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Preface

This thesis is written on the subject “Cycles Containing Specified Vertices and Edges
and Trees with Bounded Degree in Graphs” and is to be submitted for the degree of
Doctor of Science at Keio University.

The basis of this thesis is formed by papers written during these four years. After
an introductory chapter, the reader will find six chapters. General terminology can be
found in Chapter 1. The other chapters can be read independently from one another.

This thesis consists of two parts. In the first part, I will present my work about
vertex-disjoint cycles containing specified vertices and edges. In Chapter 2, we study
partitions of a graph into vertex-disjoint cycles containing specified vertices and edges.
This work is a joint work with H. Enomoto. In Chapters 3 and 4, we will give minimum
degree and degree sum conditions for a general graph or a bipartite graph to have
vertex-disjoint short cycles containing specified edges.

In the second part, I will present my work about trees with bounded degree.
In Chapter 5, we will give two sufficient conditions, an Ore-type condition and a
Chvatal-Erdos-type condition, for a graph to have a spanning tree with bounded
degree containing the specified leaves. In Chapter 6, we investigate a tree with re-
strictions on the degrees of the specified vertices. These two works are joint works
with H. Matsuda.

Hajime Matsumura
2005
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Introduction

A salesman is to make a tour of n cities and he returns to the head office. The cost
of the journey between any two cities is known. The problem asks for an efficient
algorithm for finding a least expensive tour. This problem is called the traveling
salesman problem.

In a version of the traveling salesman problem, the route is required to be a cycle.
That is, the salesman is not allowed to visit the same city twice (except the city of
the head office). A cycle containing all the vertices of a graph is called a Hamilton
cycle If there are only two costs, 1 and oo, then the question is whether or not the
graph formed by the edges with cost 1 contains a Hamilton cycle. Even this special
case of the traveling salesman problem is difficult to solve. No efficient algorithm is
known for constructing a Hamilton cycle. Also, it is not known whether there is such
a good algorithm or not. This fact gave rise to a number of sufficient conditions for
a graph to have a Hamilton cycle. In particular, the following sufficient condition is

well-known.

Theorem 0.1 (Ore [19]) Suppose that G is a graph of order n > 3. If the minimum

degree sum of nonadjacent vertices is at least n, then G has a Hamilton cycle.

This degree sum condition is best possible in a sense that we cannot relax the
bound n to n — 1 without destroying the conclusion, however, it seems to be ‘strong’.

In fact, Brandt et al. proved the following theorem.

Theorem 0.2 (Brandt et al. [1]) Suppose that k > 1 is an integer and G is a
graph of order n > 4k. If the minimum degree sum of nonadjacent vertices is at least

n, then G can be partitioned into k cycles.

This theorem says that the condition of Ore’s theorem implies not only the exis-
tence of a Hamilton cycle but also the existence of a partition into a specified number
of cycles. With this result as a starting point, partitions of a graph into a specified

number of cycles have been studied.



In [25], Wang considered partitions into cycles passing through specified edges, and
conjectured that if k > 2, n is sufficiently large compared with k, and the minimum
degree sum of nonadjacent vertices is at least n + 2k — 2, then for any independent
edges ey, ..., e, G can be partitioned into cycles Hy, ..., Hy such that e; € E(H;).

This conjecture was completely solved by Egawa et al.

Theorem 0.3 (Egawa et al.[10]) Suppose that k > 2 is an integer and G is a
graph of order n > 4k — 1. If the minimum degree sum of nonadjacent vertices is at

least n + 2k — 2, then for any independent edges ey, ..., ex, G can be partitioned into
cycles Hy, ..., Hy such that e; € E(H;).

Also, Egawa et al. considered partitions into cycles containing specified vertices,

and proved the following theorem.

Theorem 0.4 (Egawa et al. [9]) Suppose that k > 1 and G is a graph of order
n > 6k — 2. If the minimum degree is at least n/2, then for any distinct vertices

x1,..., Tk, G can be partitioned into cycles Hy, ..., Hy such that z; € V(H;).

In Chapter 2, we consider the case where both vertices and edges are specified.

We prove the following.

Theorem 0.5 Suppose that k > p+q, p > 0, ¢ > 0 and G is a graph of order
n > 10k. If either the minimum degree is at least

{n+q n+p+2q—3}
max

2 7 2
or the minimum degree sum of nonadjacent vertices is at least
max{n + ¢,n + 2p + 2q — 2},

then for any distinct vertices x1,...,x, and any independent edges epy1,. .., €p1q, G
can be partitioned into cycles Hy, ..., Hy such that x; € V(H;) for 1 < i < p and
e; € E(H;) forp+1<i<p+gq.

Not only partitions into cycles but also the existence of vertex-disjoint cycles has
been studied. In [10], Egawa et al. also considered the existence of vertex-disjoint

cycles containing specified edges.

Theorem 0.6 (Egawa et al. [10]) Suppose that k > 1 and G is a graph of order
n > 4k — 1. If the minimum degree sum of nonadjacent vertices is at least n +

2k — 2, then for any independent edges eq,. .., e, G contains k vertex-disjoint cycles
C1,...,Cy such that e; € E(C;) and |C;| < 4.
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In Theorem 0.6, we can replace the assumption ‘the minimum degree sum of
nonadjacent vertices is at least n + 2k — 2’ to ‘the minimum degree is at least (n +
2k—2)/2’ to get the same conclusion. The bound ‘n+2k—2" is sharp but ‘(n+2k—2) /2’
is not sharp when n is odd. In Chapter 3, we consider this problem and give the sharp

minimum degree condition.

Theorem 0.7 Suppose that k > 1 and G is a graph of order n > max{6k,4k + 6}.
If the minimum degree is at least (n + 2k — 3)/2, then for any independent edges
e1,... ek, G contains k vertex-disjoint cycles C1,...,Cy such that e; € E(C;) for
1 <i<kand|C;)| <4 for1<i<k’”or|C;| =5 for somei and the rest are all
triangles’.

For bipartite graphs, partitions into a specified number of cycles have been also
studied. For example, see [4, 5, 15, 17, 27]. Among them, Wang and Chen et al.
independently proved the following analogue of Theorem 0.6 for bipartite graphs.

Theorem 0.8 (Wang [26],[29]; Chen et al. [3]) Suppose that k > 1 and G is a
bipartite graph with partite sets Vi and Vi such that |Vi| = |Vo| = n > 2k. If the

minimum degree sum of nonadjacent vertices in the different partite set is at least

max {n + k, FH?)_ 1—‘ + 2k:}

or the minimum degree is at least

o {[15] [252])

then for any independent edges ey, . . . , e, G contains k vertex-disjoint cycles C1, ..., Cy
such that e; € E(C;) and |C;| < 6.

In Chapter 4, we consider the existence of cycles of length 4 containing specified
edges.

Theorem 0.9 Suppose that k > 1 and G is a bipartite graph with partite sets Vi, Vs
such that |Vi| = |Va| = n > 2k. If the minimum degree sum of nonadjacent vertices
in the different partite set is at least
dn + 2k —1
3

or the minimum degree is at least

2n + 3k
4 b
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then for any independent edges eq, . . ., ey, G contains k vertex-disjoint cycles C1,...Cy,
such that e; € E(C;) and |C;| = 4.

Besides Hamilton cycles, Hamilton paths in graphs have been studied well. A
Hamilton path of a graph is a path containing all the vertices of the graph. Same as a
Hamilton cycle, no easily verifiable necessary and sufficient condition for a graph to
have a Hamilton path is known and many sufficient conditions were obtained. Among

them, the following two theorems are well-known.

Theorem 0.10 (Ore [19]) Suppose that G is a graph of order n and the minimum

degree sum of nonadjacent vertices is at least n — 1. Then G has a Hamilton path.

Theorem 0.11 (Chvatal and Erdés [6]) Suppose that G is a t-connected graph
and the independence number of G is at most t + 1. Then G has a Hamilton path.

Note that a Hamilton path is a spanning tree with the maximum degree two. In
this point of view, spanning trees with bounded maximum degree have been consid-
ered. For example, see [2, 7, 13, 14, 22]. Most of the results are based on results on a
Hamilton path. In this fashion, Win and Neumann-Lara and Rivera-Campo proved
the following.

Theorem 0.12 (Win [30]) Suppose that k > 2 and G is a connected graph of order
n. If the minimum degree sum of pairwise nonadjacent k vertices is at least n — 1,

then G has a spanning tree with the mazimum degree at most k.

Theorem 0.13 (Neumann-Lara and Rivera-Campo [18]) Suppose that k > 2
and G is a t-connected graph. If the independence number of G is at most t(k—1)+1,

then G has a spanning tree with the marimum degree at most k.

In Chapters 5 and 6, we consider extensions of Theorems 0.12 and 0.13. A [eaf is
a vertex of degree one in a tree. In Chapter 5, we give two sufficient conditions for a

graph to have a spanning tree with bounded degree containing the specified leaves.

Theorem 0.14 Suppose that k > 2, 0 < s < k and G is an (s + 1)-connected graph
of order n. If the minimum degree sum of pairwise nonadjacent k vertices is at least
n+ (k—1)s — 1, then for any s distinct vertices, G has a spanning tree with the
mazimum degree at most k such that the specified s vertices are contained in the set

of its leaves.



Theorem 0.15 Suppose that k > 2, 0 < s < k,t > s+ 1 and G is a t-connected
graph. If the independence number of G is at most (t — s)(k — 1) + 1, then for any s
distinct vertices, G has a spanning tree with the maximum degree at most k such that

the specified s vertices are contained in the set of its leaves.

As an extension of Hamilton cycles, cycles passing through all the specified vertices

were considered. In fact, the following theorem is known.

Theorem 0.16 (Shi [23], Ota [21]) Suppose that G is a 2-connected graph of order
n > 3 and A is a vertex subset of G. If the minimum degree sum of nonadjacent

vertices of A is at least n, then G has a cycle containing all the vertices of A.

In Chapter 6, we consider analogues on trees with bounded degree. That is, we

investigate a tree with restrictions on the degrees of the specified vertices.

Theorem 0.17 Suppose that k > 2, G is a connected graph of order n and A is a
vertex subset of G. If the minimum degree sum of pairwise nonadjacent k vertices of
A is at least n — 1, then G has a tree T with the maximum degree at most k such that
T contains all the vertices of A.

Theorem 0.18 Suppose that k > 2, G is a connected graph of order n and A is a
vertex subset of G. Let t be the number of components of G — A. Ift < k—1 and the
minimum degree sum of pairwise nonadjacent k — t vertices of A is at least |A| — 1,

then G has a spanning tree T such that the degree of each vertex in A is at most k.

Both of them are extensions of Theorem 0.12.
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Chapter 1

Fundamentals

In this chapter, we shall present basic terminology and notation of graph theory which

will be needed in the following chapters.

1.1 Graphs and directed graphs

A graph G is an ordered pair of disjoint sets (V, E') such that F is a subset of the set
V() of unordered pairs of V. In this thesis, we consider only finite graphs, that is, V/
and E are always finite. The set V' is the set of vertices and E is the set of edges.

Figure 1.1: A graph.

Given a graph G, V(G) denotes the vertex set of G and E(G) denotes the edge
set. An edge {x,y} is said to join the vertices z and y and is denoted by xy. Thus zy
and yx mean exactly the same edge. If zy € F(G), then z and y are adjacent vertices
of G, and the vertices x and y are incident with the edge ry. Two edges are adjacent
if they have exactly one common vertex. The order of a graph G is the number of
vertices in G and is denoted by |G|.

For given disjoint subsets U and W of the vertex set of a graph, we write E(U, W)

for the set of edges joining a vertex in U to a vertex in W.

11



A graph is complete if every two of its vertices are adjacent. We denote a complete
graph of order n by K,.

If the edges are ordered pair of vertices, we get the notions of a directed graph. An
ordered pair (a,b) is said to be an edge or an arc directed from a to b and is denoted
by &; or simply ab.

By definition, a graph contains neither a loop, an edge joining a vertex to itself,

nor multiple edges, several edges joining the same two vertices. In a multigraph, both

/\/\/

Figure 1.2: A multigraph and a directed graph.

multiple edges and loops are allowed.

1.2 Subgraphs and operations on graphs

We say that G’ = (V' E’) is a subgraph of G = (V, E) if V' C V and E' C E and
every edge of E’ joins two vertices of V'. If G’ contains all edges of G that join two
vertices in V', then G’ is called the subgraph induced by V' and is denoted by (V).
If V' =V, then G is called a spanning subgraph of G.

< vy

Figure 1.3: A subgraph, an induced subgraph and a spanning subgraph of the graph
in Fig. 1.1.

We often construct new graphs from old ones by deleting or adding some vertices
and edges. For a subset W of V(G), we define G — W = (V(G) — W). Similarly,

12



for a subset £’ of E(G), G — F' = (V(G),E(G) — E'). If W ={w} and E’ = {xy},
then we denote simply by G — w and G — zy. If x and y are nonadjacent vertices of
G, then G + zy is obtained from G by joining x and y. For a subgraph H of GG, we
define G — H = (V(G) — V(H)).

Let G and H be two graphs. If V(G) N V(H) = ), then G and H are vertex-
disjoint. Similarly, if E(G) N E(H) = 0, then G and H are edge-disjoint. We shall
write GUH = (V(G) UV (H), E(G) U E(H)) for the union of G and H, and kG for
the union of k disjoint copies of G. We obtain the join G + H from the disjoint union
G U H by adding all edges between G and H.

Given an edge zy of a graph G, the graph G//zy is obtained from G by contracting
the edge zy. To get G/zy, we identify the vertices = and y and remove all resulting
loops and multiple edges. A graph obtained by a sequence of edge-contractions is

called a contraction of G.

LN LN

G G/xy

Figure 1.4: A graph G and its contraction G/xy.

1.3 Neighborhoods, degrees and independent sets

The set of vertices adjacent to a vertex x € V(G) is the neighborhood of x and is
denoted by Ng(z). Every vertex of Ng(z) is the neighbor of x. The degree of x is
dg(z) = |Ng(z)|. For a subgraph H of a graph G and a vertex z € V(G) — V(H),
we denote Ng(z) = Ng(x) NV(H) and dy(x) = |Ng(x)|. For a subgraph H of G
and a subset S of V(G), we define dy(S) = >, g dn(r) and Ny (S) = U,cq Nu().
For a vertex x € V(G) and a subset S of V(G), we define Ng[z] = Ng(x) U {z} and
N¢[S] = Ng(S)U S.

The term independent will be used in connection with vertices and edges of a
graph. A set of vertices (edges) is independent if no two elements of it are adjacent.

The independence number of G is the maximum size of an independent vertex set of
G and is denoted by «o(G).

13



The number §(G) = min{dg(z) |z € V(G)} is the minimum degree of G. The
mazximum degree of G is defined analogously. For a graph G with «(G) > k, we define

0,(G) = min {Z dg(z)

€S

S is an independent subset of V(G) with |S| = k:}

and o0 (G) = o0 if a(G) < k.

1.4 Paths and cycles

A walk W in a graph is an alternating sequence of vertices and edges, say xg, €1, 1, €2,
...,e;, x; where e; = x;_q1x; for 0 < ¢ < [. This walk W is denoted by zox; - - - x;.
The vertices zg and z; are endvertices of W and [ = |E(W)| is the length of W. We
say that W is a walk connecting xo and x;. Also, we say that W is an xy — x; walk.
A walk with distinct vertices is called a path. If a walk W = xgx - - - 2; is such that
[l > 3, xro = z; and the vertices x;, 0 < 7 < [, are distinct from each other, then W
is said to be a cycle. We call a cycle of length [ an [-cycle. In particular, 3-cycle is

called a triangle.

R ave

Figure 1.5: A path, a triangle and a 4-cycle.

A cycle containing all the vertices of a graph is called a Hamilton cycle. A Hamilton
path is a path containing all the vertices of a graph.
A collection of paths is called internally-disjoint if any two of its elements does

not have vertices in common, other than their endvertices.

