all

･f(x1). Lv.p.Jr

iJrb

dzldz2 -

2JJn(i)W
aE(I - WSO)
az2

f(y1) dws(y1)

s(i)Ws(y1)-Ws(X1)
dy1

a(y1) dub(y1)

wb(y1)-Ws(X1)
dy1

with x' E R' such that wS
(2.3.1)leads to the equation

-2 JJn(i,u

where D
=

-ia/all and

dy1

dy1

dzldz2

(2.3.1)

ws(x1).
After the integration by parts, the real part of

aE(I- wS)
az2

dzldz2 + f1 + isgnDf2 + Alf1 + A2f2

=

e-hIDlg1 + isgnDe-hIDIg2 + A3g1 + A4g2)

Aju(X1)

=J_umaj(Xl,y1)%(y1)dy1,
j= 1,2,3,4,

a1

a2

-flmlog(1.

-;Relog(1.
a3=

-flmlog(1.
a4

-;Relog(1.

+i
X1(y')-X1(X').

:X2(y1)-X2(X1)
y1-Xl y1-X1

X1(y')-X1(X1)..X2(y1)-X2(X1)
+i

y1-Xl y1-X1

-X'(x')
+ ib(y')

-

iX2(Xl)

y1-X1-ih

-X1(X1)
+ ib(y1)- iX2(X1)

y1-X1-ih

),
).

Taking who E rb and proceeding in the same way as above? we obtain

-2 JJn(i,W
aE(I - wbO)
az2

)
)

dzldz2 +g1
-
isgnDg2 + A5g1 + A692

=

e-hlDlf1
- isgnDe-hIDlf2+ A7f1 + A8f2,

8
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where

Aju(X1)=Lwmaj(X1,y1)f(y1)dy1,
j=5,6,7,8,

a5

a6

a7

a8

-;Imlog(1.i

-;Relog(1.i

-;Imlog(1.

-;Relog(1.

b(y1)- b(x1)

y1-Xl

b(y1)- b(x1)

y1-X1

),
),

X1(y1)+iX2(y1)
-

ib(x1)

y1-X1+ih

X1(y1)+ iX2(y1)- ib(x1)

y1-X1+ih

),
).

Eliminating gl and g2 from (2.3.2),(2.3.3)and v. n = 0, we have

(1- e-2hIDl "7sgnD(1 + e-2hIDl)B2)
fl

-

2(e-hID'.B3)(1. B4)-'JJn(i,W
-isgnD(1

+
e-2hIDI)(1

+ B1)f2,

2JJn(i,
w
aE(I-wS)

aE(I
-

who)
az2

az2

dzldz2

dzldz2

where

B1
=isgnD

B2
=isgnD

(1+ e-2hlDl)-1(-A2+ e-hlDI.A8 + B3(-isgnDe-hIDI+ A8)
- (e-hlDI+ B3)B4(1 + B4)-1(-isgnDe-hlD1+ A8)),

(1+e-2hIDl)-1(A1-e-hlDIA7 - B3(e-hlDI+ A7)
+ (e-hlDl+ B3)B4(1 + B4)-1(e-hlDI+ A7)),

B3 =

-isgnDe-hIDIbI
+ A3 - A4bI?

B4 = isgnDb' + A5
-
A6b'.

Since f' = v'Irs(i)and f2
=

-V2lrs(i),
We See that X2i = KXli + H with

A' =

-(1
+ Bl)-1(itanh(hD)+ B2)

-itanh(hD) -
B2 + B'(1 + B')-1(itanh(hD)+ B2)

-:

1'tanh(hD)
+ K1,

9
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H =

-i(sgnD(1
+e-2h'Dl)(1+ B1))-1(H1+ (e-h[D'.B3)(1I B4)-'H2),

H1 =

2JJn(i,u(I)
aE(I -wg)
az2

2.4. Estimates for K and H

J

dzldz2, H2=2 JJn(i,W(I)
aE(I-wP)
az2

dzldz2.

Assumingthat X depends on x' andi, wedefine Aj,k,I(X,..., atkatlX,b,...
,atlb;X,b),1,2,...,8, k,l=0,1,2,...,by

A3.,0,0=Aj, Aj,0,l= [&,Aj,0,I-1],l=1,2,3,...,

Aj,k,l= [&,Aj,k-1,,],k=1,2,3,..., l=0,1,2,...Aj,k,I = [&
and replace a?aglX by Xpq. Here [A,B] = AB - BA for operators A,B and at

a/ai, ax1 a/ax'. Moreover we define A'1,k,I for k,l = 0,1,2,... in the same way

as Aj,k,I. Then the following results come from [46,Lemmas 4.14 - 4.20]and Lemma

2.2.2(4).

Lemma 2.4.1.

(1) Aj,k,I(goo,...,Xk',b,...,atlb;goo,b)E Lo(2+(a-[s]),a;2) fors22.

(2)R'',k,I(goo,...,Xk',b,...,aLb;goo,b)E L.(2+(a-[s]),a;3) fora 23.

(3) (1+Z'+Z2A'(X,z,b;X,z,b))-1 EL(a,s;3) fors23.

For s > 0 we introduce the notation

lllXIIIs= llXIIHs.1/2(I)+ IIX(.,0)lIHs(R1)+ IIX(.,-h)IIHS(R.)

[H(i)]s

IH(i)Is

and

IIH(i)IIHs.1(R1)+ l[aiH(i)IIHs+1'2(R1)+ IIat2H(i)IIHs(R1),

IIH(i)IIHs.1(R1)+ IIaiH(i)IIHs.1(R1)+ IIai2H(i)IIHs(R1)+ IIa?H(i)lIHs(R1),

ps
= IIwlIIHs.3/2(I).

(2.4.1)

Assumption 2.1.

(1)LJI E Hs+3/2(E).
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(2) Thereexistco > 0, d> 0, lj > 0(i
O<T<n, X

artdbsatisfy

1,2,...,5)such thatfor3 2 3,

XECj([o,T],.Hs+2-i/2(I)), j=1,2,3,

X(i,.,0)E Cj([o,T];Hs+3/2-i/2(R')),

X(i,.,-h)
E Cj([o,T];Hs+3/2-i/2(R')),

IIIX(i)1lI35co, IIIX(i)tlts+15d,

[llaix(i)IIls.3/2_i/25;lj,j=1,2,3,

[llaix(i)llls5lj+3,j=1,2,

IlbllH3(R1)5; co, IIbllHs.1(Rl)5; d.

j=1,2,3,

j=1,2,3,

It is to be noted that co is chosen sufBciently small so that

lIH(X,a)IIHs(R1)
_<
CI[LJII[Hs'1/2(I)

and for X',X2 satisfying (2.4.2),

IIH(X',b)- H(X2,b)IIHs(R1)5; CllIX'
-

X2IIlsrILJ'IIHs','2(I),

where C = C(a,co,d)> 0.

Proposition 2.4.1. Urtder Assumption 2.1 we have

H=H(X,b)ECj([o,T];Hs+3/2-i/2(R')), j=1,3,

[H]s
_<CIPs,

IH[s5;C2Ps,

Moreover, for X' and X2 satisfyir}9(2.4.2),
we have

2

[H(X',a) - H(X2,b)]s 5 C'psE IIIaix'(i)- aix2(i)IH
j=0

0<i<T.

s+I-i/2?

(2.4.2)

(2.4.3)

3

lH(X',b) - H(X2,b)ls 5C2Ps(IIrX'(i)
-

X2(i)IIIs.1+Elllai'X'(i)- ai'X2(i)IIls.3/2_i/2),
j=1

05;i_<T,

where C'
= C'(a,co,d,l4,l5)> 0 arldC2 = C2(a,Co,d,l',l2,l3)> 0.

ll



2.5. Problem on the surface

In this section we consider Cauchy problem

(i.a)
a2Xl aX2
+

ai2

X2i = KXli+H,

ay1 (g.
a2X2

ai2 )=0, i 2 0, (2.5.1)

i 2 0, (2.5.2)

X[t=o
= (0,qo), Xlilt=o= uolly2=0 (2.5.3)

for a given function H. First we reduce problem (2.5.1)- (2.5.3)to the initial value
problem for a quasi-linear system. Then by solving this reduced initial value problem, we

show that problem (2.5.1)- (2.5.3)is solvable. For simplicity we will use X and y instead

ofX and yl
in the following.

From (2.5.2)and (2.3.4)it follows that

atkx2i = K(X)aikxli + Fk.(X,...
,aikx)

+ aikH, (2.5.4)

aikaix2i
=

K(X)aikaix'i+Fkl(X,...,atkaix,atk''x')+atkaiH, (2.5.5)

wherek=0,1,2,..., l= 1,2,3,... andFk'= [aikai,A'']X'i.Put

Y=Xit, Z=Xy, W=(X,Y,Z), W'=(X,Y1).

In virtue of (2.5.4)with k = 2 wehave

Y2i = K(X)Yll + F20(X,Xi,Y) + Hit =: f2(W,W!,H). (2.5.6)

From (2.5.5)with k = 0, l = 1 and (2.3.4)it follows that

X2iy
=KXlty + Fo1(X,Xy,Xli) + Hy

- isgnDXliy + i(sgnD - tanh(hD))ayX't+ K'ayX'i + Fo1 + Hy

I
-
isgnDXlty + Polo + Hy,

hence we obtain

Z2i =
-isgnDZlt + Fo10 + Hy.

Differentiating (2.5.1)with respect to i and using (2.5.7),we have

Zli
-((9
+ Y2)(-isgnD)+ Y1)-I

(2.5.7)

x ((g + Y2)(Fo'o+ Hy) + (1+ Z')Yli+ Z2f2(W,W!,H)) (2.5.8)
=: f3(W, Wi',H).

Putting (2.5.8)into (2.5.7)leads to

Z2i =

-isgnDf3(W,W!,H)
+ Fo'o + Hy =: f4(W,Wi',H). (2.5.9)

12



Next, differentiating (2.5.1)twice with respect to i implies

(1+Z1)Y'ii+Z2Y2ii+Y'Yly +(g+Y2)Y2y+2Zi.Yt
= 0.

Since (2.5.4)with k= 3 and (2.5.5)with k =l = i yield

IY:;i
K(X)Ylti + F30(X,Xt,Y,Yt)+ Hilt,

= K(X)Y'y + F''(X,Xt,Z,Zt,Y') + Hiy,

one can rewrite (2.5.10)in the form

Y'it + (1+Z' + Z2A')-1(Y'+ (g+Y2)K)ayY1

I(1
+ Z' + Z2K)-1(2Zi. Yi + Z2(F30+Hiti) + (g+Y2)(Fl1 + Hiy)).

The identity

(1+Z' +Z2K)-1(Y1 +(g+Y2)K)

((1+Z')2+z22)-1((1 +Z1)Y1 +Z2(g+Y2))

(2.5.10)

(2.5.ll)

+ ((1+ Z')2+ z22)-1((1+Z')(g+Y2) - Z2Y1)(-isgnD+i(sgnD -tanh(hD)))
+ P1,

P1
=P1(W;X,Z)

=((1
+ Z1)2+ z22)-1((1+Z1)(9+Y2)

-

Z2Y1)Kl

-((1 +Z')2 +z22)-'z2([K,Y1]+ [K,Y2]K+ (a+Y2)(1 +K2))

+((1 +Z')2+z22)-'z2([K,Z']+ [K,Z2]K+Z2(1 +K2))(1 +Z1 +Z2K)-1
x (Y1 + (g+Y2)I1,),

and using (2.5.6),(2.5.8),(2.5.9)lead the equivalent equation to (2.5.ll)

Ylti +
a(W)IDIY'

= fl(W,W!,H)

with

a(W)
f1

((1+Z')2 +z22)-1((1 +Z1)(g+Y2)
-

Z2Y1),

-P'ayY'
-

(1+ Z' + Z2K)-1(2Zi. Yi + Z2(F3.(X,Xt,Y,Yi)+ Htit)
+ (9+ Y2)(F''(X,Xi,Z,Zi,Y')+ Hiy))

-

a(W)(isgnD "'tanh(hD))ayY1.

Thus the required quasi-linear system is of the form

I;2iti
=Y, Y'ti+a(W)lDIY' =f'(W,Wl,H),

=f2(W,W!,H),
Z't
=f3(W,Wi',H),

Z2t
=f4(W,W!,H).

13
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Lemma 2.5.1. Lets 2 3 arldO < T < ～. There exists a positive cor}stantc1 =

C1(9)
such that ifW,Wt', H, b satisfy

W,WI E CO([o,T];Hs(R')),
H E Cj([o,T];Hs+3/2-i/2(R')),j = I,3,

bE Hs+I(R1),

llW(i)IIH3(R1)5 c', rIW(i)1IHs(a,)+ IIW:(i)IIHs(R1)5 do,

IH(i)Is5d2, IIbIIH3(R1)5;co, IIbIIHs.1(Rl)
_<d'

(2.5.13)

forO 5; i 5; T artdsome cortstards do,d2,d' > 0, thert

a(W) lgE C'([0,T];Hs(R')), f= f(W,W:,H,b) E CO([o,T];Hs(R')),

Illf(W,Wl,H)IIHs(R1)
5 C3(lIWIIHs(R1)+ IIW!llHs(R1)+ IHIs),

l[(f2,f3,f4)(W,Wl,H)lIHs(R1)5; C4(1IWIIHs(R1)+ l[WllIHs(R1)+ [H]s).

Moreover, for WO, wO: and HO satisfying(2.5.13)

Ila(W)- a(WO)HHs(R1)_< C4IIW
-

WOIIHs(R1),

Hf(W,W:, H) - f(WO, wO'"HO)lrHs(R1)

5; C3(llW- WOIrHs(R1)+ llWi'-WO:IIHs(R1)+ lH- HOIs),
where C3 = C3(C',9,do,d2,a,Co,d')> 0 andC4 = C4(C1,g,d.,a,c.,d')> 0.

Proof. The properties of a were shown in [46,Lemmas 5.18
- 5.20].Other estimates are

easily derived from the lemmas in Section 2.4. [
The initial value problem

Iuii+a(W)lDIu=f
for 05;i5T,

u=uo, ui=ul at i=0

was solved in [46,Theorem 6.20].

Theorem 2.5.1. Let s 2 2 ar}dO < T < ～. There exists a positive corlSta'7tCI

such that ifW = (0,Y,Z) E CO([o,T];Hs(R')) n C'([0,T];H2(R')) satisPes

(2.5.14)

c1(g)

llW(i)IIH2(Rl)5c', IIWi(i)lIH2(R1)5d', IIW(i)IIHs(R1)5;d. for 0 5i
_<
T

with some positive constanis do,d', then for any uo E Hs+1/2(R'), ul E Hs(R')
f E CO([o,T];Hs(R')),(2.5.14)has a unique solution u E Cj([o,T];Hs''/2-i/2(R')),
0,1,2, such that

lu(i)Is
-<
C5eC6tlu(0)Is.
C5J.iec6'ilT'Ilf(T)IIHs(R1,dT,

where

lu(i)1s= IIut(i)lIHs(R1)+ IIu(i)IIHs'l'2(R1),

14
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C5
=C5(C1,g,S)

> 0 andC6 =C6(C1,g,do,d1,a)
> 0.

Now we consider the initial value problem (2.5.12)with

w(o)=W=(x～,i,2), w:(o)=5j=(x～t,f=).
Let us introduce the new norms

IY1(i)Is

IW(i)Is

(2.5.15)

IIYli(i)IIHs(Rl)+ IIY'(i)I[Hs.1/2(R1),

1IX(i)IIHs(Rl)+ IIXi(i)[[Hs(R1)+ IIY'i(i)IIHs(R1)+ [IY'(i)llHs.1/2(R1)

+ lIY2(i)IIH5(R1)+ IIZ(i)IIHs(R1).

Theorem 2.5.2. Let c1
c1(9)
be the constarit ira Lemma 2.5.1 arid Theorem 2.5.1,

a 23+1/2 artdO <T' < ～. IfHECj([o,Tl];Hs+3/2-i/2(R')),j

llbllH3(R1)5 co,
1,3, bE Hs+1(Rl),

x～,2,tiE'E Hs(R'), Yi E Hs''/2(R'), llWIIH3(R1)5 cl/2, (2.5.16)

therl there exists T E (0,T1]Such that problem (2.5.12),(2.5.15)has a urtique solution
W = (X,Y,Z) satisfying

X E C2([o,T],.Hs(R')), Y2,Z E C'([0,T];Hs(R')),
YI E Cj([o,T];Hs+1/2-i/2(R')),i = 0,1,2,

IIW(i)IIH3(R1)
_<C'
for 05;i5T.

Proof. Take the constants J,Jo,do, J2,d2,J1,dl and d' such that

J=(3+C5)lW(0)ls, Jo>2J, do=max(1,Jo),
J22 sup lH(i)Is,d2=maX(1,J2),

0<i<T1

J1 Jo+C4(Jo+J2), d1 =maX(1,J1),
IIblIHS.1(R.)5 d'.