1.5 Connectivity

A graph is connected if any two of its vertices can be joined by a path, and otherwise
it is disconnected. A maximal connected subgraph of a graph G is a component of G.
If G is connected and G — W is disconnected for some vertex subset W, then we

say that W separates G and W is a separating set in GG. For t > 2, we say that a

14



graph G is t-connected if G has at least t + 2 vertices and no set of ¢ — 1 vertices
separating it. A connected graph is said to be 1-connected. The maximal value of ¢

for which a connected graph G is t-connected is the connectivity of G.

1.6 Trees, matchings and bipartite graphs

A graph without any cycles is a forest and a tree is a connected forest. We can say
that a forest is a graph each of whose components is a tree. A tree with the maximum
degree at most k is called a k-tree. A spanning tree is a tree containing every vertex

of a graph. A leafis a vertex of degree one in a tree.

Figure 1.6: A forest.

Sometimes it is convenient to consider one vertex of a tree as a special. Such a
vertex is called the root of this tree. A tree with a fixed root is a rooted tree. An
outdirected tree T is a rooted tree in which all the edges are directed away from the
root. When T is an outdirected tree with the vertex set V(?) and the arc set A(?)
and S is a subset of V(?), we denote by N;(S) the set of vertices w € V(?) for

which there is an arc uw € A(?) for some u € S.

AN
I
17N

Figure 1.7: An outdirected tree.



A set M of independent edges in a graph G is called a matching. We say M covers
U C V(GQ) if every vertex in U is incident with an edge in M.

Figure 1.8: A matching which covers U.

A graph G is a bipartite graph with partite sets Vi and Vy if V(G) = Vi U V4,
Vi NVy = () and every edge joins a vertex of V; to a vertex of V5. If every pair of
a vertex in V; and a vertex in V5 is joined, then G is said to be a complete bipartite

graph, and is denoted by K, if [V1| = m and |V5| = n.
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Chapter 2

Cycle-Partitions with Specified
Vertices and Edges

In this chapter, we consider the cycle-partition problems which deal with the case
where both vertices and edges are specified and we require that they should belong
to different cycles. Minimum degree and degree sum conditions are given, which are

best possible.

2.1 Introduction

In this chapter, ‘disjoint” means ‘vertex-disjoint’ since we only deal with partitions of
the vertex set, and n always denotes the order of a graph GG. Suppose that Cy, ..., C}
are disjoint cycles of a graph G. Then {C},...,Cy} is called a k-cycle-packing of G.
Moreover, if V(G) = Ule V(Cy), {Ch,...,Ck} is called a k-cycle-partition of G.

The following result is the first step of the research on a k-cycle-partition.

Theorem 2.1 (Brandt et al. [1]) Suppose that n > 4k and 02(G) > n. Then G

has a k-cycle-partition.

Egawa et al. considered the cycle-partition with specified vertices. When £ ver-
tices x1, . ..,z are specified, a cycle C is called admissible if |V (C)N{z1, ...,z }| = 1.
A k-cycle-packing {C,...,Ck} is admissible if each C; is admissible. They proved

the following theorem.

Theorem 2.2 (Egawa et al. [9]) Suppose that n > 6k —2 and 6(G) > n/2. Then

G has an admissible k-cycle-partition for any k distinct vertices.

17



When £ independent edges e; = x4, ..., = Tryr are specified, a cycle C' is
called admissible if |E(C)N{ey,...,ex}| = Land |V(C)YN {1, ..., 2k, 91, -, Ys }| = 2.
A k-cycle-packing {C1,...,Cy} is admissible if each C; is admissible. In this case,

the following result is obtained.

Theorem 2.3 (Egawa et al. [10]) Suppose that k > 2,n > 4k — 1 and 02(G) >
n+ 2k —2. Then G has an admissible k-cycle-partition for any k independent edges.

In this chapter, we consider the case where both vertices and edges are specified.
Let S = {v1,...,v,} be a subset of V(G), F = {e1 = miy1,...,€4 = Y4} be a
subset of E(G), and V(F) = {x1,..., 24, Y1,-.-,Yq}. I |V(F)| = 2¢ (that is, F is
independent) and SNV (F) = (), then SUF is called feasible. A cycle C of G is called

admissible if one of the following holds:
(a) V(C)N(SUV(F)) =0,
(b) [V(C)N S| =1and V(C)NV(F) =0,
(c) [E(C)NF| =1 and [V(C)N (SUV(F))| =2.

If Cy,...,Cy are admissible disjoint cycles and S UV (F) is contained in JI_, V(Cy),
{C1,...,Cy} is called an admissible k-cycle-packing. An admissible k-cycle-partition

is defined similarly.
The main result of this chapter is the following theorem.

Theorem 2.4 Suppose thatn > 10k, k> p+q, p >0, ¢ > 0 and either

5(G)>max{n+q n—i—p+2q—3}

2 2
or
09(G) > max{n + ¢,n + 2p + 2q — 2}.
Then for any feasible set S U F with |S| = p and |F| = q, G has an admissible

k-cycle-partition.

To prove Theorem 2.4, we first solve the packing problem.

Theorem 2.5 Suppose that n > 9k, k > p+q, p > 0, ¢ > 0 and either 6(G) >
max{n/2, (n +p+2q —3)/2} or 02(G) > n+2p+ 2q — 2. Then for any feasible set
S UF with |S| =p and |F| = q, G has an admissible k-cycle-packing.

18



Note that the assumption n > 9k is not sharp, but it cannot be dropped in a sence
that we need the assumption n > 3k at least. The degree conditions in Theorem 2.5

are sharp when ¢ > 1 in the following sense.

Example 2.1. Let m > 1 and G = 2K,,, + K, 12,2 With an edge e; which joins two
K,,s. Take p distinct vertices vy,...,v, and ¢ — 1 independent edges e, ..., ¢, in
K, 194—2 so that {vq,...,vp,€1,...,¢,} is feasible. Then there is not an admissible
k-cycle-packing, while 6(G) = (n+p +2q — 4)/2.

Km Kp+2q—2 Km

Figure 2.1: The graph G in Example 2.1.

Ezample 2.2. Let m > 1 and G = (K4 U K;) + Kopiog—1. Take p distinct vertices
v1,...,0, in Ky, and ¢ independent edges ey, ..., e, between K, , and Ky, 941
so that {vy,...,vp,e1,...,€,} is feasible. Then G does not contain an admissible
k-cycle-packing, while o9(G) = n + 2p + 2q — 3.

() C

p+q K 2p+2q—1

Figure 2.2: The graph G in Example 2.2.

Next, we extend a packing to a partition.
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Theorem 2.6 Let S U F be a feasible set with |S| = p and |F| = q. Suppose that
n>10k, k>1,k>p+q,p>0,9>0,6(G)>p+q+1,0s(G) >n+gq, and G has

an admissible k-cycle-packing. Then G has an admissible k-cycle-partition.

The assumption n > 10k is not sharp, but it cannot be dropped again. The degree

conditions in Theorem 2.6 are sharp in the following sense.

Example 2.3. Let m > 2p+2q and G = (K; U K,,,) + K, 4, Take p distinct vertices
in Kp;4 and ¢ independent edges between K, and K, so that these p vertices and
q edges form a feasible set. Then GG has an admissible k-cycle-packing but has no
admissible k-cycle-partition, while §(G) = p + q.

K, Ky Ko,

Figure 2.3: The graph G in Example 2.3.

Example 2.4. Let m > 2p+ q and G = K1, + (m + 1)K;. Take p distinct vertices
and ¢ independent edges in K,,, so that these p vertices and ¢ edges form a feasible
set. Then G has an admissible k-cycle-packing but does not contain an admissible

k-cycle-partition, while 0o(G) = n+ ¢ — 1.

o O o0 O O

Kinq (m+1)K;

Figure 2.4: The graph G in Example 2.4.
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By Theorem 2.5 and Theorem 2.6, we get Theorem 2.4 as a corollary.
If we put p =0 and ¢ = k£ in Theorem 2.4, we get the following.

Corollary 2.7 Suppose that n > 10k, k > 2, and either
oo(G) >n+2k—2

. 2% — 3
5(G) > HT_
Then G has an admissible k-cycle-partition for any k independent edges.
This corollary gives an improvement of Theorem 2.3 on the minimum degree

condition when n is odd.

For a path P = xyz9---x;, we use the notation Plx;,z;], 1 < i < j <[, for
a subpath of P from w; to x;. We also use C[z,y] to denote the segment of the
cycle C' from z to y (including u and v) under some orientation of C', and C[z,y) =
Clz,y] —{y} and C(z,y) = C[z,y] — {z,y}. Given a cycle C' with an orientation, we
let v (resp. v~) denote the successor (resp. the predecessor) of v along C' according

to this orientation.

2.2 Proof of Theorem 2.5

To prove Theorem 2.5, we first prove the following two theorems.

Theorem 2.8 Suppose thatn > 9p+8q—2, p+q > 1 and §(G) > (n+p+29—3)/2.
Then for any feasible set S U F with |S| = p and |F| = q, G has an admissible
(p + q)-cycle-packing such that all p 4+ q cycles are length at most 5.

Theorem 2.9 Suppose thatn > 4p+4q—1, p+q > 1 and 02(G) > n+2p+2q—2.
Then for any feasible set S U F with |S| = p and |F| = q, G has an admissible
(p + q)-cycle-packing such that all p+ q cycles are length at most 4.

The sharpness of the assumptions in Theorems 2.8 and 2.9 is already shown in
Section 2.1.

In this section, we will use the following results to prove the above theorems.

Theorem 2.10 (Egawa et al. [10]) Suppose that k > 1, n > 4k — 1 and 02(G) >
n + 2k — 2. Then for any k independent edges, G has an admissible k-cycle-packing
such that each cycle is length at most 4.
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Theorem 2.11 (Enomoto [11], Wang [28]) Suppose that k > 1, n > 3k and
09(G) > 4k — 1. Then G has a k-cycle-packing.

Let S U F be a feasible set with S = {vy...,v,} CV(G) and F = {ey,...,e,} C
E(G). If C4,...,C} are admissible disjoint cycles and SUV (F) —{v;} for some v; € S
or SUV(F) =V (e;) for some e; € F is contained in | JI, V(C)), {C1, ..., Ch} is called

a semi-admissible h-cycle-packing.

2.2.1 Proof of Theorem 2.8

Let G be an edge-maximal counterexample to Theorem 2.8, S U I’ be a feasible set
with S = {vq,...,v,} C V(G) and F = {ept1,...,€p1q} € E(G), and e; = z;y; for
p+1 <1< p+q. In the rest of the proof, a cycle is called short if its length is
at most 5. Since if G is a complete graph, G contains an admissible (p + ¢)-cycle-
packing, GG is not complete. Let x and y be nonadjacent vertices of G and define
G’ = G + xy, the graph obtained from G by adding the edge zy. Then G’ is not a
counterexample by the maximality of GG, and so G’ contains an admissible (p + ¢)-
cycle-packing {C1,...,Cpiy}. Since zy € E(C;) for some i, 1 < i < p+ ¢, G has
a semi-admissible (p + g — 1)-cycle-packing. We take these p + ¢ — 1 cycles so that
admissible cycles which contain specified edges are as many as possible. Subject to
this, we take these cycles so that the sum of the length of cycles is as small as possible.

We consider the following two cases.

Case 1 Some specified edge is not contained in the admissible cycles.

We may assume that G contains a semi-admissible (p + ¢ — 1)-cycle-packing
{C1,...,Cppq—1} such that v; € V(C;) for 1 <i <p,e; € E(C;) for p+1 < i < p+q—1
and |Cj| < 5for1 <i<p+q—1 Let L = (U"'V(C)), M =G — L, and
D =M = {piq; Yp+q}-

Claim 2.2.1.1 For any z € V(D), d¢,(z) <3 for 1 <i<p+gq—1.

Proof. 1f do,(2) > 4, (V(C;) U {z}) contains a cycle passing through v; or e; which
is shorter than C;. O
Claim 2.2.1.2 dp(zpy) > 2 and dp(yp+q) > 2.

Proof.  Suppose that dp(z,4,) < 1. Then

n+p+2q—3
2

<dg(Tpiq) <|L|+2<5(p+qg—1)+2.
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Hence we get
n <9p+ 8¢ — 3.

This is a contradiction. |
Take any z1, 20 € Np(2p4q) and 27, 25 € Np(Ypiq) and let S = {xpiq, Ypiqs 21, 22,
24,24}, Since M has no short cycle passing through e,,, ds(y) < 3 for any y €

V(M) —S. Then,
dyr(S) < 3(|M] — 6) + 14 = 3| M| — 4.

Therefore,
dr(5)

A%

66(G) — (3[M| —4)
= 3n+3p+6¢g—9—3M|+4
= 3|L|+3p+6¢g—5

p p+g—1

> 3 @BIC+3)+ ) (3[Ci +6).

=1 i=p+1
Hence dc,(S) > 3|C;| + 4 for some i, 1 < i < p, or d¢,(S) > 3|C;| + 7 for some 1,
p+1<i<p+qg-1

Case 1.1 d,(S) > 3|C;| + 4 for some i, 1 < i < p.

Suppose that dc,({a,b}) > |Ci| + 2 for a € {xpiq, 21, 22} and b € {ypiq, 21, 25}
Then we can find some ¢ € N¢,(a) N N¢, (b) —{v;} and this makes an admissible short
cycle passing through e,,,. Hence d¢, ({a,b}) < |C;|+1 and d¢,(S) < 3|C;| 4 3. This

is a contradiction.
Case 1.2 d¢,(S) > 3|Ci| + 7 for some i, p+1<i<p+q—1.

Since dc, ({21, 21, 22, 23}) < 12, de,({Tp1q, Ypiq}) = 101 |Ci| = 5 and de, ({Tp1q; Ypia )
> 71if |C;| = 4. These mean that there is an admissible triangle passing through e,,.

If |C;| = 3, d¢,(S) > 16. Suppose that de, (2p+q) = de, (Yprq) = 3. Then dg,(a) =3
for some a € {z1, 2], 22, 25}, but this means that there are two admissible triangles
passing through e; and e,.,. Otherwise, since d¢,({z1, 21, 22, 25}) > 11, we may
assume that de,(z1) = de,(2]) = de,(22) = 3. Then there are two admissible cycles

passing through e; and e, ,. This completes the proof of Case 1.
Case 2 Some specified vertex is not contained in the admissible cycles.

We may assume that G has a semi-admissible (p+¢—1)-cycle-packing {Cs, . .., Cpiq}
such that v; € V(C;) for 2 <i < p,e; € E(C;) forp+1<i<p+qand|C; <5 for
2<i<p+q Let L=(J5IV(C;))and M =G — L.
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Claim 2.2.2.3 d¢,(x) < 3 forx € V(M) and 2 < 1 < p. Moreover, if x # vy,
de,(z) <3 forp+1<i<p-+gq.

Proof.  1f x # vy, the proof is similar to that of Claim 2.2.1.1. Suppose that d¢,(vy) >
4 for 2 < i < p. Then, (V(C;) U{v;} — {v;}) contains a cycle passing through v; and
shorter than C;. O
Claim 2.2.2.4 dy(vy) > 3.

Proof. Suppose that dy(vy) < 2. Then,

n+p+2¢—3
2

<dg(v) <3(p—1)+5¢+2=3p+5g—1
by Claim 2.2.2.3. Hence we get
n <5p—+8;+1.
This is a contradiction. |

Take 21, 29,23 € Np(v1) and let S = {vy, 21, 22, 23}. Since M has no short cycle
passing through vy, ds(y) < 1 for any y € V(M) — S. Then

dy(S) < (|IM|—4)+6=|M|+2.
Hence

dy(5) = 46(G) - (IM] +2)

= 2n+2p+49g—6—|M|—-2
= 2|L|+2p—2+49g+ |M| -6
> 2|L|+2p—2+4¢+4(p—1)

= 2|L|+6p—6+4q
p p+q

= Y @al+6)+ > (20 +4) (2.1)

=2 i=p+1

since

IM|—6 > n—5p—5¢q+5—-6>9p+8 —2—5p—>5q—1
= 4p+3¢—3>4(p—1).

Claim 2.2.2.5 d¢,(S) <2|C;|+4 forp+1<i<p+q.
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Proof.  Suppose that d¢,(S) > 2|C;| + 5 for some i, p+1<i<p+gq.

If |C;| =5, de,(S) > 15. But this contradicts Claim 2.2.2.3.

If |C;| =4, de,(S) > 13. Then, d¢,(v1) = 4 and d¢,(z1) = de,(22) = de,(23) = 3.
This means that there are two admissible short cycles passing through v; and e;.

If |C;| =3, de,(S) > 11. In this case, we may assume that d¢,(21) = d¢,(22) = 3.
Then, d¢,(z3) < 1. But this is a contradiction. O

By (2.1) and Claim 2.2.2.5, we may assume that d¢,(S) > 2|C;| + 7 for some
1, 2 < 1 < p. Clearly, this contradicts Claim 2.2.2.3. This completes the proof of
Theorem 2.8.

2.2.2 Proof of Theorem 2.9

Let SUF be a feasible set with S = {v1,...,v,} CV(G) and F = {ep11,...,€p1q} C
E(G). Since 03(G) > n+2p+2q—2, 6(G) > 2p+2q. Then we can take p independent
edges ey, ..., e, such that v; € V(e;) for 1 < i < p and {ey,...,e,44} is also a set
of independent edges. Therefore, we can apply Theorem 2.10 and obtain a required

(p + q)-cycle-packing. O

2.2.3 Proof of Theorem 2.5

The case p = g = 0 follows from Theorem 2.11. Thus we may assume that p+q > 1.
Let S U F be a feasible set with |S| = p and |F| = ¢. By Theorem 2.8 and Theorem
2.9, G has an admissible (p + ¢)-cycle-packing {C1, ..., Cpi,} such that |C;| < 5 for
1 <i<p+gq. If k=p+q, this is a required k-cycle-packing. Hence we may assume
that k > p-+q. Then we take these cycles so that | [J'=7 V(C;)] is as small as possible.
Let L = ("7 V(C;)) and H = G — L. Note that d¢,(r) < 3 for any = € V(H) and
1<i<p-+gq. Then |H| >n—-5(p+q) > 3(k—p—gq) and

oa3(H) 2n+2p+2¢—3—6(p+q) 24(k—p—q) — L

Therefore, we can apply Theorem 2.11 and we get a (k — p — ¢)-cycle-packing of
H. Hence we get an admissible k-cycle-packing of G. This completes the proof of
Theorem 2.5.
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2.3 Proof of Theorem 2.6

2.3.1 Preliminary Lemmas

Before proving the theorem, we prepare several definitions and lemmas.

Let D be a cycle (resp. a path) of G and z € V(G — D). We say = can be inserted
into D if (V(D)U{zx}) has a cycle (resp. a path) D" such that V(D') = V(D) U {x}.
Moreover, if D contains a specified edge e, D’ has to contain e, and if D is a u-v path,

then D’ also has to be a u-v path.

Lemma 2.1 Let C be a cycle of G and x € V(G — C). Suppose that C does not
contain a specified edge and de(x) > (|C| +1)/2. Then x can be inserted into C'.

Proof. Since de(x) > (|C| + 1)/2, Ne(x) contains two consecutive vertices of C.

Hence x can be inserted into C. O

Lemma 2.2 Let P = ujuy - --u; be a path of G and x € V(G — P). Suppose that P
does not contain a specified edge and dp(x) > |P|/2+ 1. Then x can be inserted into
P.

Proof.  Since dp(x) > |P|/2+1, Np(x) contains two consecutive vertices of P. Hence

x can be inserted into P. O

Lemma 2.3 Let C be a cycle of G and x € V(G — C). Suppose that e € E(C) is a
specified edge and dc(x) > |C|/2+ 1. Then x can be inserted into C.

(Proof.) Let e = aa™. Since do(z) > |C|/2 4+ 1, Ng(x) N Cla™,a”] contains two

consecutive vertices of C. Then x can be inserted into C. |

Lemma 2.4 Let P = wyuy---w be a path of G and x € V(G — P). Suppose that
e € E(P) be a specified edge and dp(x) > (|P|+3)/2. Then x can be inserted into P.

Proof. Let e = wju;y1, 1 <i <1—1. Since dp(x) > (|P|+3)/2, No(x) N Pluy, u;] or
Ne(z) N Plutq, w) contains two consecutive vertices of P. Hence x can be inserted
into P. a

Let C1,...,Cy be disjoint subgraphs such that C}, is a u-v path for some h, 1 <
h < p+ q, the rest are all cycles, and v; € V(C;) for 1 < i < p and e; € E(C;) for
p+1<i<p+q. Letalso L= (U, V(C))and M C V(G — L), M # ). Then we
say M can be inserted into L if (V (L) U M) contains disjoint subgraphs C1,...,C}
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such that Cj is a u-v path, the rest are all cycles, v; € V(C;) for 1 < i < p and
e; € B(Cy) for p+1<i<p+gq, and ", V(C))=V(L)UM.

Lemma 2.5 Let L be a subgraph of G' defined in the above definition, M C V(G —L)
and M # 0. Suppose that No(M) C V(L)U M and

L| + 3
dg(l’)Z‘ |2 q—i—(]M|—1)—|—§
for any x € V(M). Then M can be inserted into L.
Proof. Take any x € V(M). Then
|L| + ¢ 3 Ll +q 3
> M-1)+-—-(M]|-1) = -
ae) = (M- + S v -1 =
p p+q k
B |Ci| Ci| +1 Ci| 3
=25 t2 5t 2 Gty
=1 i=p+1 i=p+q+1

Hence one of the following holds.

(a) 1§h§pandd0h(x)2@+l.

(b) p+1<h<p+gqanddg,(x)> %

(c) de,(x) > \c,-2|+1 forsomei#h, 1 <i<porp+q+1<i<k.

(d) de,(x) > ‘02”+1f0rsomez'7£h,p+1§i§p+q.

Then, by Lemmas 2.1, 2.2, 2.3, and 2.4, x can be inserted into C}, or C;.
Let L' = (V(L) U{z}) and M’ = M — {z}, and suppose that M’ # (. Then
Neg(M') CV(L')U M and for any y € V(M'),

L+ 3
dotw) > LT a4
L' -1+ 3
_ 1t g eion 42
2 2
L'+
- HTQ+(|M’\—1)+2.

Again, y can be inserted into L’. By repeating this operation, M can be inserted into
L. O
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2.3.2 Proof of Theorem 2.6

Suppose that C = {C4,...,C} and C' = {C},...,C}} are two admissible k-cycle-
packing. We say C is larger than C' if | Ul V(Cy)| > | UL, V(CY)].

In the rest of this section, N(x) and N(H) will be used instead of Ng(z) and
Ng(H) for x € V(G) and a subgraph H of G.

Let SUF be a feasible set with S = {v1,...,v,} CV(G)and F = {epi1,...€pq} C
E(G), and e; = zyy; for p+1 < i < p+ q. Since G contains an admissible k-cycle-
packing, we take an admissible k-cycle-packing {CY, ..., Cy} such that | Ule V(Cy)|
is as large as possible. We may assume that v; € V(C;) for 1 <i < p and ¢; € E(C;)
for p+1<i<p+q Let L= (U, V(C))and H=G — L. If H = {), we have
nothing to prove. Hence we may assume that H # ().

By Lemmas 2.1 and 2.3, the next claim holds.

Claim 2.3.1 Forz € V(H), de,(xz) < |Ci|/2 for 1 <i<pandp+q+1<i<Ek,
and de,(z) < (|Ci| +1)/2 forp+1<i<p+q.

Claim 2.3.2 H is connected.

Proof. Let Hy be a connected component of H, z € V(Hy) and y € V(H — Hy).
Then,

n+q < de(z )+dc()

< ]H0—1+ch )+ |H — Ho| —1+ Y de,(y)

=1 =1

k
< |H|-2+) |Cl+q=n+q—2
=1

by Claim 2.3.1. But this is a contradiction. O

Claim 2.3.3 Suppose that by,by € N(H) NV (C;), by # by, and v; & V(C;(b1,b2)) if
1<i<pande; ¢ E(Ci[b1,bs]) if p+1<i<p+gq. Then V(Ci(b,b2)) # 0

Proof. Take aj,as € V(H) such that aib,asbs € E(G) (possibly a; = a) and
suppose that by = bf Then we can get an admissible cycle bja; PasbyCi(ba, by )by
which is longer than C;, where P is a path in H connecting a; and ay. This contradicts

the maximality of L. O

Claim 2.3.4 |[N(H)NV(Cy)| <1 for1<i<k.
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Proof.  Suppose that |[N(H)NV(C;)| > 2 for some 7, 1 <i < k. Choose two vertices
bi,by € V(C;) and vertices ay,as € V(H) (possibly a1 = ag) such that a;b; € E(Q)
for j =1,2, v; ¢ V(Ci(b1,b2)) if 1 <i<p,e; & E(Ci[by,bs]) if p+1<i<p+qand
N(H)NV(Ci(b1,by)) = 0. Take z € V(H) and y € V(C;(by,b2)). Then,

n+q < dg(z)+da(y)
k

p p+q
Ch| C 1 C Ci(by, b 1
< [H| -1+ |2h + |h|+ + ) ’;'-‘ b 2)|+—+dc(y)
h=1

2 2
h=p+1 h=p+q+1
L] |Ci(b1, b2)]
< —_t — 4= ———— 1 .
< |H]| 5 5 +2 5 + dg(y)
Hence

|L| + g+ |Ci(by,bo)| + 1

da(y) = dr(y) > i

(2.2)

Let L' = (V(Cilba, ba]) U (U, V(Ch) — V(C3))). Then by (2.2),
|L| + q + |Cl(b1,bg)| +1 . ‘L,| -+ |Cl(b1,bg)‘ + q + |Cl(b1,b2)‘ +1

2 - 2
L'+
= B e -1+

Hence by Lemma 2.5, V(C;(b1,bs)) can be inserted into L. By adding bja; Pasgbs

where P is a path in H connecting a; and as, we get a larger admissible k-cycle-

da(y) >

packing. This is a contradiction. O

Claim 2.3.5 [N(H)NV(Cy)| =0 forp+q+1<i<k.

Proof. Suppose that |N(H) N V(C;)| # 0 for some i, p+ g+ 1 < i < k. Without
loss of generality, we may assume that i = k. Take y € N(H) NV (Cy).

Subclaim 2.3.5.1 |[N(H)NV(Cy)| # 0 and de,(y") + de, (y~) > 2|Ci| — 1 for some
Ll1<i<porp+q+1<i<k-1.

Proof. Suppose that the subclaim does not hold. Let r = |[{h|N(H) NV (C}) #
01<h<pp+q+1<h<ki,r=[{hNH)NV(C) #0p+1<h<p+dq}
Then

dr(y™) +dr(y <Z2|C’h—2r—2|L|—2r
h=1
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Without loss of generality, we may assume that d(y") = dg(y*) < |L| —r. Take
any « € V(H), then

n+q < do(x)+delyt) <|H|—-1+r+7"+]|L|—r
= n+r —1.

Hence we get ¢ < ' — 1, but this is a contradiction. O

We may assume that N(H)NV(C;) # 0 and de,(y™) + de,(y~) > 2|Ci| — 1 for
some i, 1 <i<porp+q+1<i<k—1. Takez e N(H)NV(C;). By symmetry,
we may assume that y™ 27,y 2",y 2 € E(G). Let yay, zas € E(G), ai,a3 € V(H)
(possibly a; = az). We replace C; to C! = y*21Ci(z",27)2z"y" and, let P = yy~ z,

= (Us_, V(Cy) = V(C; UCy) UV (CIU P)y and M = V(Cy) — {y,y+,y"}. For
any x € M, since dg(ay) < |H| — 1+ k and za; ¢ E(G),

da(r) > n+q—(H| —1+k)=[L+qg—k+1
= ||+ |M|+q—Fk+1

L'+ 3(k—1
> |‘—qu(yM|—1)+g+g—k+2
2 2 2
L'+ k+q+3
— H_q+(|M|_1)+L
2 2
L+ 3
> | ‘2 Lr(Ml-1)+3.

Then by Lemma 2.5, M can be inserted into L'. By adding zasP'a;y where P’ is a

path in H connecting a; and as, we get a larger admissible k-cycle-packing. O

Let N(H)NV(Cy) = {up} for 1 < h <ryand p+1 < h < ryand N(H)N
V(Cy) =0 formm+1<h<pandr+1<h<p+gq. Since 03(G) >n+gq, G
is (¢ + 2)-connected. Hence r; > 2. Let also |[N(up) NV(H)| > 2 for 1 < h < s,
IN(up)NV(H)| =1for s;+1 < h<ryandr =r;+ry—p. Let Uy = {uy,...us } and

U={u,..., Uy, Upt1,... U, }. Iy does not exist, let r =ry and U = {uy, ..., u,, }.

Claim 2.3.6 u; # v; for u; € Uy.

Proof. Suppose that u; = v; for some i € U;. Without loss of generality, we may
assume that i = 1. Let aj,as € N(vy) N V(H) and L' = (Ui, V(C;)). Since
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dz) <|H|—14k and zv ¢ E(G) for any x € V(H) and v € V(C}) — {1 },

da(v) > n+q—(|H —1+k)
= |L|+q¢—k+1
= |L|+[Cil+q—k+1

Ll+q 3(k-1
> a3 )+g+(|(]1|—1)—k+2
9 2 9
|L'| 4 ¢ E g 1
— o D A
5 + (|C1] )+2+2+2
L'+ 3
> HTQ+(|01|—1)+§

Since N(v) C V(L), V(C;) — {v1} can be inserted into L' by Lemma 2.5. Let
(' = viay Payvy, where P is a path in H connecting a; and ay. Then we get a larger

admissible k-cycle-packing. O

Claim 2.3.7 Forv e V(H), IN(v)NL| > q+2.
Proof. Takewv € V(H) and y € V(C;) — {u;} for 1 <i <. Then vy ¢ E(G), and
n+q < dg(v) +de(y) < [H[ =1+ [N(w)N L[+ [L] -1
= n—2+|N@)NL|.
Therefore, [N(v) N L| > g+ 2. O

Claim 2.3.8 s; > 2.

Proof. Suppose that sy < 1. Then |[H| <r—(¢+ 1) <7 —1 by Claim 2.3.7. Note
that |H|(p+q¢+1—(|H|-1)) < |E(H,L)| < s1|H|+(r1 —s1)+q|H|. (This inequality
will be used several times.) Then |H|(p+q+2— |H|) < s1(|JH| — 1)+ +¢qlH| <
|H| — 1+ p+ q|H| and (p + q)|H| + 2|H| — |H|> < |H| — 1+ p + g|H|. Hence
[HI? = [H] =1 = p(|H| = 1) = ri(|H| = 1) = (|H| + )(|H| = 1) = [H|* — 1. This is

impossible. O

Claim 2.3.9 |H| >Try — S1.

Proof.  Suppose that |H| <7 —s1 <p—sy. Then, |H|(p+q+2—|H|) < s1(|H|—
) +r+qH| < (p—I|H|)(|H| —1)+p+ q|H|. This shows 2|H| < |H|, but this is a
contradiction. O

Claim 2.3.10 dg(y) =dp(y) > |L| — s1 + 1 for any y € V(L —U).
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Proof. For any x € V(H), xy ¢ E(G). Since

Y dalz) < H|(JH| = 1)+ si|H| + 71 — 51+ H],

z€V(H)
we get
ra—s
da(y) = n+q—([H[—-1)—s1—q— 1|H| :
> ’L| — 51
by Claim 2.3.9. Hence the claim holds. O

Claim 2.3.11 N(Ul) N (U1 — {Ul}) # @

Proof. If N(v1) N (Uy — {ui}) =0, dg(v1) < |L| —1—(s1 — 1) = |L| — s1. On the
other hand, dg(vy) > |L| — s; + 1 by Claim 2.3.10. This is a contradiction. O

Without loss of generality, we may assume that uy € N(vy) N (U; — {u1}). Give
orientations to C; and Cy such that Cj(vi,u1) # 0 and Co(va,uz) # 0, and take
z=uj € Ci(vy,u1) and y = vy € Cylug,uy]. Here and in the following, C;[vl, u;]

J 7
will be used as the abbreviation for V/(C;[v], u]).