By SI We denote the totality of W = (X,Y,Z) satisfying

W E C'([0,T];Hs(R1)), Y' E CO([o,T];Hs+1/2(R')),

l[W(i)IIHs(R1)+ HWi'(i)lIHS(R1)5; do,

lW(i)Is5 Jexp(C7i) + J2C7iexp(C7i),

IIW(i)ILH3(R1)5; c', IIYi(i)IIH2(R1)+lIZt(i)IIH2(R1)5; J', 0 5
Vi 5 T,

where C7 = C6+2+C4+C3C5. For WO

solution W of the initial value problem for

I

(2.5.17)

(2.5.18)

(XO,YO,zO) E Sl, by M1(WO) we denote the

Xii+X
=XO+YO, Y'ii+a(WO)IDIY1 =fl(WO,wO:,H),

Y2t = f2(WO,wO'"H), Zlt = f3(WO,wO'"H), Z2i = f4(WO,wO:,H)
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with (2.5.15).Lemma 2.5.I and Theorem 2.5.1 imply that

IW(i)Is5 (3. C5)eC6llW(0)Is.(2. C4. C3C5)I.iec6'l-T'(two(T)Is.IH(T)Is)dT.

Here we choose T as

T=min (T1,
C1

2(Jo+J1)' &1og&,p;1(
Jo

2C7J2 )), (2.5.19,
where p'(i)

=

iexp(C7i)and pT' is the inverse function of p1. Then Ml is a mapping
from Sl tO itself. Since a

- 1/2 2 3, the successive approximation and Lemma 2.5.1 show

that there is a unique solution W of (2.5.12),(2.5.15)and satisfies (2.5.17)with a replaced
by a -

1/2.Refering to [16,Theorem 6.27],we can show that W obtained above satisfies
(2.5.17). D

By the same method used for the derivation of Lemma 2.5.1 we obtain

Lemma 2.5.2. Let WO

by HO E Cj([o,T];Hs+3/2-i/2(R')),i
(XO,YO,zO) be ike solution of(2.5.1),(2.5.2)with

H replaced

1,3, whose initial data WO(o), wolf(o)satisfy
(2.5.16).We have

IW(i) - WO(i)Is-1'25 C (lW(0)-

WO(o)Is-1'2.I.ilH(T)- HO(T)[s-1'2dT)
forO

_<i _<
T, where C= C(c',g,do,d',d2,a,T,co,d')> 0.

In view of the originalproblem, we specify the initial data as follows:

x～= (o,q.),i =x～y, xTi=u.1(.,0),XT;i
～

Y1

～

Y2

～

Yli

K(X)Xli + H(0),

-(l
+ Z～1+ Z～2I1'(X～))-'Z～2(a+ F1.(X～,XT)+ Ht(0)),

K(X)Y' + Flo(X,Xi) + Ht(0),

-(1
+ ZT;+ z～2K(X～))-1

x (z～2(F2.(X～,XT,Y～)+ Hit(0))+ Y;ayXTt+ (g+ Y1)ayxT;i).

(2.5.20)

For these, one can easily prove

Lemma 2.5.3. Let c1 =

C1(g)
be the cortstartt irtLemma 2.5.1 and Theorem 2.5.1. Theft

there exists a positive coriStant E' =

e1(g)Such
that if

7o E Hs'3/2(R1), bE Hs+1(R'), u.I(.,0)
E Hs''(Rl),

ai'H(0)E Hs+I-i/2(R'), j =0,1,2,

IIb[lH3(R1)
_<
Co, rlblIHs.1(R1)5; d',

IIqolrH4(Rl)+ Iluo'(.,0)IIH3(R1)+ IIH(0)IIH3(R1)+ IIHt(0)llH3(R1)5 E',

II7oIIHs.3,2(R1)+ IIuo1(.,0)IIH5.,(R1)+ IIH(0)IIHs.1(R1)+ IIHt(0)IIHs+.'2(Rl)
_<
d4
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withs
>

(2.5.16)-

3, d4

arid

> 0, theft the irtitialdata W,W! dePrted by (2.5.20)satisfythe cortdition

IW(0)ls5C (
2

qolIHs+3'2(R1)
+ IIuo'(.,0)lIHs.1(Rl)+ E IlaiH(0)IIHs'l

j=0

where C= C(c1,Co,e1,g,d4,S,d')> 0.

From Lemma 2.5.3 and Theorem 2.5.2 we conclude

Theorem 2.5.3. Let e1

･2(Rl,l
(Rl)I?

e'(g)
be ike corwtard in Lemma 2.5.3, b E Hs+I(R'), a 2

3+ 1/2, tlbllH3(Rl)5; co andO < T' < m Ifr7o,uo'(.,0)and H satisfythe cor}ditioriS

I7;

I

E Hs+3/2(R'), u.1(.,0)
E Hs+I(R'),

IlqollH4(R1)+ Iluo'(.,0)IIH3(R1)5; e'/2,

H E Cj([o,T1];Hs+3/2-i/2(R')),J

rlH(0)IIH3(Rl)+ IIHi(0)IIH3(R1)
_< E'/2,

1,3,

(2.5.21)

(2.5.22)

thert there exists T E (0,T1]Such thai problem (2.5.1)- (2.5.3)
has a urlique solution

X E Cj([o,T];Hs'3/2-i/2(R')),j = 1,2,3. (2.5.23)

Now we assume that

[H(i)]s5J3, 05;i5;T1,

and put d3
=

max(1,J3).
Then weget

(2.5.24)

Lemma 2.5A. Lets be the solution of(2.5.1)- (2.5.3)obtainedin
Theorem 2.5.3. Then

wehave

lIXl(i)IIHs(Rl)+ rIXlii(i)llHs+1'2(R1)+ IIXliii(i)IIHs(R1)5 do,

IIXt(i)IIHs'1(R1)5 (1+ C4)(Jexp(C7i) + J2C7iexp(C7i))+ C4J3

5;(1+C4)do+C4d3, 0<i<T.

By Lemma 2.5.2 and the similar arguments as above we obtain

Proposition 2.5.1. Suppose that HO
satisPes

the corlditiorlS in (2.5.22)arid XO

solutiort of(2.5.1),(2.5.2)with
H
replaced

by HO ar?d (2.5.3).Ther}

2

E Hail+1X(i)- ai''XO(i)IIH5'1'2-j'2(R1)
j=0

is the

5 C8 ([H(0)- HO(o)]s-1'2.[H(i)- HO(i)]s-1'2.I.iIH(T) - HO(T)[s-1'2dT)
forO

_<i
5 T, where C8 = C8(Co,g,do,d1,d2,S,T,c1,d')> 0.
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2.6. Problem in the interior

In this section we will solve the boundary value problem

Vu.u=0, Vul.u=LJo

u1
=Xlt

u.n(@u(I;i)) =O

for a given X. First let us investigate problem

V.u=b1, Vl.u=4,2

u1=01

u2=02

inn, i>_0,

onrs, i20,

onrb,i20

inE,

on(y2 =0),
on (y2=

-h).

(2.6.1)

(2.6.2)

Applying the partial Fourier transform with respect
to yl tO (2.6.2)yields the ordinary

differential equations, whose solutions are easily estimated so that

Theorem 2.6.1. Suppose that b= (b1,42)E Hs(I) aridO (o1,02)E Hs+1/2(R') with
s > 0. Theri the bouridary value problem (2.6.2)has a um'que solutiorm = (ul,u2)Such
that

uE Hs''(I), u(.,0)
E Hs+1/2(Rl), u(.,-h) EHs''/2(R'),

IIuIIs+1,Al,^25 (C9 + A;'C'o)lI4,IIs,^1,^2+ ^SC'olIO[IH5'l'2(R1)

for ^1,^221,

Ilu(.,0)IIHs.1,2(R1)+ IIu(.,
-h)1rH3.1'2(R1)

5; C''(llbIIHs(E)+ IlOrIHs'1'2(Rl)),

whereC9>1 artdCj=Cj(S)>1, j=10,ll.

Similar estimates hold for problem

V.u=4,1, Vi.u=4,2

u1=01

u1=03

Next we consider problem

in I,

on(y2=0),
on (y2=-h).

V.u=4,1, Vl.u=b2 inn,

u1
=01 0nrs,

u.n=p onrb.

18
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Assumption 2.2. Let q. and b satisfyq. E Hso+I/2(R'),a E Hso+3/2(R')with
s. > 2

arid

It[rqoIIH2(Rl)
5; K', llbllH2(R1)5 K2,

II7oIIHS..1/2(Rl)5; do, IlbllHs..3/2(R1)5 d'.

In what follows we set G as

G(y1,y2)= a I
w

-eiylE(elE[(y2'2h)- eIEly2)7^.(E)
+
eiyle(eIEl(y2'h)

-

elE[(h-y2))a(i)
-m 1

-e2IEIh

dE.

(2.6.6)

Lemma 2.6.1. Ifqo,b E Hs+1/2(R') with a 2 3/2, theri * E C'(5:),* E Hs+1(I),

I
1IVGIlco(i)5 C'2(IlqoIIH2(R1)+ I[bIIH2(Rl)),

lll*IIls+I/25 C''(1lqoI[HS.1/2(R,)+ IlbtIHS.1/2(R1)),
(2.6.7)

where C12 > 1.

Proof. First estimate of (2.6.7)is easily derived from (2.6.6).Second estimate of (2.6.7)
comes from Theorem 2.6.1 since u

= (u1,u2) (G,u2) Satisfies (2.6.4)with 4,1 b2
0, 01=qOandO3=b. D

Put
w(y)

=

u(tF(y)),p(y)
= 4,(tF(y)),01(y1)= 01(tF(y',0)),I,(y')

=

P(y',-h+b(y'))
in (2.6.5).Then this system is equivalent to

V.w= Jn～.p'+((I-An～o)V).w in I,

V'.w=Jn～.p2+((I-An～o)V)i.w inE,

w1=W1 0n(y2=0),
W2= 1 +b'2L/-Wlb' on (y2= -h),

(2.6.8)

where An～. is a matrix whose (i,j)-elementis the (i,j)-cofactor of the Jacobian matrix
(atF/ay)and J& is its Jacobian.

Theorem 2.6.2. Under Assumption 2.2, if4,= (b',4,2)E Hs(0), 01 E Hs+1/2(I's)a,td
p E Hs+1/2(rb)With 0 < a 5 a., then (2.6.5)has a unique solution u satisfying

uE Hs''(0), ulrsEHs''/2(rs), ulrbEHs''/2(rb),

IIurIHs.1(a)
-<
C(rI4,IIHs(n)+ IlO'IIHs.1/2(rs)+ IIpIIHs+1/2(rb)),

IlulrsIIHs.1/2(rs)+ llulrbllHs.1/2(rb)

5 C(IlbrIHs(n)+ lIO'IIHs.1/2(rs)+ IIpllHs.1/2(rb)),

where C= C(a,so,do)> 0.
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Proof. It is sufBcient to solve (2.6.8).For a given w satisfying w E Hs+1(I), we denote
by 6/ = @(w) the solution 6t = (ih,a2)Ofthe problem

V.G[ = Jn～.p' +((I-An～.)V).w in I,

Vl.6t=J&p2+((I-An～.)V)i.w inE,

ih=Ol
～

W2= 1 +b'2L,- Wlb'

on (y2=0),

on (y2 =
-h).

By virtue of (2.6.3),(2.6.7)and Lemma 2.2.1 we see that

rI@(w)Pis+1,^1,^25;((C9+ A;'C1.)(C12(K1+ K2)
+ ^2-7C13C11(d.+ d'))+ ^SCl.(K2+ d'))

x IIwlls+1,^1,^2+ ^SC'4([IpllHs(I)+ 1tW'1IHs.i/2(R1)+ IIL,[[Hs.1/2(R,)),

where C13 = C13(a,So,^1)> 0, C14 C14(S,So,^1,K1,K2,do,d')> 0 and7 > 0. If we

take ^1, ^2, d',K1,K2 appropriately, 4? is a contraction mapping with respect to the norm

ll.lrs+1,^1,^2.This shows the first estimate. For the second estimate, use Theorem2.6.1. D

From Theorem 2.6.2 it follows

Theorem 2.6.3. Under Assumption 2.2, if

4,E Cj([o,T];Hs+1/2-i/2(o)),
01 E Cj([o,T];Hs+1-i/2(rs)),

pECj([o,T];Hs+1-i/2(Iib)), j=0,1,2

with 1/2 < a
_< a.-1/2,

0 < T < ～, then (2.6.5)has a u.nique solution u satisfying

Iu
E Cj([o,T];Hs+3/2-i/2(o)),

ulrsurb
E Cj([o,T];Hs+1-i/2(I'surb))for j=0,1,2.

Moreover, the solution
u

satisPes

laiu(i)Is''-i/2,n5; C'5(llaib(i)IIHs+1'2-j'2(n)+ l[ai'0'(i)IIHs'1-j'2(rs)

+ rlaip(i)IIHs'1-,'2(rb))
(2.6.9)

for 0 5i_<T andj=0,1,2, whereC15 =C15(S,So,do)
>0. Here we usedthe rwtatiort

luls,n= IIullHs.l/2(a)+ IIulrsllHs(rs)+ l[ulrbllHs(rb).

Now problem (2.6.1)is rewritten as

V.u=((I-Au)V).u=:h1(u;i)

V'.u=LJo+((I-Au)V)i.u=:LJ.+h2(u;i)

:1.;(I,li=u. (n(I,- n(I.I.iu(T,I,dT,)
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Assumption 2.3. There exists v. E Hs+3/2(o) such that

LJo=Vl.vo, v.vo=o irtO.

LetT1 > 0, X satisfy

Xli E Cj([o,Tl];Hs+1-i/2(rs)),j= 0,1,2,

IIXlt(i)IIHs(rs)+ IIXlii(i)IIHs+1'2(rs)+ lIXlili(i)tIHs(rs)5 do,

IIXli(i)IIHs'.(rs)5; (1+ C4)(Jexp(C7i) + J2C7iexp(C7i))+ C4J3

5 (1+C4)do+C4d3

Vn E Hs+1(I'b). (2.6.10)

and

Theorem 2.6.4. Under Assumptions 2.2, 2.3 with so
= a + 1/2 there exists T E (0,T1]

such that problem (2.6.1)has a unique solutiori u Satisfying

Iu
E Cj([o,T];Hs+3/2-i/2(o)),

ulrsurb
E Cj([o,T];Hs+I-i/2(I'suI'b))for j =0,1,2.

Proof. We denote by S2 the totality of u satisfying (2.6.ll)and

Iu(i)ls+1,f15 2C15((1+ C4)do+ C4d3)+2d4 =: el,

Iui(i)Is''/2,n5; 2(C'6+ C15IIVnHHs.I/2(rb))ef+ 2C'5do =: e2,

lute(i)Is,f1
_<
2(C'6+ 3C'5IIVnllHs(rb))e'e2+ 2C'5do =: e3,

lu(i)Is'',a5 2C'5IrXlt(i)llHs+1(rs)+ 2J4

for 0 5 i 5; T, whered4 =maX(1,J4),
C16 = C16(a,do)> 1 and

(2.6.ll)

(2.6.12)

J4 = C'5lrvoIIHs.l(rs)+ C'5IIvo.nIIHs.1(rb)
+ Ivols+1,f1. (2.6.13)

For u E S2, Theorem 2.6.3 shows that the boundary value problem

V.U=h1(u;i)

V'.U=LJo+h2(u;i)

:1.=n(E,'i=u. (n(I,-

n(I.I.tu(T,I,dT,)
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has a unique solution U
= M2(u) Satisfying

IU(i)ls'',n5 C'5(IIh(u;i)IIHs'1'2(n)+ IIXli(i)rIHs.1(rs)

+ r[volrsllHs.1(rs)+ Ilu.(n(I) -n(I+ I.iu))l[Hs.1'rb'
+ IIvo.nllHs.1(rb))+ Ivols+1,f1

5 (C16. C15lIVnIIHs.1'rb')Iu(i)[s.1,aI.iIu(T)ls.1,ndT
+ C'5IIJ*'i(i)IIHs'l(rs)+ J4,

IUt(i)ls.1'2,n5 (C16.
C15IIVnIIHs.1,2(rb))lui(i)Is.1'2,nJ.i

lu(T)Is.1'2,ndT

+ (C'6+ Cl5IIVnllHs'1'2(rb))lu(i)I:.1/2,a+ C'5llXlii(i)IIHs'1'2(rs),

lUu(i)[s,n5 (C16. C15IIVnllHs'rb))Iuit(i)ls,nJ.ilu(T)Is,ndT

+ (C'6+ 3C'5IIVnllHs(rb))Iui(i)Is,nlu(i)1s,n+ C'51Ii'1tit(i)I[Hs(rs).