Claim 2.3.12 There exist no disjoint subgraphs C1,C}, ..., C} in L satisfying C1 is a
path connecting uy and ug, CY, ..., C}. are cycles, v; € V(C;) for1 <i <p, e; € E(C;)
forp+1<i<p+qand | JZV(CHNU|>r—1.

Proof. Let L' = (Ul_, V(C) and M = V(L) — U, V(C!) — U. For any = € M,
dg(z) = dr(x) and by Claim 2.3.10,

dp(z) > |Ll—=s1+1>|L[+q—k+1

> |L'|+ |M|+q¢—k+1
L+ 3(k—1)+2

> |‘—q+(]M|—1)+¥+g—k+2
2 2 2
|+ k+q+3

= LRy gy 4 EELES
2 2
L'+ 3

> HTQ+(|M|_1)+§.

Then by Lemma 2.5, M can be inserted into L’. Choose any y € Ny (u;). Then there
exists ¥ € Ng(ug) — {y}. By adding a path connecting y and ' in H, we get a larger
admissible k-cycle-packing. This contradicts the minimality of |L|. (We may miss

one vertex in U, but they contain two vertices in H.) a
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Claim 2.3.13 d¢, (2) + de, (y) + dey (v2) < 2|Ch| + 1.

Proof. N(y) N N(vg) N (V(Cy) — {ur,v1}) = 0 (otherwise, we get a disjoint path
P connecting u; and wuy through v, and a cycle C) through vy in (V/(Ch) U V(Cy)),
contradicting Claim 2.3.12). Then d¢, (2) + de, (y) + dey (ve) < |C1| — 14+ |Ch| +2 <
2|Ch + 1. O

Claim 2.3.14 d¢,(2) + de, (y) + de, (ve) < 2|Co| + 1.

Proof. We may assume that N(y) N Cs(ug,ve) = 0 and N(vy) N (Co(y, vy ) —{us}) =
(), since otherwise we get a disjoint u;—us path C] passing through v; and a cycle
C passing through vy in (V(Cp) U V(Cy)), contradicting Claim 2.3.12. Therefore,
Ne, (y) C Cafvg, ug] — {y} and Ng,(va) C {us,y,v5 }. If Ne,(2) N Co(uz, va] # 0 and
Ng,(2) N Covg,ug) # 0, we get a disjoint us—us path C passing through v; and
a cycle C) passing through vy. Then Ng,(2) C {ug,ve} or Cslus,ve) or Co(va, usl.

Hence

doy(2) +doy (y) +doy (v2) < [Cof =1 +]Cy| =143

= 2|Cy| + 1.
O
Claim 2.3.15 d¢,(z) + de,(y) + de,(v2) < 2|Ci| 4+ 2 for 3 <i<p+q.
Proof.  Suppose that de,(2) + de,(y) + de,(va) > 2|C;| + 2 for some i, 3 < ¢ <

p+ ¢q. Then dg,(z) > 3. Take wy,wy € Ng,(z) such that C;(wy,wy) N N(z) = 0
and v; € Ci{wy,ws) if 3 < i < pand e € E(Cilwy,ws]) if p+1<1i<p+gq. Then
N(vy) N N(y) N Ci(we,wy) = O and

de,(2) +de,(y) +de,(v2) < |Cilwe, wi]| + |Ci(wa, wy)| + 2|Cilwy, ws]|
_ 90|+ 2.

This is a contradiction. O

Claim 2.3.16 d¢,(2) +dc,(y) + de,(v2) <2|Ci| + 1 forp+q+1<i<k.

Proof. 1f dg,(z2) < 1, the claim holds. Suppose that d¢,(z) = t > 2 and let
w1, Wa, ..., wy € Ne,(2) =W. If t > 3, only vy or y can have neighbors on C;(w;, w;)
for 1 < j # 1 <t by Claim 2.3.12. Furthermore, Ny (vs) N Ny (y) = 0. Then,

dCz(Z) + dCi(y) + dCi(U2) S 2|Cz|

33



If t = 2, at least one of N(y) N C;(wy,ws) and N(vy) N Cj(wq,ws) is empty, and
also at least one of N(y) N C;(wy,w;) and N(vg) N Ci(we,wr) is empty. Hence

doy(2) + dei(y) + dey(va) < |Ci| +4 < 2| + 1.

Claim 2.3.17 L — U is not complete.

Proof. z ¢ N(y)N N(vy). O

Claim 2.3.18 |L| > (n+ ¢ +4)/2.

Proof. By Claim 2.3.17, 2(|L| —2) > 02(G) = n+q. Hence |L| > (n+q+4)/2. O
By Claim 2.3.10,
de(z) +dg(y) + dg(ve) > 3|L| — 3s1 + 3. (2.3)

On the other hand, by Claims 2.3.13, 14, 15 and 16,

2 p+q k
da(2) +da(y) +da(va) < ) QIGI+1)+ D @G| +2)+ Y (2Ci|+1)
i=1 =3 1=p+q+1
= 2|L[+24+2(p+q—2)+ (k—p—q)
= 2Ll +k+p+qg—2. (2.4)

By (2.3) and (2.4),
|L| < k+p—|—q+3$1—5.

By Claim 2.3.18,
nm+q+4)/2<k+p+q+3s1 —b.

Then,

N
IN

2k +2p + q + 65, — 14
< 2k+8p+q—14
< 10k — 14.

But this is a contradiction. This completes the proof of Theorem 2.6.
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Chapter 3

Vertex-Disjoint Short Cycles
Containing Specified Edges in a
Graph

We say that a cycle is short when its length is at most 5. In this chapter, we consider
the existence of short cycles containing specified edges in a graph. We obtain a sharp

minimum degree condition, which is an improvement of that of the result in [10].

3.1 Introduction

In this chapter, ‘disjoint’ means ‘vertex-disjoint’, since we only deal with partitions

of the vertex set, and n always denotes the order of a graph.

In [10], Egawa et al. considered the partition of a graph into cycles passing through
specified edges and proved the following theorem.

Theorem 3.1 (Egawa et al. [10]) Suppose that k > 2,n > 4k — 1 and o9(G) >
n+ 2k — 2. Then for any independent edges ey, ..., e, € E(G), G contains k disjoint
cycles Hy, ..., Hy such that e; € E(H;) and Ule V(H;) =V(G).

The proof of Theorem 3.1 consists of two steps, solving a packing problem and
then extending a packing to a partition. The result of a packing problem is the next

theorem.

Theorem 3.2 (Egawa et al. [10]) Suppose that k > 1, n > 4k — 1 and o5(G) >
n+ 2k — 2. Then for any independent edges ey, ..., ex € E(G), G contains k disjoint
cycles C4,...,Cy such that e; € E(C;) and |C;| < 4.
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The following corollary is immediate from Theorem 3.2.

Corollary 3.3 Suppose that k > 1, n > 4k — 1 and 6(G) > 3(n + 2k — 2). Then
for any independent edges ey, ..., ex € E(G), G contains k disjoint cycles C4, ..., Cy
such that e; € E(C;) and |C;| < 4.

The result of extending a packing to a partition is the following.

Theorem 3.4 (Egawa et al. [10]) Suppose that k > 1, n > 3k, 02(G) > n + k,
and ey, ..., e € E(G) are independent edges. Moreover, G contains k disjoint cycles
C1,...,Cy such that e; € E(C;). Then G contains k disjoint cycles Hy,...,Hy such
that e; € E(H;) and Y, V(H,;) = V(G).

In [10], the next two examples are shown for Theorem 3.2 and Corollary 3.3.

Ezample 3.1. Let G = (K7 U K,,_oy) + Ko,—1 and V(K;) = {z}. Take any k indepen-
dent edges ey,..., e, in ({x} U Ng(x)), and let x be an endvertex of e;. Then there

is no cycle through e; avoiding any endvertices of e, ..., e, and 02(G) = n + 2k — 3.
€1
T+ +
Kl KQk_l Kn—2k:

Figure 3.1: The graph G in Example 3.1.

Ezxample 3.2. Let G = (AU B) + Ky,_o with an edge e; joining A and B, where A
and B are complete graphs with |A| = [n/2] — k+ 1 and |B| = |n/2| — k + 1. Take
any k — 1 independent edges es, ..., e in Ko,_o. Then eq,..., e, are k independent

edges, but there is no cycle through e; avoiding any vertices in Koo, while §(G) =
In/2|+k—-2= L%’HJ

Example 3.2 gives the sharpness of the assumption in Corollary 3.3 only for the
case n is even.

In this chapter, we will prove the following theorem.
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€1

A Koy B

Figure 3.2: The graph G in Example 3.2.

Theorem 3.5 Suppose that n > max{6k,4k+6}, k > 1 and 6(G) > (n+ 2k —3)/2.
Then for any independent edges ey, ..., ex, G contains k disjoint cycles Cy,...,Cy
such that e; € E(C;) for 1 <i <k, and |C;| <4 for1 <i <k’ or |Ci| =5 for some

1, 1 <1 < k and the rest are all triangles’.

By Theorem 3.5, the degree condition in Theorem 3.1 can be slightly improved

when n is sufficiently large.

Theorem 3.6 Suppose that n > 6k + 2, k > 2 and either 05(G) > n + 2k — 2 or
(@) > (n+2k—3)/2. Then for any independent edges e1, ..., ex € E(G), G contains
k disjoint cycles Hy, ..., Hy such that e; € E(H;) and Ule V(H;).

The following example shows that the conclusion ‘|C;| = 5 for some i, 1 < i < k

and the rest are all triangles’ in Theorem 3.5 is necessary.

Ezxample 3.3. Suppose that n is odd. Let G be a graph obtained from G' = (AU
B) + Ksj_o, where A and B are complete graphs with |A| = |B| = (n — 2k — 1)/2,
by adding new three vertices x, y and z with an edge yz and joining x to A, B and
Kop_o, y to A and Ky, o, and z to B and Ky;_o. Take any k& — 1 independent edges
€9,...,6, in Ko, o and let ey = yz. Then eq,..., e, are k independent edges, but e;

can not be contained in a cycle of length 3 or 4 avoiding the vertices of Ky o, while

5(G) = (n+ 2k — 3)/2.

For k£ independent edges e; = x1y1, ..., ex = Txyi, a cycle C' is called admissible if
|E(C)Nn{ey,...,ex}| =1 and |V(C)N{xy, ..., %k, y1,. .., Yk} =2. For 1 <r <k, a
set of cycles {C1, ..., C.} is admissible if each C; is admissible, mutually disjoint, and

|Cs| < 4for 1 <i<ror|C;]=D5for somei, 1 <i<r and the rest are all triangles.

If we say ‘r admissible cycles’, it means that a set of these r cycles is admissible.
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Figure 3.3: The graph G in Example 3.3.

3.2 Proof of Theorem 3.5

We distinguish two cases according to the value of k.

Casel £k >2.

Let GG be an edge-maximal counterexample and e; = z;y; for 1 <17 < k. Since if G
is a complete graph, GG contains k£ admissible cycles, GG is not complete. Let x and y
be nonadjacent vertices of G and define G' = G + xy, the graph obtained from G by
adding the edge zy. Then G’ is not a counterexample by the maximality of G, and so
G’ has k admissible cycles C1, . .., Cy. Without loss of generality, we may assume that
xy € E(Cy). Then G has k — 1 admissible cycles C1, ..., Cr_1. We take these cycles
such that | Ui V(Cy)| is as small as possible. We may assume that ¢; € E(C;). Let

= (U V(C)), M =G = L, D= M — {ay,ys}.

Claim 3.2.1 d¢,(2) <3 forany z € V(D) and 1 <i <k — 1.

Proof. Let z € V(D). If d¢,(2) > 4 for some 7, 1 <7 < k—1, (V(C;)U{z}) contains
a cycle passing through e; which is shorter than Cj. O
Claim 3.2.2 dp(x) > 2 and dp(yx) > 2.

Proof. Suppose that dp(zg) < 1. Then

n+2k—3
2

Then n < max{6k — 1,4k + 5}. This is a contradiction. O

< de(zy) < |L| +2 < max{dk — 4,3k — 1} + 2.
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Take any z € Np(zx) and 2’ € Np(yx), and let S = {xy, yx, 2, 2’}. Since M does
not contain an admissible cycle passing through ey length at most 4 (if such cycle

exists, it contradicts G' does not contain k admissible cycles or the minimality of |L|),
22 xp?  ypz ¢ E(G), and dg(w) < 2 for any w € V(M) — S. Then

dy(S) <2(|M|—4)+6=2|M| —2.
Therefore,

di(S) > 46(G) — (2]M| —2) =2n+4k — 6 — 2(n — |L|) + 2
k—1
= 2L[+4k—4=> (2|Ci|+4). (3.1)

i=1

Claim 3.2.3 d¢,(S) < 2|Ci| +4 for 1 <i<k—1.

Proof.  Suppose that |C;| > 4. By Claim 3.2.1, d¢,({z,2'}) < 6. If do,({zk, yi}) >

|C;|+3, there is a triangle x,yrazy for some a € V(C;)—{z;, y;}. Hence de, ({zk, yi }) <

|Ci| + 2, and we get dc,(S) < 2|C;| + 4 if |C;] =4 and d¢,(S) < 2|Cy| + 3 if |C;] = 5.
Suppose that |C;| = 3, C; = x;y;az; and d, (S) > 2|Ci|4+5 = 11. If {zx;, zy;, xa, 2'a} C

E(G), then z;y,zx; and xxy,z'axy are two admissible cycles. Then, since d¢, (S) > 11,

we may assume that {za,yra, 2'z;, 2'y;} C E(G). But this means that there are two

admissible cycles x;y;2'z; and zpyrazxy. O

By Claim 3.2.3, the equality holds for (3.1), that is, d¢,(S) = 2|C;| + 4 for all 1,
1<i<k—-1.

Claim 3.2.4 |C;| =3 for 1 <i<k—1.

Proof. By the proof of Claim 3.2.3, we only consider the case |C;| = 4. Let C; =
xy;abz;. Since de,({z,2'}) = 6, de,(2) = de,(2') = 3 and each of N¢,(z) and N, (2')
is {a,b,z;} or {a,b,y;}. Hence we may assume that {za,z'a,zb,2'b, zy;} C E(G)
by symmetry. Then z,a ¢ E(G) and since d¢, ({zk, yr}) = 6, we may assume that
yra € E(G). (Otherwise, we get an admissible triangle z;y,bzrg.) By Claim 3.2.2) we
can take z” € Np(zy) — {z}. Since also d¢,({2",2'}) = 6, 2"a € E(G). Then z;y;zbz;

and zpyraz"x) are admissible cycles. O

Claim 3.2.5 d¢,({z,2'}) =6 for some i, 1 <i<k—1.

Proof. Suppose that d¢,({z,2'}) < 5for 1 <i <k —1. Then d;({z,2'}) < 5k — 5.
Since Np(z) N Np(2') =0,

dy({z,2}) <|M|—-2=n-3k—1)—2=n-3k+1.
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Hence we get
do({2,2'}) < Bk =5)+ (n — 3k +1) =n+ 2k — 4 < 20(G).
This is a contradiction. O

Without loss of generality, we may assume that d¢, ({z, 2’}) = 6. This means that
Ne,(2) = Ney (2') = V(Cy). Let Cy = zy1az; and take any 2” € Np(zg) — {z}. Let
S" = {xg, yr, 2, 2"}. Then, since N¢,(S') = 2|Cy| + 4 = 10 also holds, d¢, (2”) > 2.
Hence x1y, 221 and xyp2’ a2’z or x1y12" 21 and xy,2"azx), are two admissible cycles,
and this gives k£ admissible cycles which consist of £ — 1 admissible triangles and an

admissible cycle of length 5. This completes the proof of Case 1.
Case 2 k=1.

In this case, the assumption is §(G) > (n — 1)/2. Let ey = zy, x,y € V(G) and
M =V (G)—{x,y}. We may assume that N(z)NN(y) = (), since otherwise there is an
admissible triangle. If there are z € Nys(x) and 2’ € Nys(y) such that N(2)NN(2') #
(), there is an admissible cycle. Hence we may assume that N(z) N N(z') = ) for any
z € Ny(x)and 2’ € Ny (y). Let D =V(G)— (N(z)UN(y)) and take any z € Ny (z)
and 2z’ € Ny (y). Then

2+ [Ny(2)| + [Nar(y)| + [Np(2)] + [Np(2)]
2+ |Nu(z)| + [Nu(y)l

+(M5 - W@l - 0= 1) + ("5 - (Nl - ) 1)
n+ 1.

n

AV,

This is a contradiction. This completes the proofs of Case 2 and Theorem 3.5.
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Chapter 4

Vertex-Disjoint 4-Cycles
Containing Specified Edges in a
Bipartite Graph

In this chapter, degree conditions are given for a bipartite graph to contain vertex-

disjoint 4-cycles each of which contains a previously specified edge.

4.1 Introduction

In this chapter, ‘disjoint’ means ‘vertex-disjoint’, since we only deal with partitions
of the vertex set. For a bipartite graph G with partite sets V; and V3, we define

011(G) = min{dg(z) + da(y)|x € Vi,y € Va,zy ¢ E(G)}.

(When G is a complete bipartite graph, we define oy 1(G) = 00.)

For a packing of cycles in a graph, Dirac settled the case of triangles.

Theorem 4.1 (Dirac [8]) Suppose that |G| =n > 3k and §(G) > (n + k)/2. Then

G contains k disjoint triangles.

Egawa et al. [10] considered partitions into cycles passing through specified edges

and proved the following theorem.
Theorem 4.2 (Egawa et al. [10]) Suppose that k > 2,|G| =n > 3k and either

09(G) > max {n + 2k — 2, LgJ + 4k — 2}
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or

5(G) zmax{[g] ko, [”zﬂ —1}.

Then, for any independent edges eq, . .., ex, G can be partitioned into cycles Hy, . .., Hy
such that e; € E(H;).

Theorem 4.2 is proved by first solving packing and then extending a packing to a

partition. Results of packing problems are next two theorems.

Theorem 4.3 (Egawa et al. [10]) Suppose that k > 1, |G| = n > 4k — 1 and
09(G) > n+ 2k —2. Then for any independent edges e, . .., e, G contains k disjoint
cycles Cy, ..., Cy such that e; € E(C;) and |C;| < 4.

Theorem 4.4 (Egawa et al. [10]) Suppose that k > 2, 3k < |G| =n < 4k—2 and
either
0(G) > {gJ dk -2

or

5k
5(G) > F” w 1
3
Then for any independent edges eq, . .., e, G contains k disjoint cycles C1,. . .,Cy such

that e; € E(C;) and |Cy| < 4.

In this chapter, we consider the problem of packing in a bipartite graph with
specified edges. In the rest of this chapter, G denotes a bipartite graph with partite
sets V1 and V3 satistying |Vi| = [Va| = n.

For packing of cycles in a bipartite graph, Wang [24] and Li et al. [16] obtained
the following conditions on 6(G) and oy 1(G), respectively.

Theorem 4.5 (Wang [24]) Suppose that n > 2k + 1 and 6(G) > k+ 1. Then G

contains k disjoint cycles.

Theorem 4.6 (Li et al. [16]) Suppose that n > 2k+1 and 011(G) > 2k+2. Then

G contains k disjoint cycles.

The case where edges are specified, Wang [29] and Chen et al.[3] independently
obtained the degree conditions. In [3], their proof consists of two steps like that of
Theorem 4.2, that is, packing cycles and extending a packing to a partition. The

result of a packing problem is the following.
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Theorem 4.7 (Chen et al. [3]) Suppose that n > 2k, and either

011(G) > max {n + k, [2713_ 1—‘ + Zk}

5(G)2max{{n;k—‘ | Fn—gélk-‘}

Then for any independent edges ey, . . ., e, G contains k disjoint cycles Cy,. . .,Cy such
that e; € E(C;) and |C;] < 6.

or

In this chapter, we get analogous results of Theorem 4.7, that is, we specify the

number of 4-cycles. First we consider a condition on oy ;(G).

Theorem 4.8 Suppose that k> 1,1 <s <k, n>2k, and

4 2s —1 2n —1
01,1(G)2max{[ n—i—3s —‘,[ n3 —‘—{—Qk}.

Then for any independent edges eq, . .., e, G contains k disjoint cycles C,. . .,Cy such
that e; € E(Cy), |C;| <6, and there are at least s 4-cycles in {C1,...,Cy}.

In the case of §(G), another conclusion is obtained.

Theorem 4.9 Suppose that k> 1,0<s <k, n> 2k, and

6<G)2maxﬂ2”+ik+ﬂ | [Qn—gélk-‘}

Then for any independent edges ey, . . . , e, G contains k disjoint cycles C4,. . .,Cy such
that e; € E(Cy), |Ci| =4 for 1 <i<s, and |C;| <6 fors+1<i<k.

Note that a part of Theorem 4.7 is a special case of Theorem 4.9 where s = 0.

The next theorem is a corollary of Theorems 4.8 and 4.9.

Theorem 4.10 Suppose that k > 1, n > 2k, and either

dn 4+ 2k —1
011(G) > [nT-‘

or

5G) > [2712:31? .

Then for any independent edges ey, ..., e, G contains k disjoint 4-cycles C, ..., Cy
such that e; € E(C;).
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Note that (4n + 2k —1)/3 > [(2n — 1)/3] + 2k and (2n + 3k)/4 > [(2n + 4k)/5]
always hold.

The degree conditions of Theorem 4.8 and 4.9 are sharp in the following sense.
(In the following, E; ; = {zy|z € W;,y € W,}.)

Ezample 4.1. Suppose that n > 2k, and let V(G) = Ule Wi, where |Wy| = |Ws| =
s—1,|Ws| = |Wy| =k —s+1, |W5| = |Ws| =(n—s+1)/3, and |Ws| = |W;| =
(2n —3k+s—1)/3 and E(G) = U, E12i U, Esoir1 WUy Eiiv1 U Esg. Let Fy
be any perfect matching in (W, UWs,) and F, be any perfect matching in (W5 U Wy).
Then for any edge e of F,, we cannot take a 4-cycle containing e without using the
vertices of Fy U Fy — {e}, while 011(G) = (4n + 25 — 2)/3.

Figure 4.1: The graph G in Example 4.1.

Ezample 4.2. Suppose that n > 2k, and let V(G) = Ule Wi, where |Wy| = |Ws| =
(s = 1)/2, |W3| = |Wy| =k, |Ws5| = |Ws| = |Wy| = |Ws| = (2n — 2k — s+ 1)/4 and
EG) = Ule Ey 9 U U?:1 Es9i11 U Uzzg E; ;11U Es5. Let F' be any perfect matching
in (W3 U W,). Then since we must use at least one vertex in V; U V5 to make 4-cycle

passing through an edge in F', we cannot make s 4-cycles each of which contains
exactly one edge in F', while 6(G) = (2n + 2k + s —1)/4.

Other examples are shown in [3].
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Figure 4.2: The graph G in Example 4.2.

We will use the notation C[x,y] to denote the segment of the cycle C' from x to
y (including u and v) under some orientation of C', and C[z,y) = Clz,y] — {y} and
C(z,y) = Clz,y] — {z,y}.

Let F'={ey,...,er} be a set of independent edges, where e; = z;y;, x; € Vi, y; €
Vo, and set T' = {x1,y1, ..., 2k, Yr ). A cycle C is called admissible if |E(C)N F| =1,
[V(C)NT| =2 and |C| <6, and a set of disjoint cycles {C1, ..., C,} is admissible for
r < k if each C; is admissible.

4.2 Proof of Theorem 4.8

The next lemma will be used several times in Sections 4.2 and 4.3.

Lemma 4.1 Let C be a cycle in G, e € E(C),u e V(G-C)NV},v e V(G-C)NV,
and do(u) + do(v) > |C|/2 4+ 2. Then, either (V(C) U {v}) contains a shorter cycle
than C' passing through e, or there ezists w € Ne(u) such that (V(C) U {v} — {w})

contains a cycle passing through e.

Proof. We may assume d¢(v) < 2 (otherwise, (V(C)U{v}) contains a shorter cycle
than C passing through e). Then d¢(v) = 2 and de(u) = |C|/2. This means that
Neo(u) = V(C)NV;. Also, we may assume Ne(v) = {a,b} with e € E(C[b,a]). Take
any w € No(u)NC(b,a). Then (V(C)U{v} —{w}) contains a cycle passing through
€. O
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We consider two cases according to the value of k.
Casel £k >2.

Let G be an edge-maximal counterexample to Theorem 4.8. We assume ¢; = x;y;,
x; € Viand y; € Vo for 1 < @ < k. Clearly, since G is not a complete bipartite
graph, there are nonadjacent vertices x € V; and y € V5. Let G’ be the graph
obtained from G by adding the new edge zy. Then G’ contains k admissible cycles
C1,...,Cy including at least s 4-cycles. Without loss of generality, we may assume
xy € E(Cy). Then G has k — 1 admissible cycles C, ..., Cy_1. We choose admissible
cycles C1, ..., Cy_1 so that Zf:_ll |C;| is as small as possible. Note that there are at
least s — 1 4-cycles. We may also assume that ¢; € E(C;) for 1 < i < k — 1. Let

= (U V(C)), M =G — L, M| =2m, and D = M — {x4,y1}.

We consider the following two cases according to the number of 4-cycles.
Case 1.1 There are s or more 4-cycles in {C1,...,Cyx_1}.

Claim 4.2.1 We may assume dp(xy) > 0 and dp(yx) > 0.

(Proof.) Suppose that dp(xy) = 0 and take any z € V(D) N V,. Then
dy(zg) +dy(z) <1+ (m—1) =

This implies that

d(ay) +dp(z) > = +2%k—m=>_ S+ 2k -

when n < 3k and

dL<Ik) + dL(Z) >

k—1
dn+2s—1 ICi| n+2s—1
T m= +
m=) 3

k-1
ACH
2
=1
when n > 3k. Thus
C;
des(w) + do(2) 2 19 12

for some C;, 1 < i < k — 1. By Lemma 4.1, there exists w € N¢,(zx) such that
(V(C;) U{z} — {w}) contains a cycle passing through e;.
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Similarly, we may assume that Np(y) # 0. O

Take any z € Np(zx) and 2" € Np(yx). Then z and 2’ are nonadjacent.

We consider two cases according to the value |D|.
Case 1.1.1 |D| > 4.

Claim 4.2.2 We may assume that dp(z) > 0 and dp(z’) > 0.

Proof. Suppose that Np(z) = 0 and take w € V(D) N'V; — {2'}. Then
dy(z) +dy(w) <1+ (m—1) =m.
The rest of the proof is similar to that of Claim 4.2.1. O
Take any w € Np(z) and w’ € Np(w'). Let
Dy = Np(yr) N Np(w') — {=},

and
Dy = Np(z) N Np(w) — {z}.

Note that |D;| <m —3 fori=1,2.

Claim 4.2.3 We may assume |D;| + |Do| < m — 3.

(Proof.) Suppose that |D;| + |Dy| > m — 2. Then Dy # () and Dy # (). Take u € Dy
and v’ € D;. Since Np,(u) =) and Np,(u) = 0,

dyr(u) + dp(u') < (m — |Dy| — 1) + (m — |Dy| — 1) < m.
By Lemma 4.1, we can replace the cycles to decrease |D;| + |Ds. O
Let S = {zk, yg, 2, 2/, w,w'}. Since
dy(S) =10+ |E(S,M — S5)| <10+ |M — S|+ |Dy| + |Ds| < 3m +1,

we get

dn(S) > 3 (2"3_ ! +2k) — (3m+1)

k-1 k—1

3 3
- Z§|C,;|+6k—n—2>;<§|(]i|+3>

=1
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when n < 3k and

dr(S)

dn+2s—1
3 -
(™

)—(3m+1)
k1 g L g

- Y 2o 25 — 2 °1ci +3
;2! | +n+2s >Z(2| |+)

=1

when n > 3k. This implies that
3

for some C;, 1 < <k — 1.

Suppose that C; = z;y;aa'z; and de,(S) > 10. Since if {wd’, yra, z;w', 2'y;} C
E(G), (SUV(C;)) contains two admissible cycles zyraa’wzxy and x;y;2'w'z;, |E(G)N
{wd', yra, z;w', 2'y; }| < 3. Similarly, |E(G) N {w'a, xrd, y;w, za;}| < 3. This means
za,z'a’ € E(G). Also, if {zyd’,z;2} C E(G), there are two admissible cycles zxyy2'a’zy,
and x;y;azz; in (SUV(C;)). Therefore, |[E(G) N{zyd’, z;2}| < 1. Similarly, [E(G) N
{yra,y;z'}| < 1. This means {wad’, wy;, w'z;,w'a} C E(G). Then there are two
admissible cycles zy,2" d'wzzy and z;y;aw'z; in (S UV(C;)).

Next, suppose that C; = z;y;,a'bb'ax; and d¢,(S) > 13. By the minimality of the
number of 4-cycles, d¢,(s) < 2 for every s € S — {x,yx}. By symmetry, we may
assume dg, (zx) = 3 and d¢,(2') = 2 since de,({Tg, Yk, 2,2'}) < 9. Then xib and 2'b

are edges and there are two admissible cycles xpy,z'bxry, which is shorter than C;. O
Case 1.1.2 |D|=2.

Claim 4.2.4 For some C;, |Ci| =4 and d¢,(2) = de,(2') = 2.

(Proof.) Since dy(z) = dp(2') = 1,

2n—1
di(2) +di () > ”3 ok -2
k—1 k—1
|Cz| n—1 |Oz‘
_ o%h — > =l
y TRzl T
=1 =1
when n < 3k and
4 2s — 1
di(z) + du(z) > HTS—Q
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when n > 3k. Hence, d¢,({#,2'}) > |C;|/2 + 2 for some C;. On the other hand, by
the minimality of L, d¢,({z, 2'}) < 4. Therefore |C;| =4 and d¢,(2) = d¢, (7)) = 2. O

We may assume dg, (2) = de, (7)) = 2 and C) = xyyyww'zy. Let L' = L — 4,
M =G —L" and S = {zy, yx, z, 2/, w, w'}.
Since wyy, W'z, 22" ¢ E(G),

on — 1
da(S) 23( n +2k:> = 2n+ 6k — 1.
Since dy;(S) < 18,
k—1 k—1
dp(S) =20+ 6k —19 =Y "|Ci| + 6k — 11 > Y (|Ci| +6).
=2 =2

This implies d¢, (S) > |C;| + 7 for some C;, 2 <i < k — 1.

Suppose thatC; = x;y;aa'z; and de,(S) > 11. By symmetry, we may assume
de,(zg) = de,(2') = deo,(w') = 2. Then there are three admissible cycles xpyr2'a’ g, z1y, w2z,
and z;y;aw'x;.

Next, suppose that C; = z;y;abb/a’z; and d¢,(S) > 13. By symmetry, we may
assume d¢,(rg) = 3 and d¢,(2') = 2. Then b and 2'b are edges and zyibzzy is an

admissible cycle shorter than C;.

This completes the proof of Case 1.1.
Case 1.2 There are exactly s — 1 4-cycles in {Cy,...,Cr_1}.

We may assume |C;| =4 for 1 <i < s—1and |C;| =6 for s <i < k—1. Note
that |L| =4(s — 1) + 6(k — s) = 6k —2s — 4 and |M| = 2m = 2n — 6k + 2s + 4.

Claim 4.2.5 We may assume dp(xg) > (2n — 6k + s + 11)/6 and dp(yx) > (2n —
6k + s+ 11)/6.

(Proof.) Suppose thatdy (xy) < (2n — 6k + s+ 10)/6. Since m — dp(zg) > (n— 3k +
s+2)—(2n—6k+s+11)/6 = (4n—8k+5s+2)/6 > 1, V(D) N Va — N(xx) # 0.
Take any z € V(D) N Vo — N(z). Then,

Aoy () + dur(2) < (2n—6k;—s+10> +m—1)

2n — 6k +s+4
G +m
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Therefore,

4 2s — 1 2n — 6k 4
d () + di(2) +—_( 6k + 5+ +m)

3 6
k-1 k—1
|Cil s |Cil
—+k+=-=1> —+1]).
2oyttt (T

Hence, for some C;, de,({zk, 2}) > |C;|/2 4+ 2. By Lemma 4.1, we can replace the
cycles to increase dy;(xg).
Similarly, we may assume that dy;(yx) > (2n — 6k + s + 11) /6. O

We may assume that z € Ny(zy) and 2’ € Ny(yg).