If we put

･=min(p;1(
1

32(C'5(1+ C4) + 1)(C'6+ C'5IIVnllHs.1(rb))(J+J3 + J4)

p2-1 (
1

32C'5(1+ C4)C7(C'6+ C'5IIVnlIHs.1(rb))J2

where

p'(i)
=

iexp(C7i), p2(i)
=

i2exp(c7i),

the last estimate of (2.6.12)implies that

C16 Sup
O<t<T I.ilu(i)ls.1,ndT-< ;,C15IIVnIIHs.1'rb)SupO<t<T I.i

),

),T1),
(2.6.14,

Iu(i)Is.1,ndTi
i
-8

Therefore U satisfies (2.6.12)and M2 maps S2 tO itself.
We introduce a new norm

lIIuIIIs,T,A= Sup (Iu(i)ls+1,n+ A-'Iui(i)Is+1/2,I?+ A-2luii(i)Is,n),
0<i<T

where
A >

M2(u(i)),-j

1 isa parameter to be determined later. For u(1),u(2) E S2 We Set U(i) =

1,2. Then

v. (u(1)-u(2)) =h(ll) -h(12)

vl.(u(I)-u(2)) =hF)-h!2)
u1(1) - u1(2) = o

inn, 05t_<T,

inn, 05;t5;T,

onI's, 05;i_<T,

(u'')
-u'2').n(I)

=

u'''. (n(I)
-n(I.I.iu'''(T,I)dT))

-u'2'.(n(I)-n(I.I.tu'2)(T,I)dT))
Onrb, 05i5T,
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where hP')
= hk(u(i);i),k,j = 1,2. It follows from (2.6.9)and (2.6.12)that

I[lU'''- U'2'llls,T,A5 ;IIlu''Lu'2'IIls,T,,.A-1(c16(2(el. e2). (e2. e3)T)
+ c'5IrVnlIHs'1'2(rb)(3(e'+ e2)+ (e2+ e3)T))IIru(1)

-

u(2)Ills,T,A.

Ifweput

A
=4(C'6(2(e' +e2) +(e2+e3)T)+C'5IIVn[tHS.1/2(rb)(3(e'+e2)

+ (e2+e3)T))+ 1,

weget

llrM2(u''')- M2(u'2')Ills,T,A5 gIIlu'')-

u'2)lIIs,T,A.

Hence the desired solution
is
obtained. D

By the same way we have the following lemmas.

Lemma 2.6.2. Let u be the solution of(2.6.1)obtairted
irlTheorem 2.6.4. TherH't holds

that

IIu(i)ls,I?
5 2C15do +2d4 =: e4,

lut(i)rs,a5 2(C'6+ IIVnl[Hs+1/2(rb))eZ+ 2C'5do =: e5

forO5i5T.

Note that e1,e2 and e3 depend on d3, but e4 and e5 do not.

Proposition 2.6.1. Let u be the solutiori Of(2.6.1)obtained
in Theorem 2.6.4 arid

uO

the soluiior} of(2.6.1)with
X replaced by XO, which satisPes

Assumption 2.3. Then we

have

2

I sup la':u(T)- a':uO(T)Is.1/2_i/2,a
j=005T5i

2

_< c'7E sup rla]/'X1(T)- a]:+'X10(T)rIHs'1/2-"2(rs)
j=005T5t

fors >2, 0
_<i5;T,

whereC17= C17(e1,e2,e3,C15,C16)> 0.

Let us
consider the second relation of (2.1.4).

Lemma 2.6.3. Suppose that the same assumptioriS Of
Theorem 2.6.4 are

satisPed.
Let

co be the corlStant Chose,, irt Assumption 2.1 arid u the solutiorMf (2.6.1)obtairted irt
Theorem 2.6.4. There exist positive constartts i-o =

Eo(Co)arid To(5;T) such
that if

llr7oIIH3(R1)+ llbI[H3(R1)
_<
Eo, (2.6.15)

then X = X(i,y) dePrledby (2.1.4)satisPes(2.4.2)with T replaced by To.
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Proof. Lemma 2.6.1 implies

IIIai'X(i)IIls.3/2-i/25; C18lai-'u(i)ls.3/2-i/2,n,i = 1,2,3,

IHai'X(i)IIls5; C18Iai-'u(i)Is,n,j
= 1,2,

IIIX(i)IIls+I5; C''(IIr7olIHs.1(R1)+ IIbIIHs.,(R1))+ C'8i sup lu(T)Is+1,f1,
0<T<i

ttIX(i)I[I35; C'2(IlqollH3(R1)+ IIbIIH3(R1))+ C'8i sup lu(T)ts+1,f1
0<T<i

forO 5i 5;T, whereC18 =C18(S,do,d')
> 0. WedefineTo,Eo,d,lj(i= 1,2,...,5)as

To =
min (T,p;1(

Co

8(C15(1+C4)+ 1)C18(J+J3+J4)

p2-1 (
Co

)

8C15(1+ C4)C7C18J2

eo=(2C12)-leo, d=C11(do.d').?,
lj=C18ej, j=1,2,...,5,

)) (2.6.16)

then the desired result follows from (2.I.4)and Lemma 2.6.1.

Proposition 2.6.2. Suppose that XO anduO also satisfy(2.1.4).
Then we have

I:.I:Tit,X-'iLo-(i:f':s'.7,o2'i2
I

rt:8''J2.i-.':;T;
-C'u8!7!:,'si.)1,:,naT'?Ls':25-];2:

/I
= 0

' I ' 2 '

2.7. Proof of Theorem 2.1

In the same way as in Section 2.4, we can prove

Lemma 2.7.1. Lei el

positive constard e2 =

I

e1(g)
be the coriStard choser"'n Lemma 2.5.3. There

exists a

E2(9)Such
that ifX[i=0 (0,G), atX[i=0=uO and

IlrG[II3+ lluo[lH3.1/2(I)+ IILJ'lIH3+1/2(E)5 e2, (2.7.1)

then we have

llH(X)It=olIH3(Rl)+ IIaiH(X)It=orIH3(R1)5; e'/2.
From Lemma 2.6.1 we see that if (2.1.1)is satisfied, (2.5.21),(2.6.10),(2.6.15),(2.7.1)
and
Assumption 2.2 with so

= s + 1/2 are valid. About the constants we take

J2=C2Ps, J3=CIPs (2.7.2)

from (2.5.18),(2.5.24)and (2.4.3).J, that is, a and iiE'are determined by q. and v..
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In view of (2.5.19),(2.6.14)and (2.6.16),we take

T=min

p;1

(

(

C1

2(Jo+J1)' i;1og&,p;1 (
Jo

2 C7J2 )

min(1,co)
32(C'5(1+ C4) + 1)(C'6+ C'5IIVnllHs.1(rb)+ C'8)(J+ J3 + J4)

p2-I ( min(1,co)
32C'5(1+ C4)C7(C'6+ C'5IIVnllHs.1(rb)+ C'8)J2

Now define the sets S3,S4 and S5 aS

S3 = (X;X satisfies (2.5.23)and

Xli=.=X～, Xtlt=.=XT, Xlili=.
～

Y

))

),(2.7.3)

IIXlt(i)I[Hs(Rl)+ llXlti(i)IIHs'1/2(R1)+ IIXlitt(i)rIHs(R1)5; do,

IIXlt(i)lIHs+1(R1)5; (1+ C4)(Jexp(C7l) + J2C7iexp(C7i))+ C4J3

5 (1+C4)do+C4d3
for 05;i5T),

S4 = (u; uSatisfies (2.6.ll)and

uli=0=Vo, uilt=o=wo,

Iaiu(i)Is.1_i/2,a5; ej.1, j = 0,1,2,

laiu(i)Is,n5ei+4,j=0,1,

lu(i)Is+1,n5; 2Cl5(1+ C4)(Jexp(C7i) + J2C7teXP(C7i))+ 2C15C4J3

+2J4

for 05;i_<T),

S5 = (X;Xsatisfies(2.4.2)and

XIi=0 (0,r76),Xtli=0=uO, Xiilt=o=wootF),

where wo is the solution of

V.wo=2

～

wo1 = Y1

(
avolaVo2 aVolaVo2

ax2 all aXl aX2 ),Vl.wo=o inn,

onrs, (2.7.4)

wo.n(I)=wo.(n(I)-n(I.I.iu))-vo.((uo.v)n(I))
onrb.

ForXO E S5 We denote byX M3(XO) the solution of problem (2.5.1)- (2.5.3)with H

replaced by H(XO). Then Proposition 2.4.1 and the arguments in Section 2.5 show that

M3 is amappingfromS5 tO S3. ForX E S3, let u
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Noting that the solution to (2.6.5)is unique, we see that u[i=0
= Vo follows from (2.6.1)at

i = 0 and that ulli=0
= Wo
Since ui[t=OSatisfies

the same equations as (2.7.4).Therefore
M4 is a mapping

from S3 tO S4 according to the results in Section 2.6. For u E S4 define

X by (2.1.4)and set M5(u) =X. We see that M5 is amappingfrom S4 tO S5.

Let us define the approximate solutions (Xn,un,xn), n = 1,2,3,..., as

I
XO(i,y)=(o,r7;(y))+iu.(y) for yes, Vi20,

Xn=M3(Xn-1), un M4(Xn), Xn=M5(un) for
n=1,2,3,....

Since XO satisfies (2.4.2),X' = M3(XO) is well-defined and belongs to S3 With T re-

placed
by some T', which is of a similar

form to (2.7.3).Here we denote T' by T

again. Repeating this argument, we conclude that (Xn,un,xn) are well-defined and
Xn ES3, un E S4, Xn E S5, n = 1,2,3,.... Propositions2.5.1, 2.6.1, 2.6.2 and2.4.1

show that Xn,un,xn are cauchy sequences in the corresponding spaces. Hence there

exist X,x and u such that

Sup
O<T<i I

2

llXn(T)- X(T)rIH5+1'2(R1)+ E IIa]/'Xn(T)- a]/'X(T)IIHS+1'2-,'2(R1)
j=0

2

+ lllXn(T)
-

X(T)l[Is.1/2+ = lIIa'/'Xn(T)- a]/'X(T)IIIs.1/2_i/2
j=0

2

+ I Ia':un(T)- aJ:u(T)Is.1/2-i/2,n
j=0 I)0 asn)～.

We see that X,u and X are solutions of problem (2.5.1)- (2.5.3),problem (2.6.1),(12)
and problem (2.1.4),respectively. Moreover X E S3,u E S4,X E S5.
For the proof of (2.1.5)it is sufRcient to set

v(i,I)
=

u(i,@u-1(I;i)),LJ(i,I)=LJo(i,@u-1(I;i)),0(i)
=

@u(0;i).

The uniqueness of the solution is proved in the same way.

Finally we define q as a solution of the
boundary

value problem

Aq=-V.(Au-1ut) inn, i20,

q=g(x2.I.iu2(T,I)dT)
Onr"i20,

aq

an(@u) I(u.Vu)u.n(4?u)
onI'b, i20,

(2.7.5)

where the last condition on I'b is derived from applying (a/an(4?u))to both sides of
(1). If we take T sufBciently small, which is of the same form as (2.7.3),the results
in Section 2.6 imply the unique existence of the solution q of (2.7.5)satisfying q E

Cj([o,T];Hs+3/2-i/2(o)),j= 0,1. Further, if we put V = Au-'ui + Vq, it holds that

V.V=0, V'.V=((Au-'V)i.u)i=O in 0,05;i5T,
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Vllrs=0, VIrb.n(I)=0, 0<i<T.

Again uniqueness of the solution to problem (2.6.2)implies V I 0, hence (8).
We see that (u,q) satisfy (8)- (l2) and (2.i.2).The uniqueness of the solution to

problem (8)- (12)comes from that of problem (2.5.1)12.5.3), (2.6.1),(12),(2.1.4),and
(2.1.5).The proof is complete.
In conclusion, if

II7oIIHs.3/2(R1)+ llvollHs.3/2(a)+ llLJoIIHs.3/2(a)) 0,

then by Lemma 2.5.3 and (2.4.1),(2.6.13),(2.7.2),J,J2,J3,J4,Ps ) 0. Putting Jo

max(v5j, v7iI),
we have T + m
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Chapter 3. Problem with Surface Tension

In this chapter, we are concerned with the free boundary problem when surface tension

is effective. We prove the unique existence of the solution, locally in time. Furthermore,

it is shown that this solution converges to the solution of the problem without surface

tension as the coefBcient of surface tension tends to zero.

In Chapter 2, gravity has to work downward for the existence of solution of the problem

without surface tension. However, if the surface tension is eHective, we see that the

problem is well-posed irrespective of the direction of gravity.

3.1. Main results

The unique existence theorem for problem (8)- (12)is the following.

Theorem 3.1. Let J > 0 ar7ds 2 5+ 1/2. There exist positive cortstards 61 = 6l(g,a)
artd62

= 62(S)Such that if

(7.
E Hs+9/2(R'), bE Hs+5(R'), v.EHs+9/2(o),
HqolIH5(R1)+ HbI[H3(R1)+ IIvoHH3.1/2(n)+ llwoIIH3.1/2(n)5; 61, l[bllHs+4(R1)5 62,(3.1.1)

whereLJo
= Vri.vo, vrl (-a/ax2,a/all),arid vo satisPesthe compatibility cortditions,

theft problem (8)112) has a um'que solutiort (u,q)or"one time irderval [0,T] satisfying

(u
E Cj([o,T];Hs+7/2-3j/2(o)),j =0,1,2,

qE Cj([o,T];Hs+7/2-3j/2(o)),j = 0,1.

Remark. T can be taken such that T) cx3 aS iI7ollHs.9/2(R1)+ IIvol[Hs.9/2(n)) 0.

The next theorem is about the convergence of the solution for the surface tension.

Theorem 3.2. Assume that the cortditiorts of
Theorem 3.1 are

satisPedmd 0
< a 5; 1.

Ifg > 0, we can take ike existence time T irt Theorem 3.1 so that T is irldeperidertt
ofJ.

Moreoverifs 2 5+1/2+so, 0 < so < 2, then thesolution (ug,qJ)of problem (8)-(12)
co,wer9eS tO the solutio,7 (u,q) Ofproblem (8)- (12)with a

= 0 :

(
uJ)u irlC'([0,T];Hs-1-so(0)),

qg ) q ir? C([0,T];Hs-1-so(0)).
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Notations. Let j be a nonnegative integer, 0 < T < ～ and B a Banach space. We say
that u E Cj([o,T];B) if u is a j-times continuously differentiable function on [0,T]with
values in B. Let D be a domain in Rn and a > 0. By Hs(D) we denote the Sobolev-
Slobodetskii space. Moreover we use the commutator [A,B] = AB - BA for operators A

andB.

3.2. Problem on the surface

At first, we introduce the coordinate transformation mapping I =

y+ (0,G(y))
from 0 onto the strip region

E=(y=(y',y2); -h<y2<0, ylERl),

tF(y)

where G is a function s- =h that G(.,0) = r7o(.)and G(.,-h)
= b(.).Then from (7)it

follows

z=@u(g(y);i)=y.X(i,y), X(i,y)=(0,*(y)).I.iu(T,g(y))dT.(3.2.1)

Byputting

X(i,y') = X(i,y1,0), (3.2.2)

it is derived from (8),(10)that

(1+Xly1)Xlii+X2y1(g+X2it) =PR+pS for i2 0, (3.2.3)

where

p=p-1J?

Q = Q(Xyl) ((1+X'yl)2 +X2y12)1/2,

R =

R(Xy1,Xylyl)

S = S(Xy1,Xylylyl)

-3Q(Xy1)-5 ((1+ Xly1)Xlyly1+ X2y.X2ylyl)
x (-X2ylXlyly1+ (1+Xly1)X2yly1),

Q(Xy1)-3 (-X2ylXlylyly1+ (1+ Xly1)X2ylyly1).

Since vorticity Vl. v = LJ Can be written as

Vu1.u =LJo

in the Lagrangian coordinates, it follows from (9),(ll)that

X2i=KXlt+H for i>O

with

K=-itanh(hD)+K', H=H(X,LJl).
Here D

-ia/ay1,
K1

(3.2.4)

K'(X,a) is a smoothing operator and LJ'(y)
=

LJo(tF(y)).
The

explicit forms of K and H are given in Section 2.3.
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Assuming that an X in H is given, we solve the Cauchy problem (3.2.3),(3.2.4)for X

with the initial conditions

X=(o,q.), Xli=u.1Iy2=.=V.1Iy2=. for i=0. (3.2.5)

For that we put

Y=Xti, Z=Xy1, W=(X,Y,Z), W'=(X,Yl)

and reduce problem (3.2.3)- (3.2.5)to the initial value problem fbr quasi-linear equations.
In the remaining of this section, for simplicity we use X

and y instead of X and y1.
Differentiating (3.2.4)leads to

aiX2i

aia5x2i

where i

obtain

K(X)afXlt + Flo(X,...,aiX) + afH, (3.2.6)

-isgnDaiaykx'i
+ FjkO + aiaykH, (3.2.7)

FjkO = (isgnD + A,(X))aiaykx'i+ Fjk(X,..., aiaykx,aixli),

0,1,2,...,k

Y2i

1,2,3,... and Fjk
= [aiayk,K1]Xll.By (3.2.6)withj

= 2, we

K(X)Y't + F20(X,Xi,Y) + Hit =: f2(W,W!,H).