Claim 4.2.6 For some C;, |C;| =4 and d¢,({z, 7'}) = 4.
Proof. By Claim 4.2.5,

dy(2) +du(2') < (m—dy(ye) +1) + (m — dy(zi) + 1)
2n — 11
< 2m—( n 6k3+s—|— )—I—Q
2n —6k+s+5
3
Then,
4 2s — 1 2n — 6k
do(z)+du(s) > otz l (o, 2noOhis+d
3 3
—1
= Z|O|—2k+s+ >Z|c|—1 Z(|0|—2)
k-1
_ Z(|C| )
; 2
i=1
This implies that for some C;, d¢,(2) + de,(2') > |Ci]/2 + 2. On the other hand,
de,({z,2'}) < 4. Hence |C;] =4 and d¢,(2) = d¢,(2') = 2. O

We may assume that dg,({z,7'}) = 4 and C} = zyyyww'zy. Let L' = L — O,
=G-L,S={xr,yx, 2 2, w,w'} and D' =M — S —{x1,11}.

Claim 4.2.7 For some C;, d¢,(S) > |Ci| +7,2<i<k—1.
(Proof.) Since

dyp(S) > 18+ 2|D'| =18 + 2(2n — 6k + 2s)
An — 12k + 4s + 18,
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we get

dn+2s—1
dyw)__3(1525——)—@n—Uk+%+4&
= 12k — 2s — 19.
On the other hand,
k—1
(ICs| +6) = |L'|+6(k—2)=(6k—2s5—8)+6k—12
=2
= 12k — 2s — 20.

Therefore, d(S) > Y2570 (|Cs| + 6) and this implies that de,(S) > |C;| + 7 for some
Cp2<i<k—1 O

The rest of the proof is similar to that of Case 1.1.2 and this completes the proof
of Case 1.
Case 2 k=1.

In this case, the assumption is 0y1(G) > (4n +1)/3. Let e; = zy, x € V; and
y € Vo, and M =V (G) — {z,y}.
Claim 4.2.8 dy(z) > (n+1)/3 and dp(y) > (n+1)/3.

Proof. Suppose thatdy(z) < n/3. Take any z € Vo, N M such that zz ¢ E(G).
Then,

4dn+1 n 4n
§dd@+dd@§<—+g%{n—nz—f
3 3 3
This is a contradiction. |

If there are adjacent vertices z € Ny(x) and 2/ € Ny(y), we obtain a cycle
of length 4 passing through e;. Hence we may assume that zz' ¢ E(G) for any
z € Ny(x)and 2 € Ny (y). Let D = V(G)— (N(z)UN(y)) and take any z € Ny ()
and 2’ € Ny (y). Then

2n > 24 [Ny(2)|+ [Nu(y)l + [Np(2)| + [Np(2)]
1 1 ut 1
> gy ntl nt +(n—|— _2>

3 3 3
= 2n+1.

This is a contradiction. This completes the proofs of Case 2 and Theorem 4.8.
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4.3 Proof of Theorem 4.9

We distinguish three cases according to the value of k£ and s.
Casel £k >2.

Let G be an edge-maximal counterexample to Theorem 4.9. We assume ¢; =
ryi,x; € Vi and y; € Vo for 1 < i < k. Let F' = {ey,...,es}. We define a set of
admissible cycles C = {C4, ..., C,} is saturated if | J,_, E(C;) D F' and |C;| = 4 for all
C; which contains an edge of F' and C is nearly-saturated if || J;_, E(C;)NF'| =s—1
and |C;| = 4 for all C; which contains an edge of F’. Clearly, G is not a complete
bipartite graph. Let G’ be the graph obtained from G by adding a new edge xy,
x € Vi and y € V5. Then G’ contains admissible and saturated cycles C1, ..., Cy.
We may assume xy € E(C;) for some i, 1 < i < k. This means that G has k — 1
admissible cycles. We distinguish two cases according as these cycles are saturated

or nearly-saturated.

Case 1.1 £k — 1 admissible cycles are saturated.

We choose admissible and saturated cycles Cj,...,C,_1 so that Zf;ll |C;| is as
small as possible. Without loss of generality, we may also assume that e; € E(C;) for
1<i<k-1.

Let L= (U V(C)), M =G — L, |M|=2m and D = M — {z,y:}.

Claim 4.3.1 We may assume dp(zx) > 0 and dp(yx) > 0.

Proof. Suppose thatdp(xy) = 0 and take any z € V(D) N V;. Then,
dy(zg) +dp(2) <14 (m—1) =m,
and

2n + 2k + s
- - m

d d >
p(xr) +dp(z) > 5 ‘ 5 5

This means that for some C;, 1 <7 < k — 1,

By Lemma 4.1, there are w € N¢,(xy) such that (V(C;)U{z} — {w}) contains a cycle
passing through e;.
Similarly, we may assume that Np(y) # 0. O
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Take any z € Np(zx) and 2’ € Np(yx). Clearly, z and 2’ are nonadjacent.

We consider two cases according to the value |D|.
Case 1.1.1 |D| > 4.

Claim 4.3.2 We may assume dp(z) > 0 and dp(z') > 0.

(Proof.) Suppose thatdp(z) = 0 and take any w € D N'V;. Then,
dy(z) +dy(w) <1+ (m—1)=m.
The rest of the proof is similar to that of Claim 4.3.1. O
Take any w € Np(z) and w’ € Np(z'). Let
D3 = Np(yr) N Np(w') — {='},
and
Dy = Np(zx) N Np(w) — {z}.
Claim 4.3.3 We may assume that | D3| + |D4| > m — 3.
(Proof.) Similar to the proof of Claim 4.2.3. O
Let S = {zk, yg, 2, 2', w,w'}. Then,
dyr(S) =10 + |E(S, M — S)| < 10+ |M — S| + | D3| + | Da| < 3m + 1.

Therefore, we get

2 2
0,05 > 6 (L’HS

1 ) —(3m+1)
k-1 k—1

3 3 3

1=1

This means that for some C;, 1 <7 <k — 1,
3
de,(S) > 5|Oi| + 4.

The rest of the proof is similar to that of Case 1.1.1 of Theorem 4.8. (Note that every

exchange of cycles only produces 4-cycles containing e; = x;y;.)
Case 1.1.2 |D|=2.
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Claim 4.3.4 For some C;, |C;| =4 and d¢,(z) = de, (7)) = 2.

Proof. Since dy(z) = dy(2') = 1,

k- k-1
2n + 2k + s 2k:+s |Cs|
/
dL(z)erL(z)z(T) 3 >;(2 +1>.
This implies that d¢,({z,2'}) > |Ci|/2 + 2 for some C;. On the other hand,
de,({z,2'}) < 4. Hence |C;| =4 and d¢,(2) = d¢,(2) = 2. O
We may assume that d¢,(2) = d¢,(2') = 2 and C; = zy;ww'z; for some j,

1<j<k—-1Let '=L—-C;, M'=G—L"and S = {xy, ys, 2, 2’}
By using the assumption 5(G) > + ,

MII

dy({w,w'}) +2dp(S) > 106(G) — 30 > 4n — 8k — 30

k—1 k-1

2> |Gy + 8k — 14 > Y "(2|Ci[ + 8).
=1 i=1

This implies that
de, ({w, w'}) + 2dc,(5) = 2|Cif + 9

for some C;, 1 <1 <k —1.

Suppose thatC; = z;y;aa’z; and de,({w,w'}) + 2de,(S) > 17. In particular,
de,(S) > 7. By symmetry, we may assume that de,(zg) = dg,(2') = 2. If zz; and
za are edges, (V(M') U V(C;)) contains three admissible 4-cycles. Similarly, if w'z;
and w'a are edges, (V(M') UV (C;)) contains three admissible 4-cycles. Therefore
|E(G) N{zz;,za}] <1 and |[E(G)N{w'z;,w'a}| < 1. This implies that wa', wy;, yra
are edges. Furthermore, either za or zz; is an edge, but in either case (V (M) UV (C;))
contains three admissible 4-cycles.

Next, suppose that C; = z;y;abb'a’z; and de,({w,w'}) + 2d¢,(S) > 21. By sym-
metry, we may assume that de, (x;) = 3 and dg,(2') = 2. Then x;b and 2'b are edges,

and x,yz'bry is an admissible cycle shorter than Cj.
This completes the proof of Case 1.1
Case 1.2 £k — 1 admissible cycles are nearly-saturated.

We choose admissible and nearly-saturated cycles Cs, ..., Cj so that Zf:z |C| is
as small as possible. Without loss of generality, we may also assume ¢; € E(C;) for
2<i<k.

Let L= {(UY,V(C)), M =G — L, |M|=2m, and D = M — {z1,1}.
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Claim 4.3.5 We may assume that dp(z1) > 0 and dp(y1) > 0.

(Proof.) Suppose that dp(x1) = 0 and take any z € V(D) N V. Then,
dy(z1) +dpy(2) <14+ (m—1) =m.
The rest of the proof is similar to that of Claim 4.3.1. O

Take any z € Np(z1) and 2’ € Np(y;) and let S = {z1,y1, 2, 2'}. Since Np(z1) N
Np(z") =0 and Np(y1) N Np(z) =0,

k
2 2
di(S) > 4(%“5) —2(m+1) = |Ci| + 2k 45— 2
=2
k s k
= > (ICi[+2)+s>> (1G] +3)+ > (ICi| +2).
i=2 =2 i=s+1

Since d¢,(S) < 7 for 2 <i < s, de,(S) > |Ci| + 3 for some Cy, s +1 < i < k.
Suppose that C; = z;y;abb/a’x; and de,(S) > 9. By symmetry, we may assume
that de,(x1) = 3 and d¢,(2') = 2. Then x,b and 2'b are edges, and z,y;2'bz; is an

admissible cycle shorter than Cj.

This completes the proof of Case 1.

Case 2 k=1and s=0.

In this case, the assumption is §(G) > (n + 1)/2 and we must show that for any
e1 € E(G), G contains a cycle C such that e € E(C) and |C] < 6. Let ey = zy,x € V3
and y € Vo, and M = V(G) — {x,y}. If there are adjacent vertices z € Ny (z) and
2" € Ny (y), we obtain a cycle of length 4 passing through e;. Hence we may assume
that zz' ¢ E(G) for any z € Ny(x) and 2’ € Ny (y). Let D = V(G) — (N(x) UN(y))
and take any z € Ny(x) and 2’ € Ny(y). Again, if there are adjacent vertices
w € Np(z) and w' € Np(z'), we obtain a cycle of length 6 passing through e;.
Hence we may assume that ww’ ¢ FE(G) for any w € Np(z) and w’ € Np(z). Let
H =D — (Ny(2) UNy(2')) and take any w € Np(z) and w’ € Np(2'). Then

2 > 24 Nag(e)| + [Nar ()] + N (o) + [N ()] + [Nig(w0)| + [ Nig )
> 24 o)l + Pl + (P - 1) + (P - 1)
# ("5 = W) + (5 = 1))
= 2n+ 2.
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This is a contradiction. This completes the proof of Case 2.

Case3 k=1and s=1.

In this case, the assumption is §(G) > (2n + 3)/4 and we must show that for any
e1 € E(G), G contains a cycle C such that e € F(C) and |C| = 4. Let ey = zy, x € V}
and y € Vo, and M = V(G) — {z,y}. If there are adjacent vertices z € Ny (z) and
2" € Ny (y), we obtain a cycle of length 4 passing through e;. Hence we may assume
that 22’ ¢ E(G) for any z € Ny(z) and 2 € Ny (y). Let D =V(G) — (N(z) UN(y))
and take any z € Ny (z) and 2" € Ny/(y). Then

2n = 24 [Ny(2)]+ [Nu(y)l + [Np(2)] + [Np(2')]

o + 3 o + 3 oM + 3 M +3
> 2+<”j —1)+(”: —1)+<"Z —1>+(”: —1)

= 2n+ 1.

This is a contradiction. This completes the proofs of Case 3 and Theorem 4.9.
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Chapter 5

On a Spanning k-tree Containing

Specified Leaves in a Graph

In this section, we give sufficient conditions for a graph G to have a spanning k-tree
with specified leaves: Let k,s, and ¢ be integers such that £k > 2, 0 < s < k, and
t > s+ 1. Suppose that (1) G is (s + 1)-connected and the degree sum of any k
independent vertices of G is at least |G| + (k — 1)s — 1, or (2) G is t-connected and
the independence number of G is at most (t — s)(k — 1) + 1. Then for any specified
s vertices of GG, G has a spanning k-tree containing them as leaves. We also discuss

the sharpness of the results.

5.1 Introduction

We first introduce well-known theorems which provide sufficient conditions for graphs

to have Hamilton paths or Hamilton cycles.

Theorem 5.1 (Ore [19, 20]) Let s be an integer with 0 < s < 2. Suppose that G
is a graph of order n > 3 satisfying 02(G) > n+ s — 1. Then the following hold:

(1) if s =0, then G has a Hamilton path,

(i) if s =1, then G has a Hamilton cycle, and

(111) if s = 2, then G has a Hamilton path connecting any two vertices of G.

Theorem 5.2 (Chvéatal and Erdds [6]) Let t and s be integers with t > 1 and
0 < s < 2. Suppose that G is an t-connected graph satisfying a(G) <t—s-+1. Then
(1) if s =0, then G has a Hamilton path,
(i1) if s =1, then G has a Hamilton cycle, and

(111) if s = 2, then G has a Hamilton path connecting any two vertices of G.
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Theorems 5.1 and 5.2 have lead to many new results and conjectures concerning
paths and cycles in graphs. One theme to this research concentrates on Hamilton
cycles. Another direction is motivated by the fact a Hamilton path is a spanning
tree with the maximum degree at most two. So it is natural to ask for how the
preceding theorems might be generalized to guarantee the existence of a spanning
tree with maximum degree at most k£ > 3. The following results give the answer to

this question.

Theorem 5.3 (Win [30]) Let k > 2 be an integer and let G be a connected graph
of order n. If
Uk<G) >n— 15

then G has a spanning k-tree.

Theorem 5.4 (Neumann-Lara and Rivera-Campo [18]) Lett > 1 and k > 2
be integers and let G be an t-connected graph. If

al(G) <tlk—1)+1,
then G has a spanning k-tree.

On the other hand, a graph satisfying the conditions of Theorem 5.1 or 5.2 with
s = 2 has a Hamilton path which contains two specified endvertices. The aim of this
paper is to show sufficient conditions for the existence of a spanning k-tree such that

the specified s vertices are contained in the set of its leaves.

5.2 Main results and sharpness
We prove the following two results, which are extensions of Theorems 5.1-5.4.

Theorem 5.5 Let k and s be integers with k > 2 and 0 < s < k. Suppose that a
graph G is (s + 1)-connected of order n and satisfies

0,(G) >n+ (k—1)s —1.

Then for any s distinct vertices of G, G has a spanning k-tree such that the specified

s wvertices are contained in the set of its leaves.

Theorem 5.6 Let k, s and t be integers with k > 2, 0 < s < k andt > s+ 1.
Suppose that a graph G is t-connected and satisfies

a(G) < (t—s)(k—1)+1.
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Then for any s distinct vertices of G, G has a spanning k-tree such that the specified

s wvertices are contained in the set of its leaves.

In Theorems 5.5 and 5.6, the condition ‘G is (s + 1)-connected’ is necessary.

Example 5.1 Consider the graph G = 2K, + K,. Then G is s-connected but not
(s + 1)-connected. Moreover, 0,(G) = oo > n+ (k—1)s — 1 hold if £ > 3 and
a(G) =2 < (t—s)(k—1)+1 hold. However, G has no spanning k-tree such that the

s vertices of K, are contained in the set of its leaves.

K., K K,
Figure 5.1: The graph G in Example 5.1.

The degree sum condition in Theorem 5.5 is best possible.