Itfollowsfrom(3.2.7)withj=0, k=3andj=0,
k=1 that

Z2t =
-isgnDZ't

+ (1+pD2)-1(Fo1. -PF.3.)
+ Hy,

where

FokO FokO(X,Z,..., ayk-'z,xlt)

(isgnD+ K(X))(iD)kx'i +Fob(X,Z,...,auk-'z,xli), k = i,3.

(3.2.8)

Since equation (3.2.3)implies that

(1+ Z')Y'+ Z2(9+Y2) =

PR(Z,Zy) +pS(Z,Zyy) +9o(1 +pD2)-'isgnD(Z1 -iDX1)
(3.2.9)

with the constant go being determined later, differentiating (3.2.9)with respect to i and
(3.2.8)give

(9o(1+pD2)-1isgnD + P1) Zlt

+(-g -pD2 + p2)(-isgnDZ'l + (1+pD2)-1(Fo'o -pF.3.))

-(1 +Z')Y'i -Z2Y2i +9o(1 +pD2)-'DsgnDXli +(-g-PD2+p2)Hy
= 0

with

Pj Pj(Y,Z, Zy, Zyy)

-Yj.P%Z,Zy).paazSj(Z,Zyy).p%Z,Zy)iD.p+(j-1)pD2, j=1,2.
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Therefore we get

zli =

isgnD(g+g.(1+pD2)-1 +pD2)-I(1+P3)-1
x (-(1+ Z')Y'i- Z2f2 +gO(1 +pD2)-'lDIXli

+(-g-pD2 + p2)(1+pD2)-1(Fo'o -pFo30)
+ (-g-PD2 + p2)Hy)

=: f3(W,W:,H),

Z2i =
-isgnDf3

+ (1+pD2)-1(F.1. -PF.3.)
+ Hy =: f4(W,W:,H),

where

p3 =

-(PlisgnD+P2)(g+a.(1
+pD2)-1 +pD2)-I.

Notice that if we put

go=I.i'2-g'2
:::,5.0,,

then the operator

(a+9.(1+pD2)J +pD2)-1
is
well-defined.

In virtue of (3.2.6)withj
= 3, we have

Y2ii = KY'it + F30(X,Xi,Y,Yi)+ Hilt. (3.2.10)

Hence, by differentiating (3.2.3)twice with respect to i, it follows from (3.2.10)that

(1+ Xly + X2yK)Ylit
=

p(R+ S)ti-
Y'X'tiy -

(g+ Y2)X2ity- 2Xiy. Yi - X2yF30 -X2yHiit

p1(Y, Xy, Xyy, Xyyy)Xltiy+ (-9-PD2 + p2(Y, Xy, Xy" Xyyy))X2ity(3.2.ll)
+NIL(Xy, Xiy, Xyy, Xiyy, Xyyy, Xiyyy)

- 2Xty. Yt
-X2yF3. -X2yHtii.

Ontheotherhand,by(3.2.7) withj=k= 1
andj=

1, k=3,it holdsthat

Y2y

FlkO

-isgnDY'y
+ (1+pD2)-1(Fll.

-

PF13.)
+ Hey, (3.2.12)

F'kO(X,X" Z,Zi,... ,
ayk-'z, ayk-1zi,Y1)

(isgnD + K(X))(iD)kY' + F'k(X,Xt,Z,Zi,...,ayk-'z,ayk-'zi,Y1),k = 1,3.

Therefore putting (3.2.12)into (3.2.ll)leads to

Ylii Q-2(1 + Z' + Z2isgnD)(P' - (-a -pD2 + p2)isgnD)iDYl

+P4(P' - (-g-pD2+p2)isgnD)iDY' + (1+Z1 +Z2IIT'I2

+(1 +Z' +Z2K)-1((-g-pD2+p2)(1 +pD2)-'Hiy -Z2Hiii),
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where

P4 = P4(X,Z)

I2

-Q-2z2(isgnD
+ K(X)) + Q-2z2([K,Z1] + [K,Z2]K+ Z2(1 + K2))

x (1+Z1+Z2K)-1,

I2(X, Xt, Y, Yi, Z, Zi, Zy, Zty, Zyy, Ziyy)

=pI'(Z,
Zi, Zy, Ziy, Zyy, Zlyy)+(-a-PD2+p2(Y, Z, Zy, Zyy))

x (1+pD2)-1(F''o-pF130) -2Zi.Yt - Z2F30(X, Xi, Y, Yi).

Using the identity

(1+ Z1 + Z2isgnD)(P1
- (-g-PD2 + p2)isgnD)

(1+Z')P' +Z2(-g-PD2+p2)+(Z2P' -(1 +Z')(-g-pD2+p2))isgnD
+ iZ2 ([SgnD,P1]- [SgnD,P2]isgnD),

we get the equation for Y1:

where

Ylti+(M+L)Y1 =f1,

M = M(W,p) =

p(Q(Z)-3IDI3-i(Q(Z)-3)yDIDl +AID2),
L = L(W,p) =ipA2D+(pA3+A4)IDI,
Q=Q(Z) ((1+ Z1)2+ z22)1/2,
A1 =

A'(Z,Zy) JQ(Z)-5(-z2Z'y + (1+ Z1)Z2y),
A2 = A2(Z,Zy,Zyy) Q(Z)-2(4R(Z, Zy) + 3S(Z,Zyy)),
A3 = A3(Z,Zy,Zyy) = 3Q(Z)-7((-z2Z'y + (1+Z')Z2y)2 - ((1+ Zl)Zly+Z2Z2y)2)

+ Q(Z)-5((1 + Z')Z'yy+ Z2Z2yy),
A4 = A4(Y,Z) = Q(Z)-2((1 +Z1)(9+Y2) -Z2Y1),
f1 = iZ2Q(Z)-2([sgnD,P']

-

[sgnD,P2]isgnD)iDY1

+P4(P'
- (-g-pD2+p2)isgnD)iDY' + (1+Z' +Z2K)-'I2

+ (1+Z1 + Z2R')-1((-g-ilD2+ p2)(1+pD2)JHty - Z2Hiti)

with Y2t, aykzt in I2 are replaced by f2,ayk(f3,f4),respectively.
Thus we obtain the quasi-linear equations for W of the form

(
Xii Y, Ylii+(M+L)Y' =f'(W,Wl,H,p),
Y2i
=f2(W,W:,H,p),

Zli = f3(W,W;,H,p), Z2i =f4(W,W!,H,p). (3.2.13)
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Here the new notations are introduced:

IIW,Wi'Ils,p

(IIXIIis(R1)+ IIXtlli<(R1))1/2+ (pIIXlillLq'3'2(R1)+gap-'IIX'ilrLq(R1))1/2
+ (IIYlilli<(Rl)+ PIIYIIIi<'3'2(Rl)

+ IIYIIILs(R1))1/2+ lIY2Ibs(R1)
+ 1I(1+pD2)zllHs(R1),

[H(i)]s,p

IH(i)Is,p

IIHii(i)IIHs(R1)+ [I(1+pD2)H(i)lIHs.1(R1),

[H(i)]s,p+ lIHl(i)lIHS.1(Rl)+ IIHtti(i)IIHs(Rl),
W"= (Y2,Z),

A=1+IDI,

U(W, W!)

V(Wt'"W!')

(A3/2x',x2, A3/2Y', Y2, A2z, A3/2xli, X2i, Ylt),

(A3/2x'ti,X2ti, A-3/2Ylit, Y2t, A2zt).

Lemma 3.2.1. Letp > 0, a 2 1, do > 0. There exists a positive coriStardc such that if
W = (0,Y,Z) satisPes

Y E Hs(R'), Z E Hs'2(R'), llZ'llH1(R1)5; c, IIYIIHs(R1)+ IIZIIHs(R,)5 d.,

(3.2.14)

then ii holds that

II(M+ L)ulrHs(R1)
_<
C'(1 + Il(1+pD2)zIIHs(R1))2II(1+pD2)DullHs(R1),

where C' = C'(c,do,a,g)> 0. Moreover ifWO = (o,YO,zO) satisPes(3.2.14),thert

ll(M-MO+L- LO)uIIHs(R1)

_i c'(IIY-YOIIHs(R1)+(1 + II(1+pD2)zllHs(R1)+ rI(1+pD2)zOIIHs(R1))2

xlI(1+pD2)(z - zO)IIHs(R1))rI(1+pD2)DuIIHs(R1)

with MO
= M(WO,p), LO =

L(WO,p).

･ Proof. Since Sobolev's embedding theorem leads to

IZ'I5 CIIZ'IIH1(R1),

where C is a universal constant, the condition (3.2.14)3Shows that the inverse operators
in M and L exist. Then the above estimates follow easily. D
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Lemma3.2.2. Letp>0, 0<T<u, s24,
do>0, d1 >0. Thereexistsapositive

constant c =

c(g)such
that ifb E Hs+3(R') satisjiesllb[IH3(R1)5 c, IIbIIHs.3(R1)5; do and

W, Wt', A3/2Y1, A2z, A3/2xli E CO([o,T];Hs(R')),

H E Cj([o,T];Hs+9/2-3j/2(R')),3 1,3,

IIXIIH3(R1)+IIYttH1(R1)+lI(1+pD2)zllHl(R1)+IIZIIH3(R.)5c, (3.2.15)

Il(W,Wl)IIHs(R1)5; do,

lHIs,p5d' for 05;i5T,

they? f', f2, (1+pD2)f3, (1+pD2)f4 E CO([o,T];Hs(R'))arid

Il(f',f2)rIHS(R1)+ Il(1+ pD2)(f3,f4)lIHs(R1)
5; C2(1 + p)(1+ IIW,W:lls,p)4s+7(IIW,Wi'lls,p+ IHls,p),

Ilf2HHs(a.)+ II(1+pD2)(f3,f4)[tHs(R1)

_<
c3(1 + p'/2)(1

+ rIW,Wi'Ils,p)2s+2(IIW,Wt'lls,p+ [H]s,p),

whey.e C2

J

C2(C,do,a,g,d1)> 0, C3 C3(C,do,a,g)> 0 arid fj fj(W,W!, H,p),
1,...
,4.
Moreover for WO,wP',HO satisfyir}g(3.2.15),

ii holds that

llf'- f10llHs(R1)+ Ilf2- f20IIHs(R1)+ II(1+pD2)(f3 - f30)IIHs(R1)

+II(1+pD2)(f4
-

f40)lIHs(Rl)

5; C2(1 +p)(1 + IIW,W:Ils,p+ llWO,wtO'Ils,p)6s+10

x (HW-WO,w:-wP'IIs,p+ IH-HOls,p).

Proof. If condition (3.2.1.5)3is satisfied for a sufBciently small c, the operator (1+ P3)-1
in f3 exists. Using Lemma 2.4.1, we obtain the estimates. D

In order to solve the initial value problem (3.2.13),we need the unique existence theorem
for the problem

I:i:
+(M+L)u=f for 05;i_<T,

tu=uo, ui=ul at i=0,

which is obtained in [47,Theorem 4.35].

(3.2.16)

Theorem 3.2.1. Let a >_ 3 arid do > 0. There exists a positive coriStard c such that if
Y, Z
satisfy

YECj([o,T];H2-i(R')), ZECj([o,T];H4-2j(R')), j=0,1,

Y(i) E Hs(R1), z(i)E Hs+2(R'),

lIY(i)lIH2(Rl)+ 1IZ(i)IIH3(R,)
_<
C, rIY(i)llHs(R1)+ liz(i)llHs(Rl)5 do
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artdu. E Hs+3/2(R'), ul E Hs(R'), f E CO([o,T];HO(R')),f(i) E Hs(R'), theft the
irtiiial value problem (3.2.16)has the unique solutior?

u E Cj([o,T];Hs+3/2-3j/2(R'))nC2([o,T],.HO(R')),j = 0,1,

suchthat

lu(i)Is,p5 C4eC5tlu(0)Is,p.C4 I.iec5't-,'Ilf(T)llHs'R1)dT,
whereC4= C4(C,S,g)> 2, C5 C5(C,S,g,P,do,T)> 0,

[u(i)[s,p= llut(i)rIHs(R1)+Ptlu(i)IIHs.3/2(R1)+ Ilu(i)IIHs.1/2(R1).

Irt additiort, ifY, f E CO([o,T];Hs(R')), Z E CO([o,T];Hs+2(R')),then we have u
E C2([o,T];Hs-3/2(R')).

Now we consider the initial value problem (3.2.13)with

w(o) =W= (x～,i,2), wt'(o)=Wi=(x～t,B). (3.2.17)

By Theorem 3.2.1 together with Lemmas 3.2.1, 3.2.2, we obtain

Theorem 3.2.2. Lets 2 5+1/2, 0 < T1 < CX3. There exists apositive cortstardc= c(9)
such that ifH E Cj([o,T1];Hs+9/2-3j/2(R')),i

U(W,W!) E Hs(R'),

1,3, bE Hs+3(R'), IIblIH3(R1)5c,

IIXIIH3(R1)+ llYIIH2(R,)+ rI(1+pD2)2llHl(R1)+ l[2IIH3(R1)5; c,

then for some T E (0,T1]Problem (3.2.13),(3.2.17)has a um'que solutiort W satisfying

U(W,Wt'), V(W!"Wi") E CO([o,T];Hs(R')),

IIX(i)IIH3(Rl)+ llY(i)IIH2(R1)+ II(1+pD2)z(i)[IH1(R1)+ lrZ(i)llH3(R1)5; c,

0<i<T.

～
～

Let us specify the initial data W,Wt' as the value of W,Wi' at i 0 in order that the

solution of problem (3.2.13),(3.2.17)becomes the solution of (3.2.3)- (3.2.5):

x～= (o,7.),2=x～y, xTt=u.I(.,0),XT;i
～

Y1

～

Y2
～

Yli

(1+ ZT;+ z～2K(X～))-1

x (pR(2,2y)+ pS(Z,Zyy)

E'(X)Xli + H(0),

Z2(9 + Flo(X,Xi) +Hi(0))),
A'(X)Y1 + Flo(X,Xi) + Hi(0),

(1+ Z1 + z～2K(X～))-1

x (-z～2(F20(X～,X～t,Y) + Hit(0))+ P1(i,2, Zy,2yy)xTiy

+(-a
-

pD2 + p2(i,2,2y,Zyy))xT;ty).
Then Theorem 3.2.2 and (3.2.18)lead us to
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Theorem 3.2.3. Lets 2 5+1/2, 0 < T1 < CX3. There exists a positive cortstardE1

el(g)Such
that ifb E Hs'9/2(R'),IIb[lH3(R1)5; c andqo, uo'(.,0),

H
satisfythe conditions

(
7. E Hs+9/2(R'), u.1(.,0)

E Hs+3(R'),

llqoIIH4(Rl)+ Il(1+pD2)n.IIH3(R1)+ Iluo'(.,0)I[H3(R1)5 e'/2,

(
H E Cj([o,T1];Hs+9/2-3j/2(R')),3

IIH(0)llH3(R1)+ IIHt(0)ItH2(R1)5; e'/2,

1,3,

(3.2.19)

then for some T E (0,T1]Problem (3.2.3)- (3.2.5)has a unique solution X satisfying
coriditiorlS

(
X E Cj([o,T].,Hs+9/2-3j/2(R')),i =0,1,2,3,

lIX(i)IIH3(R1)5;c,0<i<T.
(3.2.20)

We need an additional estimate for the solution X of problem (3.2.3)- (3.2.5).

Proposition 3.2.1. Suppose thai HO saiisPesthe cortditiorts
in (3.2.19)arid XO is the

solutior1 0f(3.2.3),(3.2.4)with
H replaced

by HO arid (3.2.5).Thert we have

3

E IIai(X(i)- Xo(i))IIHs+3-3j'2(R1)
j='5

C6 ([H'0'- HO'o''s-3,2,p.[H't'- HO'i)'s-3,2,p.I.i,H'T' - HO'T)'s-3,2,pdT)
for O5i5T, whereC6=C6(C,do,s,g,d1,P,T) >0.

3.3. Proof of Theorem 3.1

We apply the successive approximation to problem (3.2.3)- (3.2.5),problem

Vu.u=O

Vul.u=LJ.

u1
=Xlt

u.n(@u)=0

inn,i20,

inn,i20,

onI's, i20,

onrb,i20

and problem (3.2.1)2.We remark that if X[t=o (0,*), atXIi=0

(3.3.1)

uo and (3.1.1)are

satisfied, the assumptions in Theorem 3.2.3 are also satisfied.

Let us first define XO as

XO(i,y)=(0,G(y))+iu.(tF(y)) for yes, Vi20.

Putting XO into H, we see that (3.2.19)holds. Hence Theorem 3.2.3 guarantees that

there exists the unique solution X' on some time interval [0,T]for problem (3.2.3)-
(3.2.5)which satisfies (3.2.20).Next, for a given X', we find u' on some time interval
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0 5; i 5; T1, aS the solution of (3.3.1)under condition (3.1.1).We denote T1(5 T) by T

again. Then X' is defined through (3.2.1)2.Clearly X'It=o (0,G), atX'[i=0= uO.

Take T, in the form similar
as (2.7.3),sufBciently small. Then repeating the above pro-

cedure difines the approximate solutions (Xn, un, xn), n
it follows from Section 2.4 that

1,2,3,...
,on [0,T].Moreover

2

[H(Xn) -

H(Xn-1)]s-3/25 C= lIIaixn(i)
- aixn-i(i)Ill

j=0

lH(Xn) - H(Xn-1)Is-3/25; C(lllXn(i)
-

Xn-I(i)lIIs+3/2

s+3/2-3j/2?

3

+ I IIIaixn(i)- ai'Xn-1(i)llls.3-3j/2)
j=1

(3.3.2)

forO5i5;T,where

llIXIIIs= IIXIIHs.1/2(E)+ rlX(.,0)[IHs(Rl)+ PIX(.,-h)rlHs(R1).

Here and in what follows in this section, C means the positive constant independent of n

and
i. For the solution un.f problem (3.3.1)with Xli replaced by Xlnt,it holds that

2

,S..s5uTP5i
la]:un+1(T)

-

a]:un(T)Is.3,2-3"2,n

2

5 CE sup IIa':''Xln''(T)- a'/'XiXln(T)IIHs.3/2-3j/2(R1),0 <i < T
(3.3.3)

0<T<i
j=0

with

tuls,f1= [IuIIHs'l/2(n)+ Ilu[rsIIHs(R1)+ l[ulrbIIHs(Rl).

By (3.2.1)2We have

lllaf'Xn''(i)- aixn(i)IIIs.3/2-3j/25 CIaiun''(i)
-

aiun(i)Is.3/2_3]/2,n,i = 0,1,2,

I[lXn''(i)-Xn(i)IIIs.3'2
5CJ.ilun'1(T)-un(T)Is.3'2,ndT,

0<i<T.
(3.3.4)

Then Proposition 3.2.1 and (3.3.2)- (3.3.4)imply that there exists a limit function

(X,u,x) on [o,T]of(Xn,un,xn)
inthesensethatforanyi E [0,T]and s 2 5+1/2,

Sup
O<T<t I

2

lIXn(T)- X(T)IIHs+3'2(R1)+ E lla'/1(Xn(T)- X(T))[IHs'3'2-3J2(Rl)
j=0
2

+ IIIXn(T)- X(T)IIIs.3/2+ E IIla]J'(xn(T)- X(T))ills.3/2_3j/2
j=0

2

+ E la':(un(T)- u(T))Is.3/2_3j/2,n
j=0
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Obviously X,u and X are the solutions of problem (3.2.3)- (3.2.5),problem (3.3.1)and
problem (3.2.1)2,respectively, and satisfy

X E Cj([o,T];Hs+9/2-3j/2(R')),j = 1,2,3,

(
u E Cj([o,T];Hs+7/2-33'/2(o)),

ulrsurb
E Cj([o,T];Hs+7/2-3j/2(rsurb)), j

= 0,i,2,

(
x E Cj([o,T];Hs+5-3j/2(I)),

XlrsurbE Cj([o,T];Hs+9/2-3j/2(R')),j = 1,2,3

(3.3.5)

(3.3.6)

(3.3.7)

with a replaced by a - 3/2. Then applying the arguments in [47,Theorem 5.7]leads to

(3.3.5)- (3.3.7).Moreover we see that (3.2.2)holds.
The uniqueness of the solutions to problems (3.2.3)- (3.2.5),(3.3.1),(3.2.1)2follows in

the same way as above.

Now define q as a solution of
boundary

value problem

Aq=
-V. (Au-'ui)

q=g(x2.I.tu2(T,I,dT)-Ju(@u,
:Or'"ii220;,

(3.3.8)
aq

an(@u) -(u.Vu)u.n(@u)
on Iib, i20.

Then it is easy to show the unique existence of the solution q of problem (3.3.8)satisfying

qE Cj([o,T];Hs+7/2-33'/2(o)),j = 0,1

for
sufEciently small T of the form similar as above. Furthermore, the uniqueness of

solution
to
problem (8)- (12)is obtained by the uniqueness of the solutions to problems

(3.2.3)- (3.2.5),(3.3.1),(3.2.1)2.The proof is complete.

3.4. Proof of Theorem 3.2

Throughout this section we assume that 9 > 0 is a fixed constant. Then as in Section

3.2 we can get the following lemmas.

Lemma 3A.1. There exists a positive cortsiarlt C Such that if the assumptioriS irt

Lemma 3.2.1 are
satisjied,therl We

have

ll(M(W,e) -

M(W,6) + L(W,E) - L(W,6))ullHs(R1)

5 C7(6-e)P-1(1 + II(1+PD2)zIIHs(R1))2Il(1+PD2)DullHs(R1),

whereO<e<6, P=6(2-so)/2, o<s.<2 andC7=C7(C,d.,a,g) >0.
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Lemma 3.4.2. There exists a positive coTtStarlt C
=

C(g)Such that if
the assumptions irt

Lemma 3.2.2 are satisPedwiths replacedbys+so,
0 < so < 2, they?forO < E < 6< 1,

it holds that

IIfle
-

f18ILHs(R1)+ IIf,E
-

f28llHs(R1)+ rl(1+ ED2)(f3E
-

f38)lIHs(R1)

+l[(1+ ED2)(f4E- f48)lIHs(Rl)

5 C8(1 + IIW,Wi'[Is+s.,8)6s+2so+9(6-

e)so/2(tIW,W:Ils+so,8
+ IH[s+s.,8),

where fkP= fk(W,Wt',H,p) arid C8 = C8(C,do,s,so,a,d1)> 1.

Lemma 3.4.3. Letp > 0, a 2 3, do > 0. There exists apositive cortsiarttc such that if
b E Hs+3(R1) satisjiesIIbIIH3(Rl)5;

c, IlbIIHs.3(R1)5 do and

q. E Hs+9/2(R'), u.1(.,0)
E Hs+3(R'),

af'H(0)E Hs+3-3j/2(R'), j=0,1,2,

IIqoHH4(R1)5; c, Il7olIHs+9/2(R1)+ lluo'(.,0)I[Hs.3(R1)5; do,

therl We have

IIY～E- Y～8[IHs'3'2(R1)+ IIif-i5lHs(R1)
5; C9(6 - e)(llq.IIHs.9'2(R1)+ rlu..(.,0)IIHs'3(Rl)),

whereC9=C9(C,do,a)>O artdO<e<6.

Theorem 3.4.1. Suppose that the assumptions in Theorem 3.2.3 hold. TheT7 T irt

Theorem 3.2.3 can be iakerH'r"uCh a way thai T depertds ordy ort c,do,a,E1,g,d1,
but does

riot dependonp. Moreoverifs 25+1/2+so, 0<s. <2, theri the solutionX=Xp of
problem (3.2.3)- (3.2.5)with p > 0 corwer9eS tO the solution ofproblem (3.2.3)13.2.5)
withp=Oasp)0.

Proof. The first part of the proof is standard.
In order

to prove the second part, it is sufEcient to prove

2

E
j=0
ai(XE(i)- X8(i))"H,(R1)5 C10(6")so/2(IlqolIHS.3,2(R1)+ [luo1(.,0)IIHs(R1)+ d1),

whereO_<i_<T, 0<E<6<1,
r=s-3/2-soandC10 C10(C,do,a,e1,g,d1,So,T)>

0. Let WP be the solution of the problem (3.2.13),(3.2.17)corresponding to XP. Then

W = WE - W8 is a solution of the problem

X-ii+X=X+Y,

Y'ii+(ME+LE)Y' = ff-f18-(ME -M8+LE -L8)Y18,
Y2t=f2E-f28, zlt=f3E-f38, z2t=f4E-f48,

W(0) w～e
- w8? Wi'(0) WiE' - Wi8',

where f,P f,P(WP,WiP',H,p),j
Lemmas 3.4.1

-
3.4.3, we estimate

obtained.

1,...,4, MP=M(WP,p), LP L(WP,p). Using
W as in Theorem 3.2.2. Then the required result is

D

39



Since the estimate of the solution uJ of the boundary value problem (3.3.1)with Xli

replaced by XIJt implies that

IIaf'(uE- u8)rIHr+1'2(n)
+ [Iai'(uE- u8)Irsurblbr(Rl)

5CIIai'''(XE-X8)[lHr(Rl), j=0,1,

Theorem 3.4.1 leads to

(uJ
) u in C'([0,T];Hr+I/2(o)),

uJIrsurb)ulrsurb
in C'([0,T];Hr(I'surb)).

Then similar arguments in Section 3.3 show that

qg)q inC([0,T];Hr+I/2(o)),

which completes the proof.
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Chapter 4. Problem Far from Equilibrium

We consider the
free boundary

problem
in the same situation

as Chapter 2 except

almost Aatness of the boundaries, that is, in case that the effect of surface tension is

negligible.
We show the unique existence of the solution, even if the initial surface and

the bottom are uneven.

4.1. Main Result

Theorem 4.1. Let a

such thai if

0, g > 0 artds >_ 4. There exists aposiiive cortstmt6
= 6(g)

r7.E Hs+2(R'), bE Hs+3(R'), v. EHs+3/2(o),

inf(r7o(X1)
- (-h+b(x1))) > 0,

rlvollH2+1/2(f1)+ IILJollH2+1/2(f1)5; 6,

where LJo
= Vxl.vo,vrl

(4.i.1)

(-a/ax2,a/all),and vo satisPes
the compatibility cortditiorts,

then problem (8)- (12)has a um'que solutiori (u,q)Or"One time irderval [0,T]satisfyirLg

u E Cj([o,T];Hs+3/2-i/2(o)),j =0,1,2,3,

qE Cj([o,T];Hs+2-i/2(o)),j= 1,2.

Our approach is as tbllows: put

x(i,I) = I.iu(T,I)dT
and

(4.1.2)

(4.1.3)

X(i,x1)=X(i,x1,q.(X1)), A(i,x1)
=X(i,x1,-h+b(x1)). (4.1.4)

Then by (8),(10),we get

(1.a)
a2X1

ai2

I(A.a)(g.
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On the other hand, since in the Lagrangian coordinates vorticity

vl.v=iJ

can be written as

Vul.u=LJ. inn, i20,

it follows from (9),(4.1.6)that

(4.1.6)

X2i=KXli+H for t>0 (4.i.7)

with an operator K
= K(X) and a function H = H(X,A,LJo). We will give the explicit

form
of K and H in Section 4.3. Here the operator K has a simpler form than those in

Chapters 2 and 3, or in the previous articles for the free boundary problem in case offinite
depth ([14],[46],[47]).In Section 4.4, the properties of K and H will be investigated.
To verify the existence of the inverse operators in K and H, we apply the method

by

Verchota[43]and Kenig[20]as in [l4],[45].Wu and Iguchi assumed that the flow is
irrotationa1, but we will see that this method is applicable to the problem for rotational

motion. In Section 4.5, assuming that an H is given, we solve the Cauchy problem
(4.1.5),(4.1.7)for X with the initial conditions determined by (4.1.3),(4.1.4)1.As in
Chapter 2, we convert to the quasi-linear system which contains a weakly hyperbolic

equation. Moreover we show that the solution of the quasi-linear system satisfies the

initial value problem (4.1.5),(4.1.7).In Section 4.6, for a given X, we find u by solving
the boundary value problem

for (9),(4.1.6).Then X and A are determined through
(4.1.3)and (4.1.4)2,respectively. In Section 4.7 by repeating this procedure, the solution

(X,u,x,A) is obtained. Moreover we can obtain q by (8).

4.2. Notations

Let j be a nonnegative integer, 0 < T < ～ and B a Banach space. We say that

u E Cj([o,T];B) if u is a i-times continuously differentiable function on [0,T] with values
in B. Let D be adomain in Rn. Thenby Hs(D), -cx3 < a < ～, Wedenotethe Sobolev

space. We use the commutator [A,B] = AB - BA for operators A and B. Moreover the

adjointoperator of
A is denoted by A'.

For a Lipschitz continuous function p on R1, we define the curve r by I' ((x1,P(X1));
I E R'). Then the non-tangential cones Ci(p), p = (y1,P(y1))E Il, are given by

I
C+(P) ((x',x2)ER2;x2-P(X1) > MIx1-ylI),

C-(P)=((x',x2) ER2;x2-P(X') < -MIx'-ylI),
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where llp'[ILIR1)< M. For a function v on R21I', the non-tangential maximal functions

and the non-tangential
limits

of v are
defined by

v.i(p)= sup lv(X)I
forPEI',

XECi(p)

vi(p) =x+p,liTci(p,V(X)
for P E r,

respectively.

We often use some integral operators. The layer potentials I:1(P;u)and I:2(P;u)are
definedby

I:1(P;u)(I)=
1

5I I_um

L2(P;u)(I)= aJ_mn

p(y1)-X2 -P'(y1)(y1-X1)
(y1-X1)2+(p(yl)-X2)2
y1 -X1 +P'(yl)(P(y1)-X2)
(y1
-X1)2+(p(y1)-X2)2

u(y1)dy1,

u(y1)dy1, XER2v.

Further the singular integral operators L1(P;u) and L2(P;u)
are defined by

L1(P;u)(X1)=

L2(P;u)(X1)=

1

27T
v.p. I_wu
1

-V.P.
27T I

p(y1)-P(X1) -P'(y1)(y1-X1)
(y1-X1)2+ (p(y1)-P(X1))2

co

y1 -X1 +P'(y1)(P(y1)-P(X1))
-～ (y1-X1)2+(p(y1)-P(X1))2

u(y1)dy1,

u(yl)dy1, XIER'.

We
also use the

layer
potential JM(p;u)

= (Ju1(P;u),Ju2(P;u)),

jut(p;u)(I) a I_mm
(y1
-X1,P(y1)-X2)

(y1-X1)2+(p(y1) -X2)2

4.3. Representation of K and H

u(y1)dy1, XER2v.

Throughout this section let the time i 2 0 be arbitrarily fixed. We assume that v and

X are smooth and tend to zero as variables tend to infinity. We regard the plane
R2z1,Z2

as a complex space off
= z1 +iz2. Hence I's(i)and rb are given by
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I::'i'
:

ws(x1)
= X1 +X1(X1) +i(qo(xl)+X2(X1)),

:wb(Xl)=X1+i(-h+b(x1)), -u<X1 <m

We suppose that v satisfies the equations

V.v=0, Vl.v=LJ inn(i)

F=v1-iv2,

f(x1)= f1(X1)+if2(X1)
=

F(ws(x1)),

9(y1)=91(X1) +ig2(X1)
=

F(wb(X1)).

and put

Then Cauchy integral formula implies that

F(zO) Hs(i,
f(y1) dws(y1), .

1
dy1 +

27TiJrs(i)ws(y1)-ZO dyl
uJ1 I

27Ti

･

iJJn(i)W
aE(I-zO)
az1

dzldz2 -

JJn(i)w

Jrbg(y1)
dub(y1)

wb(y1)-ZO
dy1

aE(I -zO)
az2

dzldz2,

dy1

where zO E 0(i) and

E(I)
= &loglzI.

Therefore if we take zO to WSO =

ws(x')
on rs(i)non-tangentially, by the relation

1 dws(y1)

ws(y1)-Ws(X1)
dy1

a

ay1

a

ay1

log(ws(y1)- Ws(X1))

(log(y1- X1 + i(r7o(y1)- r7o(X1)))+log

and the imaginary part of (4.3.i),we get the equation

ws(y1)- Ws(X1)

(4.3.l)

y1 -X1 +i(r7o(y1)-T7o(X1))

f2 = ;f2.A2f1.Alf2-A4f1.A3f2 -A691 -A5g2.H1,
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where

Alu(X1) = L1(r7o;u)(X1),

A2u(X1)
=

L2(r7o;u)(X1),

A3u(X1) = a I_uJmlog(1.

+((y'"1)(X1(y1) -X1(X1))
+ (q.(yl)

-

q.(X1))(X2(yl)- X2(X1))

-i((qo(y1)- 7o(X1))(X1(y')I
X1(X'))- (y'"1)(X2(y')

-

X2(X'))))
x ((y1- X1)2+ (q.(yl)".(X1))2)-1)u'(y1)dy1,

A4u(X1) = a I_umRe log(i.