Ezxample 5.2 Consider the complete bipartite graph G with partite sets A and B
such that |A| = t+ s and |B| = (k — 1)t + 2, where t is a sufficiently large integer.
Then G is (s+1)-connected, |G| = n = kt+s+2, and 04 (G) = k|A| = n+(k—1)s—2.
Suppose that G has a spanning k-tree T" such that the s specified vertices in A are
contained in the set of leaves of T". Then the number of the edges in T" between A and
B is at most kt + s. However, this is a contradiction since kt + s < |[E(T)| = |G| — 1
hold. Therefore G has no desired spanning k-tree.

Theorem 5.6 is best possible in the following sense.

Ezample 5.3 Consider the graph G = ({(t —s)(k—1) + 1} K, U K,;,) + Ky, where m
is a sufficiently large integer. Then G is t-connected and o(G) = (¢t — s)(k — 1) + 2.
Suppose that G has a spanning k-tree T such that the s specified vertices in K; are
contained in the set of leaves. Then the number of edges in 7" incident with V (K;) is
at most s+ (t—s)k. Hence |E(T)| < s+(t—s)k+|E(T)NE(K,,)| < s+(t—s)k+m—1.
This contradicts |E(T)| = |G| —1 = (t—s)k+s+m. Hence G has no desired spanning

k-tree.
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{t=s)(k-1)+2}K1 K, K,

Figure 5.2: The graph G in Example 5.3.

In Theorems 5.5 and 5.6, the condition ‘s < £’ is natural when k£ = 2, but it might
not be sharp for k > 3.

5.3 Proof of Theorem 5.5

The case k = 2 and the case s = 0 follow from Theorems 5.1 and 5.3, respectively.
Thus we may assume that & > 3 and s > 1. Let U = {uy,...,us} be the set of
specified s vertices in G, and put H = G —U. Note that H is connected since |U| = s
and G is (s + 1)-connected.

Claim 5.3.1 H has a spanning k-tree.

Proof. 1f a(H) < k, then the claim is true by Theorem 5.4. Hence we may assume
that a(H) > k. Since the number of edges in G joining U to any k vertices in H is
at most sk, we obtain ox(H) > 0x(G) —sk >n—s— 1= |H| — 1. Hence H has a
spanning k-tree by Theorem 5.3. O

We consider the following two cases according to the value of n.

Case 5.3.1 n < 2s.

Take a spanning k-tree T' of H and we add the vertices of U to T" as many as
possible in such a way that the maximum degree of the resulting tree is at most k
and each added vertex is a leaf. Let T" be the resulting tree. If U — V(T") = 0,
then we have nothing to prove. Hence without loss of generality, we may assume
that uy; ¢ V(T”). Since G is (s + 1)-connected, u; has at least two neighbors vy, vy
in 7. Note that dg(v;) = k for i = 1,2, since otherwise we can add u; to 7”. Then
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T > 2(k — 1) + 2 = 2k > 2s, which implies n > 2s + 1, a contradiction. This

completes the proof of Case 1.
Case 5.3.2 n > 2s+ 1.

Claim 5.3.2 There exists a matching joining U to H, which covers U.

Proof. Consider the bipartite graph B with partite sets U and V (H), where a vertex
in U and one in V(H) are joined by an edge of B if and only if they are adjacent in
G. If there exists a subset U’ C U such that |[Ng(U")| < |U’|, then (U —U")UNg(U’)
is a separating set of G with cardinality less than s. This contradicts the assumption
G is (s + 1)-connected. Hence we have |Ng(U’)| > |U’'| for all U'" C U. By Hall’s
Marriage Theorem [12], we find the desired matching. a

Let T be a spanning k-tree of H and let M = {ujv1,...,usvs} be a matching of
G which covers U, where {vy,vs,...,v,} = Ny (U) C V(H).

In order to have the desired spanning k-tree of GG, we claim that there exists a pair
of T"and M such that T'U M is the desired spanning k-tree of GG. Note that T'U M is
a spanning (k + 1)-tree of G. Choose a spanning k-tree 7" of H and a matching M so
that the number of vertices in Ny (U) of degree k+1 in T'U M is as small as possible.
Let T" =T UM. If dpi(v;) < k for each i = 1,..., s, then T" is the desired spanning
k-tree of G. Thus without loss of generality, we may assume that dg(vy) = k + 1.

We denote by 11,75, ..., T the components of T — vy and by 17,75, ..., T} the
components of 7" — vy such that 7; C T/ for 1 < i < k. Foreach i = 1,...,k, let ¢;
be the vertex of T; which is adjacent to v; in T and let p; be a leaf of T" contained
in V(T;). Note that ¢; = p; holds for the case |T;| = 1 and that some vertices in
{p1,...,pr} might belong to Ny (U). Put P ={p1,...,px}

Claim 5.3.3 P is an independent set of G.

Proof. If pip; € E(G) for some p;,p; € P, then T + p;p; — v1t; is a spanning k-tree
of H such that (T + p;p; — vit;) U M has fewer vertices of degree k + 1 than T'U M,
which contradicts the choice of 7. Thus P is an independent set of G. O

Let i
Wy = (U NG(I%)) NV (1).

Claim 5.3.4 tl ¢ Wl.
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Proof. Suppose that t; € Wj. Since t1p; € E(G) for some p; € P—{p1}, T—v1t1+t1p;
is a spanning k-tree of H such that (T'— vit; + t1p;) U M has fewer vertices of degree
k+ 1 than T"U M. This contradicts the choice of T'. Hence t; ¢ W. O

Claim 5.3.5 dp(w) > k for all w € Wj.

Proof. Suppose that there exists a vertex w € Wj such that dp(w) < k. Since
wp; € E(G) for some p; € P —{p1}, T — vit; + wp; is a spanning k-tree of H. Then
(T — vty +wp;) U M has fewer vertices of degree k+ 1 than T'U M, which contradicts
the choice of T. Therefore dy(w) > k holds for all w € W;. O

Let Pr(a,b) denote the unique path in 7" connecting two vertices a and b of T

Claim 5.3.6 For each w € Wy, no vertex in Np(w) — V(Pr(w,p1)) is adjacent to
P1-

Proof. Suppose that z € Ng(p1) N (Nr(w) — V(Pr(w,py))) for some w € W;. Since
wp; € E(G) for some p; € P —{p1}, T — wz — vity + p12 + wp; is a spanning k-tree
of H. This contradicts the choice of T ad

We divide W into three subsets as follows:

Wipi={weW,|wé¢ Ny({U)},
Wi ={weW;|we Ny(U) and dr(w) = k}, and
Wl,k-&-l = {UJ e W | w € NM<U) and dT/(w) =k+ 1}.

Claim 5.3.7 |Uucw, Nr(w) — Nelpi]] > (k= 1)([Wia| + [Wiga]) + (b — 2)[Wil.

Proof. If Wi = (), then the above inequality obviously holds. Thus we may assume
that Wy # 0. Note that vy & (J,,cy, Nr(w) since t; ¢ Wy by Claim 5.3.4.

We consider 7} as an outdirected tree with root p;. For any wy, € W; and
z € Ny (wo), we have z ¢ Ng[pi] by Claim 5.3.6. This implies that Ny (wo) C
(Uwew, Nr(w)) — Ng[pi] for any wy € W, Moreover, for any two distinct vertices w;
and wy of Wy, Nt (w1) N Nj (ws) = 0. Consequently,

‘( U NT(w)) — Nalpr)| > | [ N (w)| = D IV (w)
weWy weWy weWq
= D INL)+ > INL@)+ ) N (w)]
weWi 1 weW1 weEWT k41

= (k= 1)(|Wii| + [Wigsa|) + (k — 2)[Wyl.
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Hence the claim holds. O

By Claim 5.3.7, we obtain

V(1)) N Ne(py)| < T = Kpi} =

( U NT(w)> — Nelpi]

weWy

<|T{ =1 = (k= (Wi + [Wigqa]) — (B = 2)[Wil. (5.1)

On the other hand, it follows from the definition of W; that

> V(T N Na(p)l < (k= DIWi| + (k = DIV(T]) N UJ.

i=2
This inequality with (5.1) implies that

k
DIV N Na(p)l < [T = 1+ (Wil + (k= DIV(T]) N U.

i=1

Similarly, we define W;, W, 1, W, and W ;11 for each j =2,... k as follows:

W; = ( U NG(M‘)) NV (1),

i=1,ij
Wjr={weW;[w¢ Nu(U)},
Wir={weW;|we Ny(U) and dr(w) = k}, and
Wj7k+1 = {U} S VV] ’ w € NM(U) and dT/(w) =k+ 1}

By the symmetry, we obtain
ZW )N Ne(pi)l < Tj1 =1+ Wikl + (k = DIV(T}) N U]

for each j = k. Since da(p;) < |E({p:}, {o})] + X5, V(Z)) N Ne(pi)l +
IE({pi},{ul})\,

zdcpz < (e {vl}!+Z!V )0 No(pi) + [E({pi}, {u )]

| /\

Z(rT' — 14 Wial + (k= DIV(T) N U1) + [E(P, {wn})]

I
Mw
™M~

T’HZ\WMH — 1) V(T nUI+ B {u}).  (52)

1 1

J

<.
Il
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Since pu; ¢ E(G) for every p € P — Ny (U), we have |E(P,{u1})] < s—1—
2521 |W; |. This inequality together with (5.2) and s < k implies

k k

k k k
D da(p) <Y T+ Y Wil + (k=1 Y V(THNU|+5 =1 [Wil
j=1 j=1

i=1 j=1 j=1
k k
<=2+ Wi+ (k—-1)(s—1)+s—1—Y Wyl
j=1 j=1

=n+(k-—1s—k+s—2<n+(k—1)s—1.

Since P = {p1,...,px} is an independent set of G by Claim 5.3.3, this contradicts

the assumption of this theorem. This completes the proof of Theorem 5.

5.4 Proof of Theorem 5.6

In order to prove Theorem 5.6, we need the following lemma.

Lemma 5.1 Let T be a tree and {vy,vs,...,v;} an independent set of T. Then
T —{vi,v,..., v} has exactly dr(vi) + dr(v2) + - - - + dr(v) — L+ 1 components.

Proof. For | = 1, clearly T'— v; has exactly dp(v;) components. Hence we may
assume that [ > 2. By the induction hypothesis, T — {vq,...,v,_1} has exactly
dr(vy)+---+dr(v-1)—(I—1)4+1 components and v; is contained in some component
T'. Note that d(v;) = dr(v;) since {vy,..., v} is independent and Np(v;) C V(T").
By the induction hypothesis, 7" — v; has exactly dy(v;) components, and this means
that T'— {vy, ..., v} has exactly dp(v1) + -+ + dp(v;) — + 1 components. O

Proof of Theorem 5.6. The case k£ = 2 and the case s = 0 follow from Theorems
5.2 and 5.4, respectively. Hence we may assume that k > 3 and s > 1. If |G| = s+ 2,
then G is Ko, and the result follows immediately. Consequently |G| > s+ 3. Let
U = {uy,...,us} be the set of s specified vertices in G.

We define a (k,U)-tree of G to be a k-tree T of G satisfying the following condi-

tions;
(i) U C V(T), and every vertex of U is a leaf of T'; and
(i) |[Np(w)NU| <k —1 for any w € Np(U).

Claim 5.4.1 G contains a (k,U)-tree.
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Proof.  Since G is (s + 1)-connected, for any v € V(G) — U and any edge e, G — e
contains s internally-disjoint paths connecting v and U. These paths form a k-tree
satisfying (i). If there exists a vertex v € V(G) — U such that |[Ng(v) NU| < k — 1,
then taking an edge e joining v and U if any, we have obtained the desired tree. Thus,
we may assume that k = s and Ng(v) 2 U for every v € V(G) — U.

Since G is (s + 1)-connected, G — U is connected. By |G| > s + 3, we can take a
path vyvov3 of length two in G — U. This path with the edges

{viu; |1 <i<s—2}U{vous 1,v3us}

forms a (k, U)-tree of G. O

We take a (k,U)-tree T' of maximum order among all (k, U)-trees of G. If V/(T') =
V(G), we have nothing to prove. Therefore we may assume that V(G) — V(T') # 0.

Claim 5.4.2 |T| >t + 1.

Proof. Suppose that |T| < t. Since G is t-connected, every vertex in T has at least
one neighbor in G — T. If there exists € V(T') — U with dr(z) < k, we obtain a
(k, U)-tree of order more than |7'|. This contradicts the choice of T'. Hence dr(z) =k
for each x € V(T') — U and

2(IT) - 1) = Z dr(z) = k(|T| = [U]) + [U] = k[T] = (k = 1)s,
zeV(T
which implies (k—2)|T'| = (k—1)s—2. On the other hand, |T'| > s+1 by the definition
and the maximality of 7. This inequality together with (k — 2)|T| = (k — 1)s — 2
yields s > k, which contradicts the assumption s < k. O

Since G is t-connected and |T'| > t + 1 by Claim 5.4.2; there exist ¢ internally-
disjoint paths in G connecting v € V(G) — V(T') and t distinct vertices of T. We may
assume that each path contains exactly one vertex in V(T'). Fori = 1,... ¢, each path

is denoted by Pg(v, z;), where z; is the endvertex other than v. Put Z = {z1,..., z}.

Claim 5.4.3 Z is an independent set of T

Proof.  Suppose that z;z; € E(T') for some z;,z; € Z. Then (T — z2j) U Pg(v, z;) U
P (v, zj) is a (k, U)-tree of order more than |7'|, which contradicts the choice of T'. O

By Claim 5.4.3, we get |Np[u;] N Z| <1 for all w; € U with 1 < i < s. Hence we
have
Z0(V(T) — Ne[U))| >~ s.
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Without loss of generality, we may assume that z1,...,2,_s € ZN (V(T) — Nr[U]).
Note that dr(z;) = k for any i = 1,...,t — s since otherwise T'U Pg(v, z;) is a
(k,U)-tree of G larger than 7.

By Lemma 5.1, T—{z1, ..., 25} has (t—s)(k—1)+1 components 1%, . . ., T(;—s)(k—1)+1-
Note that each T} contains a vertex not in U by the choice of z1,..., 2.

Let 7" =T —U. We consider T as an outdirected tree ? with root z;. We denote
the arc set of T by A(?) For every component T; withi =1,...,(t—s)(k—1)+1,
take an arc x;z., if any, such that z; € V(T;) and z, € {z1,..., 25}, and otherwise
take a vertex x; of T; such that z; is a leaf of T”. Moreover, for every T;, there exists
exactly one arc 2]'y; € A(?) such that 2 € {#1,..., 2z} and y; € V(T).

If z; is a leaf of 7", then dr(z;) < dp(z;) + |[Nr(z;) NU| <14+ k—2=k—1hy
the condition (iii) for a (k, U)-tree.

Let Pr(a,b) denote the unique path in 7" connecting two vertices a and b of T'.

Claim 5.4.4 {z; |1 <i<(t —s)(k—1)+ 1} U{v} is an independent set of G.

Proof.  Suppose first that vz; € E(G). If z; is a leaf of T”, then T + vx; is a (k, U)-
tree, which is a contradiction. If z; is not a leaf of 7", then x;z] is an arc of ?, and
(T — @iz} +vx;) U Pg(v, 2) is a (k, U)-tree, a contradiction.

Next, suppose that z;7; € E(G). Note that either 2 € V(Pr(x;,x;)) or 27 €

V(Pr(z;,z;)) holds since T is a tree. We consider three cases.

Case 5.4.1 Both x; and x; are leaves of T".

Without loss of generality, we may assume that 27 € V(Pr(z;,2;)). Then (T —
21y; + xiv;) U Pa(v, 27) is a (k, U)-tree larger than T'. This contradicts the choice of
T.

Figure 5.3:

Case 5.4.2 z; is a leaf of T" but not x;.
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In this case, 72} € A(?) If 2 € V(Pr(z1,2])), then (T'—z;2} + wix;) U Po(v, 2})

is a (k,U)-tree, a contradiction.