+((y1"1)(X1(y1) -Xl(Xl))
+ (n.(y1)".(X1))(X2(y1) -X2(X1))

-i((7o(y1)
-

qO(X1))(X1(y1)
- X1(X1))- (y1

-

X1)(X2(y')- X2(X'))))
x ((yli)2 + (q.(y1)- 7.(X1))2)-1)u'(y1)dy1,

A5u(X1)

A6u(X1)

a JINN

a I_uu
H1 = JJn(i,W(I)

Si

E'X

nce f1

1i+H

-h+b(y') -,7o(X')-X2(X1) -b'(y1
-Xl

-X1(X1))
(y'-x1
-X1(X'))2+(-h+b(y1)-7.(X1) -X2(X1))2

y1 -X1
-X1(X1)+b'(-h+b(y1)-q.(X1)-X2(X1))

(y'-x' -Xl(X'))2+(-h+b(y1)-q.(X1)-X2(X1))2

aE(I
-

WSO)
all

dzldz2.

v'Irs(i),f2
=

-V2lrs(i),
91

=

V'Irband g2
with

A

u(y1)dy1,

u(y1)dy1,

-v2Irb,
We See that X2i

-(;-Al-A3)-1(A2-A4)

-(;-A1-A3)-1(;isgnD-A7-A4)
-isgnD +2(-A7 - A4)

･2(-Al.A3) (;-A1.A3)-1(;isgnD.A7.A4)
-:
-isgnD

+ All,
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H=
- (;-A1-A3)-1(-A6Xli.A5X2t.H1),

D=-ia/all, A7u(X1)

where

4.4. Estimates for K and H

&Lnmlog(1.(r7o(y1)
- T7o(X1)
y1-X1

First we investigate the operators
Aj (j= 1,3,4,...,7).

)
2

)1/2u'(y1)dyl.

Lemma 4.4.1. Suppose that inf(r7o(X1)
-

(-h +b(x1))) > 0.

(1) Letr7o E Hs(R1), s,so > 3/2. It holds that

llAjulIHs(R1)5 C?[ullHso(R1),j= 1,7, C=C(a,so,Il7olIHs(Rl))> 0.

(2) Let qo be the Lipschitz cordinuousfurlCtionand r7. E Hs+3/2(R'),
a 2 0. It holds

that

IIAju[lHs(R1)5 Cl[ullHO(R1),j = 1,7, C = C(a,IIqollHs.3/2(R1),ll7LIILn(R1))> 0.

(3) There exists a positive coriStar?i Co Such that ifr7B'E Leo(R1),r7o,X,XO E Hs(R1),
a 2 2 and IIXIIH2(R1),lIXOIIH2(R1)5; co, HXIIHs(R1),lIXOIIHs(R1)5 d for some
d> 0, thert it holds that

IrIAj(X)ulIHs(Rl)
5 CIIXIIHs(R1)IrutIHs.(R1),

IIAj(X)u-Aj(i'0)ullH5(R1)
5 CIIX
IXOl[Hs(R1)llultHs.(Rl),

j = 3,4, a. > 3/2,

where C
= C(a,so,co,d,II7oIIHs(R1),Ilqb'rILu(R1))> 0.

(4) Le_tqo,X,XO E Hs(R'), a 2 0, b the Lipschitzcontinuousfunction and I[XIIHs(R1),
IIXOrlHs(R1)5 dforsome d> 0. It holds that

IrlAj(X)ullHs(R1)
5 CIlullHO(R1),

lIAj(A)u-Aj(XO)uIIH5(R1)5 CIIX -XOIIHs(R1)IIuIIHO(R1),
i = 5,6,

where C = C(a,d,IIr7ollHs(R1),Ilb'l[Lu(Rl))> 0.

Proof. (I)and (2)follow from [46,Section 4]and [6,Section9],respectively. The proof
for (4)is standard. It remains to show (3).If Re I > -1, it holds that log(1+I)

=

zf(I)
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where f(I)is holomorphic in I. Hence, ifX is small in Hl(R'),i > 3/2,it is sufEcient to
investigate the function

I_uu
(y'-x')2

(y1
-

X1)2+ (r7o(y1)- r7o(X1))2

X (

xf

+
X'(y')-X1(X'). qo(y')-q.(X1)X2(y1)-X2(Xl)

-i

(

(

y1-Xl y1-Xl y1-X1

qo(y')-7o(X')X'(y')-X1(X') X2(y1)-X2(X1)

y1-Xl y1-Xl y1-Xl

qo(y')-qo(x')
X1(y')
-X1(X1)

X2(y1)
-X2(X1)? ?

y1-Xl y1-Xl y1-X1 )

))

u(y1)dy1,

where f is a smooth function. Then the arguments in [46,Section 4]show (3). D

Now we will show the operator i - A'
- A3 is invertible. To see this fact, we use the

following
proposition.

Proposition 4.4.1. Suppose that A is a bounded liriear OPeratOr irt L2(R') and satisPes

llAullL2(a,)2 CllullL2(Rl),llA*uIIL2(Rl)2 CIlullL2(R1) (4.4.1)

for any u E L2(R'), where C > 0. Then the operatorA is invertible in L2(R').

Proof. By the first estimate of (4.4.1),we see that the operator A is injective.The second
estimate implies that the adjoint operator

A* has the closed range. Since the operator A

is bounded, A is
surjective

on L2(R'). D

In the same way as [14,Lemma 5.2],we can
obtain

Lemma 4A.2. Let r7o
be the Lipschitz cordinuousfunctiortarid Ci(p), p E rs, the cor}es

dejirtedby (4.2.l)with p replaced by T7o. Suppose that

(1)t=(b',b2) SatisPesV.t=O arLdV'.t=O inR2Vs,

(2) The non-tangential maximal functions +.i = supxECi(p) It(X)I,P E rs, belong tO

L2(R'),

(3) The rlOn-tangerttial limits Vi

for almost every P,

(4)t(I) 0(Ixr1) aslxI)cx3.

(tf,V2i) 1imx+p,xECi(p)t(X),P E rs, exist

If we denote the normal vector and the tarlgerdial vector to rs by N = (N1,N2), T

(.N2,-N1), respectively, then the norms IIVIIIL2(Rl),Ilt(2!IL2(R1),lIN. trIIL2(R1)and lIT
V[lL2(Rl)are equivalent, where V = V'

orb-.
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Lemma 4.4.3. Suppose that r7o is the Lipschitz continuous furlCtiort.Therl the operator
i

- A1 : L2(R') ) L2(R1) is irLVertible. Moreover, it holds that2

[I(;-A1)-'uIIL2'R1'
5 C[1uIIL2'R1)

with C = C(Il,7;IILco(Rl))> 0.

Proof. Let us first consider the layer potentials

i,1
=L:1(r7o;u),

i,2 =

-L2(r7o;u)
for u E L2(R'). In the same way as [9,Theorem 1.3],we see that

vli=T;u.Alu,
V2i=-A2u.

Moreover, t satisfies V.i
= 0 and Vl.t

= o. Hence it follows from Lemma 4.4.2 that

I[(;.A1)ullL2'R1'
5

C[l(;-A1)uIIL2'R1).
Therefore we see that

IlullL2'R1)5
CII(;-A1)ullL2'R1'.

Secondly, we consider the layer potentials

i)1 =
Ju1(r7o.,u),

i)2 =
Ju2(r7o;u)

for u E L2(R'). Then for the non-tangential limits Vi.fV we have

･.vi=N2(I;u-A;u),
T.Vi=-N2A;u,

which lead to

rl(;.A;)ullL2'R1)
5

CIl(;-A;)ulIL2(R1).
Again by Lemma 4.4.2, we see that

[IulIL2'R,)5
CIl(;-
A;)uIIL2(R1,.

(4.4.2)

(4.4.3)

Therefore the estimates (4.4.2)and (4.4.3)give our assertion. U

Lemma 4.4.4.

(1) Suppose that qo E Hs+3/2(R'),A,Xo E Hs(R'), rlqo[lHs+3'2(R1)5; a ands 2 2.

There exists a positive constant co such thai ifllXIIH2(R1),HXOIIH2(R1)5 co, then
the operator i-A'

- A3 : Hs(R') ) Hs(R') is invertible. Moreover it holds that
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tI(;-A1
-

A3)-'ullHs'R1)5 CIlul[Hs(R1),

tI(;-A1 -A3)-1(X)u- (;-A1 -A3)-1(XO)urIHS'R1'
5 CIIX - XOllHs(R1)Ilul[Hs(R1),

where C

(2) Suppose

C(a,a) >0.

that T7o,X,XO

(4.4.4)

E Hs(R'), IIqoIIHs(R1)_5a ands 2 4. There exists a

positive constant co such that if IIXIIH2(R1),IIXOIIH2(R1)5; co, then the operator
i - A1 - A3 : Hs(R') ) Hs(R') is irwertible. Moreover (4.4.4)holds.2

Proof. We only show the proof for (1). At first, we show that the operator i
- A' is

invertible in Hs(R1),a 2 0. Note that for any positive integer m

aT1(;-Al)-I= arm1-1 [aT1,(;-A1)-'].axm1-1
(;-A1)-'aT1

= arm,-1(;-A1)-'[ax1,Al](;-A1)-1.aT1-1(;-A1)-'ax1,(4A.5)
where aTl

= a/aX'. Then Lemma 4.4.3 lead that i
- A' is invertible in Hm(R'),m

1,2,...
, [s],inductively. Here [s]is the largest integer no more than a. Hence by interpo-

lation, it holds that

II(;-A1)-'utIHt'Rl)5CIIuIIHt'R1', 05i5 k], C=C(i,llqbIILn'R.),a),0.

From (4.4.5)replaced aTml by aEs1](1+ IDl)r,0 5 r 5 a - [s],it follows that i -Al is
invertible in Hs(R'). Then by the proof for Lemma 2.2.2(4),the above assertions are

obtained. D

It follows from (4.3.2)and Lemmas 4.4.1, 4.4.4(1)that

Lemma 4.4.5. There exists a positive coriStarlt Co Such thai if r7o E Hs(R1), ,7o E

Hs'+3/2(R'),X,XO E Hs(R'), a 2 2, so,s' > 3/2 md II7olIHs(R1)5 a,llqolIHsl.3'2(Rl)_<
K', IIXIIH2(R1),IIXOIIH2(R1)5 co, IIXIIHs(R1),IIXOIIHs(R1)5 dforsomed > 0, then itholds
that

IIIK'(X)ulIHs(Rl)
5 CIIullHs.(R1),

IIK'(X)u- K'(XO)uIIHs(R1)5; CIIX - XoIIHs(R1)IluILHs.(R1),

where C= C(a,so,co,d,a,K')> 0.
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Assumingthat X dependson xl andi, wedefine I1'',k,i(A,...,aikatlX),ai
= a/ai,k,l

=0,1,2,...,by

K1,0,0=Kl, A,1,0,,= [&,K1,0,,-1],l=1,2,3,...,

K1,k,i = [g,I1,1,k-1,,]
,
k=1,2,3,..., l=0,1,2,....

Moreover we replace aTaSIX by Xpq. Then we have

Lemma 4.4.6. There exists a positive constmt co such that ifqo E Hs+I(R'), qo E

Hs''''3/2(R'),a 2 2, s' > 3/2, IIXoolIH2(a.),IIX'oollH2(R1)5; co and I[qoIIHs+,(R1)5
a, IIqollHs1+l+3'2(R1)5; K', II(goo,...,Xk')IIHs(R1),I1(X'oo,...,X'kl)[[Hs(R1)

_<

d for some

d> 0, thenforar}yu E Hso(R'),so > 3/2, it holds that

lIK',k,I(goo,...
,Xk')uIIHs(R1)_<

CrlutlHs.(R1),

I[Kl,k,I(goo,...
,Xk')u

- K',k,I(X'00,...
,X'k')ulIHs(R1)

5; CII(goo-X'00,...,Xk' -X'k')HHs(R1)1Iu[IHs.(Rl),

where C= C(a,so,co,d,a,K')> 0.

Let us introduce the new norm

IIIXl[IsI IIXIIHs'1/2(n)+ llX(.,qo(.))rIHs(R1).

Lemma 4.4.7.

coriStant Co Such

therl We have

I

Suppose that T7o

that if

E Hs(R'), bE Hs(R1), a 2 2. There exists apositive

llIXIIl25;co,IIIXIIIs5d,d>0,

IIH'lIHs(Rl)5; CIILJollHs'1/2(o),

lIH'(X')- H1(X2)IrHs(R1)5 CIHX' - X2IIIsllLJollHs'l'2(a),

whereC=C(s,co,d) >0.
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proof. We introduce the coverings (0(i))?=1.ffi and associated smooth cut-off functions

((i)?=10n 0 which has following properties:

UO(i)=f7,
i

o(I)=(XEO; x1<-a1), 0(2)=(XEO; x1>a2),

diameter(0(i))<cxh i=3,...,n,

(o(i)nI's)=rsiib, i=3,...,m,

(o(i)nI's)=4,, i=m+1,...,n,

o5((i)(I)5;1, suppE(i)=o(i), I((i)=1
i

for ch > 0,a2 > 0. Take m,n,cr1,a2 SufBciently large and diameter(0(i)),i
= 3,...,m,

sufEciently small. Then it is enough
to estimate H1(((i)LJ.)for all i.

(1)Proof for i 1,2.
Let us define a function P(x1) E Hs(R1) such that

ISZl2)=b(xl)
ifx15;-cr1, X12cr2,

<E?

where e
> 0 is a sufBcient small constant.

Then by the mapping

x=y+(0,*(y)),

0(i) is transformed onto a part of the horizontal strip

E=(y=(y1,y2); -h<y2<0, ylER').
Here G is the function

G(y1,y2)

a I_mu-eiylE(elel(y2'2h)- ele[y2)q^.(E)
+
eiylE(eIE[(y2'h)- elEl(h-y2))a(E)

1
-e2Ielh

dE.

By Lemma 2.6.1, similar arguments as in Section 2A show the desired estimates for

Hl(((i)LJ.).

(2)Prooffori=3,...,m.
Notice that

IIH'(E(i)LJ.)IIHs(rs)5 lIHl(E(i)LJ.)IIHs(rst)+ IIH1(E(i)LJ.)IIHs(rsVst).

The first term on the
right
hand
side is estimated as in (1).The estimate for the second

term is easily obtained.

(3)Prooffori=m+1,...,n.
In this case the proof is standard.
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Assumption 4.1. The functions r7o and b satisfy

r7. E Hs+2(R'), bE Hs+1(R').

Thereexistco>0, d>0, lj>0(j=1,2,...,6), K>Osuchthatfors23, 0<T<u,

x,A and 7. Satisfy

xECj([o,T];Hs+2-i/2(o)), j=1,2,3,4,

x[rs ECj([o,T];Hs+3/2-i/2(R')), j=1,2,3,4,

X=xlrb ECj([o,T];Hs'3/2-i/2(R1)), j=1,2,3,4,

II[X(i)III2
_<
Co, lllX(i)IIIs+15 d,

lIIaix(i)[l[s.3/2-i/2+IIai'X(i)lIHs+3'2-J2(R1)5 lj, j = 1,2,3,4,

lIIaix(i)llls+IlaiX(i)IIHs(R1)5;lj.4, j= 1,2,

IIr7o[lHs.2(R1)5 a.

We use the following notations:

(4.4.6)

[H(i)]s= IIH(i)lIHs.1(Rl)+ IIaiH(i)IIHs'1'2(R1)+ IIat2H(i)IIHs(R1),

lH(i)Is= IIH(i)IIHs.1(R1)+ llatH(i)IIHs.1(R1)+ llat2H(i)I-Hs(R1)+ I[a?H(i)[lHs(R1),

ps
= 1 + rILJorIHs.3/2(a).

Then it follows from Lemmas 4.4.1, 4.4.4, 4.4.7 that

Proposition 4.4.2. Under Assumption 4.I we have

H=H(X,A)ECj([o,T];Hs'3/2-i/2(R')), j=1,3,

[H]s5;CIPs, rHIs5C2Ps, 0<i<T.

Moreover, for X',X' and X2,X2 satisfying(4.4.6),
we have

(4A.7)

[H(X',X') -

H(X2,X2)]s

5

CIPsg(Illai.X1(i)
-

aix2(i)lIIs.1_"2+ rlai..1Xl
-

ai.lX2IIH.(Rl,),

j=O

IH(X',X') - H(X2,X2)Is

5; C2Ps(IIIX'(i)- X2(i)IIIs.I+ IIXt'- Xt2IIHO(R1)

+i (IIIaix1(i)- aix2(i)rlls.3,2_"2+ IIai..lk1
-

ai..1X2IIHO(R1))),j=1

whereO 5; i
_<
T,C' = C'(s,co,d,l5,l6,fC)> 0 arldC2 = C2(S,Co,d,l1,l2,l3,l4,a)> 0.
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4.5. Problem on the surface

In this section,
for a given H, we solve the initial value problem

(1.aafll)
a2X1

ai2
･ (ddx7:.aaf12)(g.

a2X2

ai2 )=O for i20, (4.5.1)

X2t=KXlt+H for i20, (4.5.2)

XIi=. = (0,0), Xlilt=.= u.1Irs. (4.5.3)

We first reduce the problem (4.5.1)- (4.5.3)to the initial value problem for a quasi-
1inear system. Then the existence and uniqueness of solution

to the quasi-linear system

is proved. Moreover, we show that the solution of this quasi-linear system satisfies the

problem (4.5.1)- (4.5.3).In the remaining of this section,
for
simplicity,

we use X and I

instead of X and x1, respectively.
From (4.3.2)and (4.5.2)it follows that

aikx2i =

K(X)aikxli + Fk.(X,...
,alkx)

+ aikH, (4.5.4)

atkatx2t= K(X)atkatxli+ Fkl(X,..., aikatx,aik+'x1)+ aikatH, (4.5.5)

wherek=0,1,2,..., l= 1,2,3,...,andFk,= [aikat,K1]Xli.Weput

Y=Xii, Z=Xr, W=(X,Y,Z), W'=(X,Y1).

In virtue of (4.5.4)with k = 2 we have

Y2i = A,(X)Yli+ F20(X,Xt,Y) + Hit =: f2(W,W;,H). (4.5.6)

Differentiating (4.5.1)with respect to i and using (4.5.5)with k = 0, I = 1, we obtain

Zli
-((g
+ Y2)(-isgnD)+ Y')-1((g+ Y2)(K1(X)arXli + F.1(X,Z,Xlt) + HT)

+ (1+ Z1)Ylt+ (r7or+ Z2)f2(W,W:,H))

=: f3(W,W:,H).

Putting (4.5.7)into (4.5.5)with k = 0, I = 1 leads to

(4.5.7)

Z2t =

-isgnDf3(W,Wi',H)
+ K'(X)arXli + Fo1 + HT =: f4(W,W:,H). (4.5.8)

Next we proceed
to the equation for Y1. Differentiating (4.5.1)twice with respect to i

implies

(1+ Z1)Ylit+ (r7or+ Z2)Y2ii+YIYIT+ (g+Y2)Y2T+ 2Zi. Yt = 0. (4.5.9)

By (4.5.4)withk=3 and (4.5.5)with k=l= 1, it holdsthat

I;22;
=

A,(X)Ylit+ F30(X,Xl,Y,Yi)+ Hiil,

K(X)Ylx + Fll(X,Xi,Z,Zt,Yl) + HtT.
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Hence it follows from (4.5.9)that

Ylii + (1 + Z1 + (7.I+ Z2)K)-1(Y1 + (g+Y2)K)arY'

-(1
+ Z1 + (q.I+ Z2)K)-1 (4.5.lO)

x (2Zi. Yt + (nor+ Z2)(F30+ Hiii)+ (a+Y2)(F'1 + HtT)).

The identity

(1 +Z1 + (T7.I+Z2)K)-1(Y1 + (a+Y2)K)

((1+ Z1)2+ (q.I+ Z2)2)-1((1+ Z')Y'+ (T7or+Z2)(g+Y2))

+ ((1+ Z1)2+ (q.I+ z2)2)-1((1+ Zl)(g+Y2) - (qOT+ Z2)Y')(-isgnD)+ P',

P1
=P1(W;X,Z)

=((1
+ Z1)2+ (q.I+ z2)2)-I((1+ Z')(g+Y2)

- (nor+ Z2)Y')K'
-

((1+ Z1)2+ (q.T+ Z2)2)-1(7.r+ Z2)([K,Y']+ [K,Y2]K+ (g+Y2)(1 + A'2))

+ ((1+ Z1)2+ (,7.I+ Z2)2)-1(,?.I+ z2)

x ([K,Z1]+ [K,(r7.I+Z2)]K+(7.I+Z2)(1 +K2))
x (1 +Z1 + (r7.I+Z2)A')-1(Y1+(g+Y2)K),

and (4.5.6)- (4.5.8)lead the equivalent equation to (4.5.10)

Ylii +
a(W)lDIY1

= f1(W,W:,H)

with

a(W)

f1

((1+ Z')2+ (r7ox+ Z2)2)-I((1+Z1)(g+Y2) - (r7ox+ Z2)Y'),

-plarY1 - (1 + Z1 + ('7.I+ Z2)K)-1(2Zt. Yt

+ (r7or+ Z2)(F30(X,Xt,Y,Yi)+ Hiii)+ (g+ Y2)(Fll(X,Xi,Z,Zi,Y1)+ HIT)).

Thus the required quasi-linear system
has the form

I;2iit
=Y, Ylii+a(W)IDIY1 = f1(W,Wi',H),

=f2(W,W!,H), Z't=f3(W,Wi',H),
Z2t
=f4(W,W!,H).

(4.5.ll)

We show the estimates for the inverse operators in (4.5.ll).The following lemma is

obtained by Lemma 2.2.2(4).
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Lemma 4.5.1.

(1) There exists a positive co,wtantc' =

c'(g)such
that ifY,YO E Hs(R1), a 2 2 arid

lIYIIH2(R1),IIYO[lH2(R1)5; c', IIYIIHs(R1),IIYOIIHs(R1)5 d', d' > 0, then it holds

that

lI(Y1+ (g+ Y2)(-isgnD))-'uIIHs(R1)5 C[IuIIHs(Rl),

Ir(Y'+ (9+ Y2)(-isgnD))-1u
-

(Y10+ (g+ Y20)(-isgnD))-'u[IHs(R1)

5; C[lY -YOIIHs(R1)lluIIHs(R1),
C = C(s,c',d',9)> 0.

(2) There exists a positive constard cl Such that if,7.E Hs+1(R'), Z,ZO E Hs(R'),

;t2holld:ntdh2tzlllH''R'',
IIZ10tIH''R')5 c1, tIZllHs'R'),tlZOIIHs'R''5 4, d1 ' 0, then

II((1+ Z')2+ (q.I+ z2)2)-'uIIHs(R1)5 CIIullHs(R1),

Il((1+ Z')2+ (q.I+ z2)2)-'u
- ((1+ Z10)2+ (q.I+ z20)2)-'uIIHs(R1)

5 CIIZ- ZOIIHs(R1)I[uI[Hs(R1),C = C(s,c',d')> 0.

In order to define the operator (1 + Z' + (r7ox+ Z2)K)-1, we consider the operator

i1
-nor(i

-

A')-'A2)-1.

Lemma 4.5.2. The
operator1-nor(i-A')-'A2

: L2(R') ) L2(R') is invertible. More-
over it holds that

(1
-nor(;-A1)-1A2)-'uL2(R1)

with C = C(Ilr7oxllLn(R1))> 0.

Proof. Suppose that the function i = (i)1,i)2)Satisfies

I
V.%=0, Vl.%=o

ii1=0

5; C[IullL2(R.)

in On,

on I's,

Oco=(x=(x',x2); X2<r7o(X1),
XI ER').

where

Then similar arguments as in Section 4.3
～ ～ ～

(V1-,V2-)Of % satisfies V{

where T

potentials

(4.5.12)

conclude that the non-tangential limit V-
～

-(i
-

A')-'A2V1-. Moreover, it holds that

v- =

N2(1-nor(;-A1)-'A2)0,
T.V-=N2 (4.5.13)

(N2,-N1) is the tangential vector to rs. On the other hand, the layer

b1=L1(qO;(;.A1)-10),b2=-L2(7o;(;.A1)-1o)
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are the unique solution of the problem (4.5.l2)and it holds that

･.v～-

=N2(1-qoxA2(;.A1)-1)0.
(4.5.14)

Here we can show that the operator i+ A' is invertible in the same way as Lemma 4.4.3.

Therefore, by virtue

1

-7oTA2(i+A')-1

of

Now we consider the

(4.5.13)

(i+A'-
1ayer pot

and (4.5.14),it is sufBcient to show that the operator

qoxA2)(i
+ A')-1 is invertible.

ent ials

i,1 = I:1(77o;u1)+I:2(qO;u2), i,2
=

-I:2(r7o;u1)+I:1(T7o;u2)

for u1,u2 E L2(R1). Then it holds that

vli=T;ul.Alu1.A2u2,V2i=-A2ulT;u2.Alu2.
Furthermore, we can apply Lemma 4A.2. Putting u1 = 0 and u2

= u, We See that

IIuIIL2'R1)5
CIl(;.

A1
- qOxA2)ullL2'R1'.

Next, for u1,u2 E L2(R1),consider the layer potentials

i)1 =
Ju1(r7o;u1)

+
JM2(T7o;u2),

i)2 =
Ju2(r7o;u1)- JVt1(r7o;u2).

Again by Lemma 4.4.2, taking u1 = u and u2
=

r7oru gives

rlulIL2'Rl)
-< CIl(;.

A; - A;nor)ullL2'R1).

(4.5.15)

(4.5.16)

Therefore the estimates (4.5.15)and (4.5.16)give the desired assertions. ]

Lemma 4.5.3. Suppose that 7o E Hs+2(R'), IIqollHs'2(Rl)5; a, S 2 2, There exists a

positive constartt c' such that if llXIIH2(Rl),[IZllH2(R1),IIXOIIH2(R1),llZO-IH2(R1)5 c',

lIXIbs(R1),IIXOIIHs(Rl)5 d', d' > 0, ihert the operator1+Z'+(7oT+Z2)K
: Hs(R') )

Hs(Rl) is irwertible arid satisPes

lI(1+ Z' + (qox+ Z2)K(X))-'uIIHs(R1)5 CII(X,Z)IIHs(R1)IlullHs(R1),

II(1+ Z' + (nor+ Z2)K(X))-'u - (1 + ZlO + (q.T+ Z20)K(XO))-1uILHs(R1)

5 CIl(X -XO,z - zO)lIHs(Rl)rluIIHs(a,),

whereC=C(s,c1,d1,a)
> 0.

Proof. As the proof for Lemma 4.4.4, we can show that the operator 1
-nor(i-A')-'A2

Hs(R1) -+ Hs(R1),a >_ o, is invertible and satisfies

(1
-qox(;-A1)-1A2)-'u
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where C C(a,a) > 0. By the proof for Lemma 2.2.2(4),it holds that the operator
1 +7.rK = 1

-qox(i-A' -
A3)-I(A2 -A4)

is invertiblein Hs(R'),s >_ 2, and

II(1+ qorlt')-'ulIHs(R1)5 C'IlullHs(Rl),

where CI C'(s,c1,d1,a)> 0. Again, Lemma 2.2.2(4)implies that the operator 1 +

Z1 + (r7ox+ Z2)It'is invertible and satisfies the first estimate. The second estimate is also

obtained in the same way. D

Now we consider the initial value problem (4.5.ll)with

w(o) = iV= (x～,i,2), W!(0) = Wl = (Xt,Yli). (4.5.17)

Assumption 4.2. Let T1 > 0. There exist positive cortstants J and J' such that

IIH(i)ls
5 J,

[H(i)]s5;J', 0<i<T1.

By Lemmas 4.5.1,4.5.3, similar arguments as in Theorem 2.5.2 lead to the following.

Theorem 4.5.1. There exists a positive constard c1

Hs+3/2-i/2(R')),j
c1(9)Such

that ifH E C'([0,T1];
1,3,
s23+1/2,

0<Tl<q
r7oEHs+2(R1) arid

x～,2,WiE Hs(R'), Y; E Hs''/2(R'), IIWl[H2(R,)5 c1/2,

then there exists T E (0,T1]Such that problem (4.5.l1),(4.5.17)has a unique solutiorl
W = (X,Y,Z) satisfying

XE C2([o,T];Hs(R')), Y2,ZE C1([o,T];Hs(R1)),

YI E Cj([o,T];Hs+1/2-i/2(R')),j = 0,1,2,

IIW(i)IIH2(R1)5;cl for O5i5T.

In
view of the originalproblem,

we set the initial data as follows:

X= (0,0),Z =XT= (0,0),Xli =uO1(.,r7o(.)),
X2i
=A'(0,0)Xlt+H(0),

Yli
=

-(1
+
q.rK(0,0))-'q.I(9

+ F1.(X～,XT)+ Ht(0)),

Y2 = K(0,0)Y1 + Flo(X,Xt) + Hi(0),

Yli =

-(1
+
77.rK(0,0))-1

x (7.I(F2.(X～,XT,Y～)+ Hti(0))+ Y;iaxxT;i+ (g+ Y～2)aTXT;i).

Then Theorem 4.5.1 yields
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Theorem 4.5.2. There exists a positive constant e1 =

E1(9)Such that ifs 2
3 + 1/2,

0 < T1 < CX3 and r7o,uollrs,
H
satisfythe corlditiorlS

I;:

I

E Hs+2(Rl), uollrs
E Hs+1(R1),

IIuollrsllH2(R1)5 E1/2,

H E Cj([o,T1];Hs+3/2-i/2(R')),j = 1,3,

rIH(0)I[H2(R1)+ HHi(0)IIH2(Rl)5; e'/2,

(4.5.18)

(4.5.19)

theft there exists T E (0,T1]Such thai problem (4.5.1)- (4.5.3)has a um'que solution

X E Cj([o,T];Hs+3/2-i/2(R')),i = 1,2,3,4. (4.5.20)

Here we put

d2=maX(1,J), d3=maX(1,J'),
2

d4 = IlqolIHs.2(R1)+ Iluo'IrslIHs'l(R1)+ E IlaiH(0)IIHs.I-j'2(R1).
j=O

Lemma 4.5.4. Let A be the solution of (4.5.1)- (4.5.3)obtained
irt Theorem 4.5.2.

Then there exist a positive consiarlt
do = do(c1,g,a,e1,d4),Which is irldepertderli off, arid

a mortotone increasingfunctiortd5(i)such that

IIIXt(i)llHs(R1)
+ IIXlii(i)IIHs+1'2(R1)+ IIXlttl(i)I[Hs(R1)5 do,

IIXt(i)IIHs'1(R1)5;d5(i),0
<i < T.

Furthermore we obtain

(4.5.21)

Proposition 4.5.1. Let a 2 4. Suppose that HO saiisPesike corlditiorlS
in (4.5.19)arid

XO is the solutiort of(4.5.1),(4.5.2)with
H replaced by HO, where H(0)

(4.5.3).They"'t holds that
HO(o), arid

2

E [Iai'''X(i)- ai'''XO(i)IIHs+1'2-,'2(R1)
j=0

5

C3([H(i)- HO(i)]s-1'2.I.iIH(T) - HO(T)Is-l'2dT)
,

IIXliiii(i)- X10iiti(i)IIHs-1'R1'
-<
C3 (IH(i)- HO(i)Is-1.I.iIH(T) - HO(T)Is-1dT)

forO Si 5T, where C3=C3(C1,g,do,d2,a,T) >0.
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4.6. Problem in the interior

Suppose that an X is given. We consider the boundary value problem

Vu.u=0, Vul.u=LJo inn,t>_0,

ul=Xli Onrs, i20,

u.n(@u(I;i))=O onrb, i20.

At first, let us investigate problem

V.u=b1, Vl.u=b2 inn,

u1 = 01 0n I's,

u.n=02 0nrb.

In order to solve this problem we use the identification as in Section 4.3:

x=x1+%X2.

I(I) = u1(I)-iu2(I),

i(x1)= I(x1 + ir7o(X1)),

a(x1)=f(x1+i(-h+b(x1))).

Put

(4.6.1)

(4.6.2)

Then it follows that

I(xO) = I:1(r7.;i)(xo)+ iL2(r7.;i)(xo)- I:I(-h+ b;a)(xO)- iL:2(-h+ b;a)(xO)

+i7i'(xO)+7i2(XO), XOEO, (4.6.3)

where

7i1(X1,X2)
=

1

5I JJn

u2(X1,X2) = aJJn

b2(y1-X1) -4,1(y2-X2)
(y1
-X1)2+(y2-X2)2

4,I(y1- X1)+4)2(y2-X2)
(y1
-X1)2+(y2-X2)2

dyldy2,

dyldy2.

If xO tends to points on rs and rb nOn-tangentially, it holds that

f=

(;.A1)i.iA2f-A5g-iA6g.iullrs.u2I,a,
1

a = A7f+iA8f- (-5 + A3)a "'A4g+i7illrb +7i2Ir"
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where

AIM(X1) = L1(T7o;u)(X1),A2u(X1) = L2(r7o;u)(X1),

A3u(X1) = L1(-h+b;u)(x1), A4u(X1) = L2(-h+b;u)(x1),

A5u(X1) = I:I(-h+ a;u)(x1,qO(X1)),A6u(X1)
=

I:2(-h+ b;u)(x1,r7o(X1)),

A7u(X1) = I:I(r7o;u)(X1,-h+b(x1)), A8u(X1)
= I:2(r7o;u)(X1,-h+ b(x1)).