Figure 5.4:

Hence we may assume that 2% ¢ V(Pr(z1, 2;)). Then

T — { (T = 2y — w525 + 205) U Pa(v, 27) U Po(v, 25) i 2 € V(Pr(xg, x5)),

(T — 2y — w52} + xi25) U Pa(v, 2{') U Pg(v, 2)  otherwise,

is a (k, U)-tree. This is a contradiction.

Case 5.4.3 Neither x; nor x; is a leaf of T".

In this case, 7,2}, 7;2; € A(?) By the symmetry, we may assume that 27 €
V(PT(.IZ‘, I])>

If 2; € V(Pr(21,2})), then (T — x;2] — ;2 + x;25) U Pa(v, 2{) U Pa(v, 2}) is a
(k,U)-tree, which is a contradiction.
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If 2/ ¢ V(Pr(z, z}’)), then (T — 21y — Tz — 2+ z;xj) U Pg(v, z}’) U Pg(v, 2) U

Pg(v, 2;) is a (k,U)-tree. This contradicts the choice of T

Figure 5.8:

Hence the claim is proved. O

Therefore, by Claim 5.4.4, we obtain a(G) > (t—s)(k—1)+1+1 = (t—s)(k—1)+2,

which contradicts the assumption. This completes the proof.
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Chapter 6

Trees with Bounded Degree
Covering Specified Vertices

In this chapter, we give sufficient conditions for a graph to have a tree with bounded
degree. Let G be a connected graph and A a vertex subset of G. We denote by o (A)
the minimum value of the degree sum in G of any k independent vertices in A and by
w(G — A) the number of components in G — A. Our main results are the following:
(i) If ox(A) > |G| — 1, then G contains a tree T with maximum degree at most k and
ACV(T). (i) If og—wg-a)(A) > |A| — 1, then G contains a spanning tree 1" such
that dr(z) < k for every x € A. These are generalizations of a result by Win [30]

and degree conditions are sharp.

6.1 Introduction

In this chapter, we use the following notation.
Let G be a graph. For a subset A of V(G), a(A) denotes the independence number
of (A). For 1 < k < «a(A), define

0r(A) = min { Z dg(x) ’ S is an independent subset of A with |S| = k}

z€eS

and o (A) = oo if a(A) < k. Note that o (G) = ox(V(Q)).

We begin with the well-known theorem on the existence of a Hamilton cycle.

Theorem 6.1 (Ore [19]) Let G be a graph of order n > 3 and 09(G) > n. Then G

has a Hamilton cycle.
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This theorem has been generalized in many directions. For example, a cycle con-
taining all the prescribed vertices was considered since a Hamilton cycle is a cycle
which contains every vertex of a graph. In particular, the following result was ob-

tained.

Theorem 6.2 (Shi [23], Ota [21]) Let G be a 2-connected graph of order n and
A CV(GQ). If 02(A) > n, then G has a cycle containing all vertices of A.

In this paper, we consider analogous extension on degree bounded trees. The

starting point is the following result by Win.

Theorem 6.3 (Win [30]) Let k > 2 be an integer and G a connected graph of order
n. If ox(G) > n — 1, then G has a spanning k-tree.

Note that Theorem 6.3 is an extension of the following one since a spanning 2-tree

is nothing but a Hamilton path.

Theorem 6.4 (Ore [19]) Let G be a graph of order n with 02(G) > n—1. Then G
has a Hamilton path.

6.2 Main results

We consider two types of extensions of Theorem 6.3. One is on a tree with bounded

degree containing all the prescribed vertices.

Theorem 6.5 Let k > 2 be an integer, G a connected graph of order n, and A C
V(G). If o,(A) > n—1, then G has a k-tree T with A C V(T).

The degree condition in Theorem 6.5 is sharp in the sense that we cannot replace

the lower bound to n — 2, which is shown in the following example.

Example 6.1. Consider a complete bipartite graph G with partite sets X and Y
such that Y] = (k= 1)|X|+2 > k+ 1. Let A = V(G) — {x}, where x is any
vertex in X. Then |G| = n = k|X| + 2 and ox(A) = n — 2. Suppose that G has
a tree T" with the property that A C V(7T') and dr(v) < k for all v € V(T). If
x e V(T), then n — 1 = |E(T)| < k|X| = n — 2, a contradiction. If z ¢ V(T'), then
n—2=|E(T)| <k(X|—-1) =n—2—k, which is also a contradiction. Hence G has

no desired tree.
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The other one is on a spanning tree with bounded degrees on the prescribed
vertices. For a graph G and A C V(G), we denote by w(G — A) the number of
components of the subgraph G — A. Note that we define w(G — A) =0 if A = V(G).

Theorem 6.6 Let k > 2 be an integer, G a connected graph of order n and A C
V(G). Suppose that w(G — A) < k—1 and op_wc—a)(A) > |A|=1. Then G contains
a spanning tree T with dp(x) < k for every x € A.

The degree condition in Theorem 6.6 is also sharp.

FExample6.2.  Let G be a complete bipartite graph with partite sets X and Y, where
X ={z}andY ={y1,...,yrs1} Define A ={z,v1,...,y;} with2 <t < k+1. Then
G cannot have a spanning tree T" such that dr(z) < k, while w(G — A) =k +1—1t
and op_yg—a)(A4) =t —1=[A] - 2.

|
\Y1 Y/ Yk+1

Figure 6.1: The graph G in Example 6.2.

6.3 Proof of Theorem 6.5

Recall that a k-tree is a tree T which satisfies dr(x) < k for all z € V(T'). Choose a
k-tree T' of G such that

(a) [ANV(T)| is as large as possible and
(b) subject to (a), |T'| is as small as possible.
If A C V(T), then we have nothing to prove. Hence we may assume that there

exists a vertex v € A — V(T). Since G is connected, there exists a path P which
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connects x and a vertex of V(7). We may assume that |V (P)NV(T)| =1 and let
{v} =V (P)NV(T). By the choice of T', we obtain dr(v) = k.

Let Ty, ..., T} be the components of T'— {v}. For each i = 1,... k, let ¢; be the
vertex of T; which is adjacent to v in T" and let u; be a vertex of T; with dp(u;) = 1.
Note that u; € A by the minimality of |T'| and that ¢; = u; if |T;| = 1. If u,u; € E(G),
then (T + u;u; — vt;) U P is a k-tree of G, which contains more vertices of A than 7.
This contradicts the choice of T. Hence {uy, ..., u;} is an independent set of G.

Let

k
Vi = Ne(u) nV(Th).
i=2
Note that t; ¢ Y] since otherwise tyu; € E(G) for some u; with 2 < ¢ < k and thus
(T — vty + tqu;) U P contradicts the choice of T. If dr(y) < k for some y € Y;, then
yu; € E(G) for some u; with 2 <i < k and thus (T — t;v +w;y) U P is a k-tree of G,
a contradiction. Hence dy(y) = k for all y € Y.
For z,y € V(T), we denote by Pr(x,y) the unique path in 7" connecting = and y.

Claim 6.3.1 For each y € Yy, Nglui] N (Np(y) — V(Pr(y,uy))) = 0.

Proof. Suppose that there exists z € Ng[u1|N(Np(y)—V (Pr(y,u1))) for some y € ;.
Since yu; € E(G) for some u; with 2 < i <k, a k-tree (T —yz — vty + u1z + yu;) U P

contains more vertices of A than T. This contradicts the choice of T'. O

Claim 6.3.2 |Np(Y}) — Ng[ui]| > (k — 1)|Y3].

Proof. We may assume that Y] # () since otherwise the above inequality obviously
holds. Furthermore, v ¢ Nr(Y7) since t; ¢ Y.

We consider T as an outdirected tree with root u;. For any gy, € Y; and 2z €
Ni. (yo), z ¢ Nglua] holds by Claim 6.3.1. This implies that Nj () € Np(Y1) —
Nglui] for any yo € Yi. Since Nj(y1) N N (y2) = 0 holds for any two distinct
vertices y; and y» of Y3, we obtain [N7(Y7) — Ne[ui]| > | N7 (Y1)] = > yev, INS (W) =
(k= 1)Yil. .

Claim 6.3.3 YF | |V(T}) N Ne(w)| < |Ty| — 1 for each j =1,2,... k.
Proof. By Claim 6.3.1, we obtain

[V(T1) N Ng(ui)| < |Th| =1 = |[Np(Y1) = Nelui]|
<[ =1- (k=1
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Since 32, |V(T1) N Ne(u;)| < (k — 1)|Y1] by the definition of Y3, we have

S IV(T) N Ne(w)| < |T1] — 1.

i=1
Similarly, Zle \V(T;) N Ng(w;)| < |7T;| — 1 holds for each j =2,... k. O

Claim 6.3.4 YF | |V(G —T)N Ne(u)| < |G —T| - 1.

Proof. Tt is easy to see that u;xz ¢ FE(G) for all u;, since otherwise T'+u;x contradicts

the choice of T. Suppose that S_F_ |V (G —T)NNg(u;)| > |G —T)|. Then there exists

w € Ng(u;) " Ne(u) N(V(G—T) —{x}) for some 1 <i < j <k. Ifwe V(P), then

T + u;x U P’ is a k-tree containing more vertices of A than T', where P’ is a subpath

of P from w to x. Hence w ¢ V(P). However, T" = (T + wu; + wu; — vt;) U P is a

k-tree such that |V(T") N A| > |V(T) N Al, a contradiction. O
Since de(u;) < [{o}| +30_, [V(T3) N Ne(w)| + V(G = T) 0 Ne(u)],

Z de(u) < k+> D |V(T) N Ne(u)| + Y V(G —T) N Ne(u,)|

i=1 j=1 i=1

k
<k+ (T -1 +]6G-T] -1

j=1
k
=D LI +|G-T|-1
j=1
=T -1+|G-T|-1=n-2,

a contradiction. This completes the proof of Theorem 6.5. O

6.4 Proof of Theorem 6.6

To prove this theorem, we consider into two cases.
Casel k=2

If w(G—A) =0, then A =V(G) and the theorem holds by Theorem 6.3. Hence
we may assume that w(G — A) = 1. We divide A into two subsets such that A; =
{x € A|Ng(z) NV (G — A) # 0} and Ay = A — A;. Note that A; # ) since G is
connected. Since o1(A) > |A| — 1 and Ng(Ay) C A, (Ay) is complete and zy € E(G)
for any x € A; and y € As. By w(G — A) = 1, G — A has a spanning tree 7. Then

we get the desired spanning tree by joining each vertex of A; to some vertex in T
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and adding a Hamilton path of (A5) to some vertex of A;. This completes the proof
of this theorem for the case k = 2.
Case 2 k> 3.

In the following, a tree T is called a (k, A)-tree if dr(x) < k for any z € V(T')N A.
We construct a new graph H from G by contracting each component of G — A to
a single vertex. Take a (k, A)-tree T' of H such that |T'| is as large as possible. We
may assume that V(H) — V(T) # ) since otherwise we obtain the desired spanning
tree by replacing each contracted vertex with a spanning tree of the corresponding
component. Take z € V(H) — V(T) such that Ny(z) N V(T) # 0 and let v €
Ny (z)NV(T). Note that v € A and dr(v) = k by the choice of T

Let T3, ..., T} be the components of T'— {v} and let ¢; be the vertex of T; which
is adjacent to v in T', where ¢ = 1,...,k. Since |V(H) — A] = w(G — A), we may
assume that V(T;) C Afor 1 <i<k—w(G—A). Put k' =k —w(G —A) and let u;
be a vertex of T} such that dr(u;) =1 for each i = 1,... k. If u;u; € E(G) for some
1 <i<j<FK, then T +uu; —vt;,+vx is a (k, A)-tree larger than 7', a contradiction.
Hence {uy,...,ur} is an independent set of H, also of G.

If ¥ # 1, then we define

y
Vi = Nu(w) n V(D).

=2

For the case of ¥ =1, let Y = 0. If dr(y) < k for some y € Y}, then yu; € E(H) for
somei = 2,...,k" and thus T'—vt; +yu;+vz contradicts the choice of T'. Consequently

we obtain
Y: C Aand dr(y) =k for all y € V7. (6.1)
For y,z € V(T), we denote by Pr(y, z) the unique path in 7" connecting y and z.

Claim 6.4.1 For each y € Y1, (Nr(y) — V(Pr(y,u1))) N Nglw] = 0.

Proof. Suppose that z € Ny[uy] for some z € Nr(y) — V(Pr(y,u1)). Since yu; €
E(G) for some i = 2,... K a (k, A)-tree T — yz — vty + w1z + yu; + v contradicts
the maximality of 7. O

Proof. 1fY; = (), then the above inequality holds, and so we may assume that Y; # 0.
We obtain t; ¢ Y), in particular, v ¢ Np(y) for every y € Yj, since if ¢; € Y7, then
tiu; € E(H) for some u; and T' — vty + tju; + va contradicts the maximality of T
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We regard T as an outdirected tree with root u,. For any yy € Y; and z € N;fl (yo),
it follows from Claim 6.4.1 that z ¢ Np[u;]. This implies that N (o) € Np(Y1) —
N [uy] for any yo € Y1. Since N7 (y1) NNZ; (y2) = 0 holds for any two distinct vertices
1,92 € Vi, we obtain [N7 (V1) — Nulur]| = [Nf (V)] = 5y, ING (9] = (k = DY,
O

For 1 <i <k, let

Wik = Ny (u;) NV (Tk).

Note that ¢, ¢ W, since otherwise tyu; € E(H) and T' — vty + tru; + v contradicts
the choice of T If w ¢ A or dr(w) < k for some w € W, then T — vt + wu; + vz

also contradicts the maximality of 7. Hence
Wi, C A and drp(w) = k for any w € W . (6.2)

Suppose that ww’ € E(T) for some w,w" € W, ;. Then T —ww'+wu,; +w'u; — vty +vx

is a contradiction. Thus W,y is an independent set in 7" for each i = 1,..., k'

Claim 6.4.3 |W, ;| < L(|T;| - 1).

Proof.  'We consider T}, as an outdirected tree with root uy. Since W ; is independent

in T, we have N [w]N N7, [w'] = () for any w,w" € W;. This together with t; ¢ W,

implies |T| > 1+ ZweW,-,k |NZ, [w]| = 1+ kWil O
By Claim 6.4.2, we obtain

|Nu(u) NV(Ty)| < |Th| =1 = [Np(Y1) — Ngluy]|
<[ —=1- (k=1

By the definition of Y7, we have 25;2 |Ng(u;) NV (T)| < (K" —1)|Y1]. Hence

D IN(w) N V()] < T = 1= (k= DIYi| + (K = DY

=1

=T =1~ (k= K)Yi| < T3] 1.

By symmetry, we have Zf;l |Npg(uw;) "V (T;)] < |T;| — 1 for each j, 1 < j < k. On
the other hand, by Claim 6.4.3,
k/

> [Ny () NV (T) |—Z|Wzk|<z (IT%] = 1)

i=1
k/
+ Tl =1) < |Til - 1.
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By the same argument above, Zf;l |Ng (u;) NV (T;)| < |T;] — 1 holds for each j =
K1,k

By the maximality of T, Ny (u;) NV (G—T) =0 foralli=1,...,k". By (6.1) and
(6.2), we have Ng(uy) € A. This means that dg(u1) = dg(uq). Analogously, dg(u;) =
dp(u;) holds for each i = 2,... k' Since dg(u;) < [{v}] + Z] V(T5) N Ny (w)],

ZdG (u) gk’+ZZ|V )N Ny uz)|<k’+z (T3] — 1)

i=1 j=1 7j=1

:Z|Tj| —w(G — A). (6.3)

Recall that x € V(H) — V(T) is a vertex such that Ny(z) N V(T) # 0 and
Ny(x)nV(T) C A.
Ifx¢A,thenZ |T|<ZJ1|V( ) NA|l+w(G—A)—1. By (6.3),

k
=1

G)NA =1=(V(T)nA| = {v}]) =1 < [A] =2,

IIM»

which is a contradiction. Hence we may assume that € A. In this case, Zf TG <
Z] L IV(T;) N Al + w(G — A) holds. This inequality together with (6.3) yields

k k
> de Z THNA = |[V(T)N A —1<|A]—2.
=1 j=1

This also contradicts the assumption. This completes the proof of Case 2 and Theorem
6.6.
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