Since g2 -b'g1 -
02, the imaginary part of the first relation of (4.6.4)and the real part

of the second lead to

where

u2lrs
= XO1 +3t, (4.6.5)

x=-(;-B2)-LEI,

x=-(;-B2)-1
x ((-A5b,.A6,(;.A3.A4b,)-1(A402

-u2.rb).A502.ul.rs),
B1 = A2-(-A5b,.A6) (;.A3.A4b,)-'A7,
B2
=A1.(-A5b,.A6) (;.A3.A4b,)-'A8

and

ul.rb= (;.A3.A4b,)-1(A701-A8u2.rs-A402.u2.rb),(4.6.6,

u2lrb
= b'ullrb+02.

The arguments similar as in Lemma 4.5.2 show the following lemma.

Lemma 4.6.1. The operator i + A3 + A4b' : L2(R') ) L2(R') is invertible. Moreover,
it holds that

II(;.A3.A4b,)-1ulb'R1'
5 CI[ullL2(R1),

where C
= C(IIb'IILu(R1))> 0.

Lemma 4.6.2 ([14,Lemma 5.5]).Let qo, b be the Lipschitz cordirluOuS furtctiorts,inf

(r7o(X')- (-h+b(x'))) > 0 aridCi=(p),p
E I's uI'b, the cones dejirledby (4.2.1)with p

replaced by r7o Or. b. Suppose that

(1)t= (i,1,b2)SatisPesV.t=O artdVl.+=o irtR2uI'suI'b),

(2) The non-tangential maximalfunctionst.i
=

supxECi(p) I+(X)l,P E rsUI'b, belong

ioL2(R2),
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(3) The

*i

(4)i(I)

run-tartgeniial limits
Vi (Vli,i(2i) 1imx)p,xECi(p)t(X),P E I's, arid

(kli,k2i) = 1imxiP,XECi(p)t(X),P E rb, exist for almost every P,

0(lxl-1) aslxI)m
Ifwe der10te the r10rmal vector and ike tar7ger?tial vector to I's and Iib by N,T, respectively,
therl it holds that

(1) The norms Ilt+IIL2(R1),IIt(2'I[L2(R1),llN.V+IIL2(Rl)and llT.V'[lL2(Rl)are equiv-
alerd,

(2) The norms llti,1-[IL2(R1),[Ik2-IIL2(R1),IIN.VV-IIL2(R1)and IlT.VV-1[L2(R1)are equiv-
alent,

(3)If, in additiorl, N.W+ 0 or W2+ 0, theri llV2-IIL2(R1)5 Cl[V1-[lL2(Rl)arid

PIN.V-rlL2(R1)5 CHT.V-IIL2(R1) With C = C(llr7bllLm(R,))> 0.

Lemma 4.6.3. The operator i - 82 : L2(R') ) L2(R') is invertible. Moreover, it holds
that

ll(;
-

B2)-lu[IL2(R1)5 C[IuIIL2(R1,,

where C
= C([lb'IILn(R1))> 0.

Proof. For ui E L2(R1), i = 1,...,4, let us consider the layer potentials

I::
= L1(r7o;u1)+I:2(r7o;u2)+I:I(-h +b;u3) +I:2(-h +b;u4),

-I:2(r7o;u1)+L1(T7o;u2)-L2(-h +b;u3) +I:1(-h +b;u4).

Note that i satisfies V. t oandV1.t 0. Putting u1

-(i
+A3 +A4b')-'A8u, u4

= b'u3, by Lemma 4.6.2 we see that

lrullL2'R1)5
C[l(;-B2)ullL2'R,,

with C = C(Ilb'IILIR1))> 0.
Next we consider the layer potentials

I

0, u2

i)1 =

JM1(T7o;u1)+JM2(T7o;u2)+JVt1(-h+b;u3) +JM2(-h +b;u4),

i)2 =
Ju2(r7o;u')-Ju1(r7o;u2)+JM2(-h +b;u3) -JM'(-h +b;u4).

u? u3

(4.6.7)

Thentakingu'
=0,

u2 =u, u3=

-(i+A;+b'A;)1b'A;-Ag)u,
u4

=0gives

llullL2'R1)5
CII(;-B2.)ulIL2(R1'.

Therefore the estimates (4.6.7)and (4.6.8)imply the desired assertion.

Let us introduce the operator A9 by

A 9u=
1

5I JR,log{1. (r7o(y1)
-

r7o(X1)
y1-X1
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)I/2u'(y1)dyl.
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Then we have

A2 = ;isgnD-A9.
Lemma 4.6A. Suppose that inf(T7o(X1)

- (-h + b(x1)))> 0.

(1)

(2)

(3)

(4)

(5)

(6)

IIAjuIIHs(R1)5; ClfullHso(R1),j= I,9, s,so> 3/2,C

IIAjulIHs(R1)5; CIIullHO(R1),

IIAjuIIHO(Rl)5 CllullHO(R1),

IIAjullHs(R1)5; CIIulbo(R1),

J

(4.6.9)

Thert we have

C(s,so,Il,7ollHs(R1))> 0,

1,9, s20,

C = C(s,llqollHS.3/2(R1),IIqbIILIR1))> 0,

j=3,4,

j=5,6,

C C(IIb'l[Lu(R1))> 0,

s >_ 0,C = C(IlbllHs(R1),l[b'IILu(R1))> 0,

IIAjullHO(Rl)5; CIIuHHO(R1), j= 7,8, C C(Il7bllLIR1))> 0,

lI7i'lrslIHs(a,)+ lI7i2lrbllHs(R1)5 CtlbIIHs-1/2(f1),S 2 I/2,C
= C(a) > 0.

Proof. (1)and (2)follow from [46,Section 4] and [6,Section9],respectively. The proofs
for (3)- (5)are standard. Similar arguments as in Lemma 4.4.7 show (6). D

Theorem 4.6.1. Suppose that i = (4,1,4,2)E Hs-1/2(o),a (01,02)E Hs(R'), r7o,b E

Hs(R') and IlqollHs(R1),llblIHs(R1)5; a With a > 3. Then ike bouridary value problem
(4.6.2)has a unique solution u = (u1,u2)Such that

I:(7,
Hs+1/2(o),

qo(.)),u(.,-h+a(.))
E Hs(Rl),

IIlulIHs'l/2(f1)
5 C4(IlblIHs-1/2(I?)+ I[OIIHs(R1)),

[tu(.,qo(.))IIHs(R1)+ IIu(.,-h+ b(.))IIHs(R1)5 C4(II4,[IHs-1,2(n)+ I10IIHs(R1)),(4.6.10)

where C4 = C4(S,a)> 0.

Proof. It is sufBcient to show the proof for estimates. Since

- (;-B2)-'B1=-2B1-4(B2.B22(;-82)-1)B1,
by (4.6.9)and Lemma 4.6.4, it holds that

HXO'IIHs(R1)5; CIIO'IIHs(R1),

where C = C(a,a) > 0. Using the relation similar to (4.6.ll),we get

Ilul[Hs(R1)5; C(II4,HHs-1/2(n)+ lIOrlHs(R1)).
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Hence the required estimate for u2Irs
follows from (4.6.5).The estimate for ulrb

is
also

obtained by (4.6.6).Moreover slight
improvement of the proof in Lemma 4.4.7 shows that

l[L:i(7o;i)IIHs(n)+ tIL:i(-h+ b;a)IIHs(n)5; C(HfllHs-1/2(R1)+ llgllHs-1/2(Rl))

5 C(rlbIIHs-1/2(f1)+ IlOIIHs(R1)),

l[7iillHs(f1)5 Cll4,lIHs-1(I?),

wherei
= 1,2, C = C(a) > 0. Then the firstestimateof(4.6.10)

followsfrom (4.6.3).D

Now problem (4.6.1)is written as

V.u=((I-Au)V).u

Vl.u=LJ.+((I-Au)V)i.u

u1
=Xli

u.n(I)
=u. (n(I)-n(I.I.iu(T,I)dT))

inn, 05i5;T,

inn, 0_<t5;T,

onI's, 0515T,

onI'b, 05i5T.

Assumption 4.3. There exists v. E Hs+3/2(o) such that

v.vo=o, LJo=Vl.vo inn.

LetT1 > 0, X satisfy

Xli E Cj([o,T1];Hs+1-i/2(R')),j = 0,1,2,3,

tIXli(i)IIHs(R1)+ [IXlti(i)IIHs+1'2(R1)+ [lXltit(i)IIHs(Rl)5; do,

lIXli(i)IIHs+1(R1)
_<
d5(i)

and

qoEHs+1(R'), nEHs+2(R1).

Here we introduce the notation

(4.6.12)

luls,a= I[uIIHs+1/2(a)+ Ilu(.,qo(.))1LHs(a,)+ IIu(.,-h +b(.))l[Hs(Rl).

Theorem 4.6.2. UrlderAssumption 4.3 there exists T E (0,T1]Such thai problem (4.6.1)
has a urlique solutiorl

u

Satisfyirt9

I:.,Es
Cj([o,T];Hs+3/2-i/2(o)),

,ulrb
E Cj([o,T];Hs+1-i/2(R'))for j=0,1,2,3.

Proof. The similar arguments as in Theorem 2.6.4 lead to the result.
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Lemma 4.6.5. Let u be ike solutiort of (4.6.1)obtained
irt Theorem 4.6.2. There ex-

ist positive coriStards ej, 3 1,...,5,7, which are iridepertdertt
off, and

a morwtone

irtcreasirlg furlCtiorie6(i)such
that

Ia3u(i)Is+1-i/2,f15 ej, j= l,2,3,

lafu(i)ls,n5;ej+4,j=0,1,

lu(i)ls+1,f15 e6(i)
5 e7,

Here e4 arid e5 are independertt ofd3.

0<i<T.

(4.6.14)

Proposition 4.6.1. Let u be the solution of(4.6.1)obtairled
in Theorem 4.6.2 arid uO

the solutiorl Of(4.6.1)with
X replaced by XO, which satisPes

Assumption 4.3. Therl We

have

3

,S..s5uTP5i
la':u(T)- a':uO(T)Is.I,2-"2,n

3

5 C5 E sup lla':+'X1(T)
-

a]J'X10(T)IIHs'1'2-H2(R1)
j=005T5t

fors>2, 0_<i5T, whereC5=C5(e1,e2,e3,e7,a,do)>0.

Let us investigate equation (4.1.3).

Lemma 4.6.6. Suppose that Assumption 4.3 with a 2 3/2 is satisPed.
Let co be the cori-

stard choser"'rt Assumption 4.1 arid u the solutiorMf (4.6.1)obtained irt
Theorem 4.6.2.

There exists a positive constant T.(5;T) such that X = X(i,I), A

(4.1.3),(4.1.4)2Satisfy(4.4.6)with
T replaced by To.

Proof. It is obvious that

A(i,I) dePned by

lllaix(i)IIL.3/2-i/2+ IIai'X(i)IIHs'3'2-j'2(R1)
_<
lei-'u(i)ls.3/2-i/2,a,j = 1,2,3,4,

Illai'X(i)IIIs+IIai'X(i)IIHs(R1)5; lai-'u(i)Is,a,i = 1,2,

IIIX(i)II[s+1
_<

i sup lu(T)Is+1,fh
O<T<i

IllX(i)lll2
_<

i sup lu(T)Is+1,f1
0<T<i

forO<i<T.

follows.

If we define To,d,lj(j 1,2,...
,6)
appropriately, then the desired result

D
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proposition 4.6.2. Suppose that X,i and XO,Xo satisfy(4.1.3),(4.1.4)2for
u,uo, re-

spectively. Therl We
have

Il[ai'''(X(i)- XO(i))IIIs.I/2-i/2+ IIai'''(A(i)
- Xo(i))[lHs'1'2-,'2(Rl)

5; C6Iai'(u(i)-uO(i))[s.1/2_i/2,n,
j = 0,1,2,3,

IIIX(i)- XO(i)[I[s.1'25 C6J.i
lu(T)- uO(T)[s.1'2,OdT,

whereC6=C6(a,do)>0,
05i5T.

4.7. Proof of Theorem 4.1

In this section we prove Theorem 4.1. Let us define the sets S1,S2 and S3 aS

S1=(X; X satisfies (4.5.20),(4.5.21)and

Xli=. = X～, Xtli=.= XT, Xtili=.= Y～),

S2=(u; uSatisfies (4.6.13),(4.6.14)and

uli=0=Vo, uilt=o=wo),

s3=((X, A); xand Xsatisfy (4.4.6)and

XIi=0= (0,0),Xili=0=uO, Xitrt=0=Wo,

X[i=. = (0,0),Xt[i=.= u.Irb,
Xiili=.=

W.Irb),

where wo is the solution of

V.wo=2

～

wo1 = Y1

(
avol aVo2

ax2 aX1

avol aVo2

axl aX2 ),vl.wo=o in 0,

onrs, (4.7.1)

wo.n(I)=wo.(n(I)-n(I.I.tu))-vo.((uo.v)n(I))
onrb.

First,
notice that if (4.1.1)is satisfied, (4.5.18),(4.6.12)are valid. For (XO,Xo) E S3

we denote by X Ml(XO,Xo) the solution ofproblem (4.5.1)- (4.5.3)with H replaced
by H(XO,Xo). In view of (4.4.7),J and J' in Assumption 4.2 are taken as follows:

J=C2Ps, J'=CIPs.

There
exists a positive constant e2 =

E2(g)Such
that if

lluolIH2.i/2(n)+ IILJollH2.1/2(a)
_<
e2,

then the second estimate of (4.5.19)is satisfied. Therefore Proposition 4.4.2 and the

arguments in Section 4.5 show that Ml maps from S3 tO S1 for a SufBciently small T. For
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X E S1, let u = M2(X) be the solution of(4.6.1).
We see that uli=0

(4.6.1)at i 0 and that uili=0

vo iTollows from

wo since utlt=osatisfies
the same equations as (4.7.1).

Therefore, M2 becomes a mapping from Sl tO S2 0n some time interval [0,Tl],owing to
the results in Section 4.6. Here we denote T1(5 T) by T again. For u E S2 define X by

(4.1.3),A by (4.1.4)2and set M3(u)
S3.

(x,A). we see that M3 is a mapping from S2 tO

Here we define the approximate solutions (Xn,un,xn,Xn), n = 1,2,3,..., as

I::'ij
=iu., Xo(i)=iu.I,a for i20,

Ml(Xn-1,Xn-1), un=M2(Xn), (xn,Xn)=M3(un)
for
n=1,2,3,....

M1(XO, Xo) is well-defined and belongs to Sl becauseIf we take T sufBciently small, X'

xo and Xo satisfy (4.4.6).Repeating this argument, we conclude that (Xn,un,xn,Xn)
are well-defined and Xn E S1, un E S2, (Xn,Xn) E S3, n 1,2,3,.... Propositions

4.5.1, 4.6.1, 4.6.2 and 4.4.2 show that there exist X,u,x and A such that

Sup
O<T<l I

3

IIXn(T)- X(T)HHs.1'2(R1)+ E lra':+'Xln(T)
-

a]J'X1(T)IIHs'l'2-,'2(Rl)
j=0

2

+ E Ha]J'X2n(T)- a'/'X2(T)llHs'1'2-j'2(R1)+ lIIXn(T)- X(T)llls.I/2
j=0

' i (IllaJ:.1xn(T)- a,:.1x(T)IIIs.1,2-"2+Ila,/1Xn(T)
-

a,:.lX(T)IIHs.1,2-"2(R1))
j=0

3

+ E Ia':un(T)- a]:u(T)ls.1/2_i/2,n
j=0 1)0 asn)～.

weseethat X,u,x and A are solutions ofproblem (4.5.1)- (4.5.3),problem (4.6.1),(12),
problem (4.1.3)and problem (4.1.4)2,respectively. Moreover X E S1, u E S2, (X,A) E
S3.

Ifweset

v(i,I)
=

u(i,@u-1(I;i)),LJ(i,I)=LJo(i,@u-I(I;i)),0(i)
= 4?u(0;i),

then (4.1.4)1holds.

The
uniqueness of the solutions to problem (4.5.1)- (4.5.3),problem (4.6.1),(12),

problem (4.1.3)and problem (4.1.4)is proved in the same way.
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Finally we define q as a solution of the boundary value problem

Aq=-V.(Au-1ui) inn, i20,

q=g(x2.I.tu2(T,I)dT)
Onrs,i20,

aq

an(@u) -(u.Vu)u.n(@u)
onI'b, i20.

satisfying q E Cj([o,T];Hs+2-i/2(o)),j

(4.7.2)

Then the results in Section 4.6 imply the unique existence of the solution q of (4.7.2)
1,2, for a sufEciently small T.

We see that (u,q) satisfy (8)- (12) and (4.1.2).The uniqueness of the solution to

problem (8)- (12)comes from that of problem (4.5.1)- (4.5.3),(4.6.1),(12),(4.1.3),and
(4.1.4).The proof is complete.
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