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Chapter 1

Introduction.

1.1 Lévy processes and infinitely divisible distri-
butions on R?

We start with several definitions which are needed throughout the thesis.

Definition 1.1 (Lévy process). A stochastic process {X; : t > 0} on R? is a Lévy
process if the following conditions are satisfied.

(1) For any choice of n > 1 and 0 < t; < t; < --- < t,, random variables Xy, —
Xo, Xy, — Xy, X4y — X4y, -+, Xy, — Xy, _, are independent. (Independent increment
property.)

(2) The distribution of X,,;, — X does not depend on s. (Stationary increment
property.)

(3) Xo =0 a.s.

(4) X; is stochastically continuous for any ¢ > 0.

Definition 1.2 (Infinitely divisible distribution). A probability measure yu on R? is
infinitely divisible if, for any positive integer n, there is a probability measure p,, on
R? such that

= fy
where p'* is the n-fold convolution of y,,.

We denote by I(R?) (resp. Iyym(R?)) the class of all infinitely divisible (resp. all

symmetric infinitely divisible) distributions on R?.

Proposition 1.3 (see, e.g. [S99]). If {X;} is a Lévy process on R?, then, for every
t, the distribution of X; s infinitely divisible.



Definition 1.4. By the independent and stationary increment property, the distri-
bution of X; is determined by that of X;. Therefore, the distribution of X; is a
characteristic of the Lévy process {X;}. We denote by {Xt(“ )} a Lévy process such
that its distribution at time 1 is p € I(RY). Namely, ﬁ(Xl(”)) = p, where £ means
the law of ” throughout this thesis.

Let 7i(z), 2 € R%, be the characteristic function of p.

Proposition 1.5 (Lévy—Khintchine representation (see, e.g. [S99])). (i) If p € R,
then

i) = exp |~ (e 42) +00,2) + [

R

<ei<z,x) -1 1<va> ) I/(dl’):| = Rd,
d

1+ |z|?
(1.1)

where A is a symmetric nonnegative-definite d x d matriz, v is a measure on R?

satisfying

v({0}) =0 and / (|z|* A 1v(dr) < oo, (1.2)

Rd
and v € R

(17) The representation of [ in (i) by A,v, and vy is unique.

(1ii) Conversely, if A is a symmetric nonnegative—definite d X d matriz, v is a
measure satisfying (1.2), and v € RY, then there exists an infinitely divisible distribu-

tion p whose characteristic function is given by (1.1).
(A, v,7) is called the Lévy—Khintchine triplet of u € I(R?).

Proposition 1.6 (Polar decomposition of Lévy measures ([R90], [BMS06]) ). Let v
be the Lévy measure of some pu € I[(R?) with v(R?) > 0. Then there exists a measure
A on S, the unit sphere on RY, with 0 < A\(S) < oo and a family {ve : € € S} of

measures on (0,00) such that
ve(B) is measurable in £ for each B € B((0,00)), (1.3)
0 < v((0,00)) < o0 for each § € S, (1.4)

v(B) = /S)\(df) /OOO 1p(r€)ve(dr) for B € B(R™\{0}). (1.5)

Here X and {ve¢} are uniquely determined by v in the following sense : If X\, {ve} and
N {vg} both have properties (1.3)~(1.5), then there is a measurable function c(§) on
S such that

0 <c(§) < o0, (1.6)



N(dg) = c(§)A(dS), (1.7)
c(§)ve(dr) = ve(dr) for A—a.e. £ € S. (1.8)

We call the pair (A, v¢) a polar decomposition of v and vg in (1.5) the radial component
of v, respectively.

We also define the cumulant function C,(z) of u € I(R?) as follows: C,(z)
is the unique complex-valued continuous function on R? satisfying C,(0) = 0 and

7i(z) = e“»(*) For a random variable X with its distribution p, we also write C'x(z)
for C(2).

Proposition 1.7 (Stochastic integral with respect to a Lévy process (see, e.g. [RS03],
Proposition 29). Let u € I(R%). Let f(s) be a real-valued bounded measurable func-
tion on [a,b],0 < a < b < oo, such that there are uniformly bounded step func-
tions fn(s), n = 1,2,..., on [a,b] satisfying f, — [ almost everywhere. Then
f fu(8)dXs ) converges to an R¥-valued random variable X in probability. The limit
X does not depend on the choice of { fn} up to probability zero, and we write the limit
as X = fff(s)dXé“). Then L(X) is infinitely divisible and its cumulant function is

represented as
b
CX(Z):/ C.(f(s)z)ds.

The integral over [0,00) is defined as follows when the limit exists:

X = f )dXs = lim f(s)dXs in probability.

Thus -
Cx(2) = [ Culs(s)2)as.

As to the definition of stochastic integrals of nonrandom functions with respect
to Lévy processes {X;} on R? it is also studied in Sato ([S04], [S06]), whose idea
is to define the integrals with respect to R%valued independently scattered random
measure induced by a Lévy process on R?. This idea was used in Urbanik and
Woyczynski ([UW67]) and Rosinski ([R90]) for the case d = 1. See also Barndorff-
Nielsen et al. ([BMS06]).

Definition 1.8 (Completely monotone function). A function f on (0, 00) is said to be

completely monotone if it is infinitely many times differentiable and forn = 0,1, 2, - - -

(_1)nf(n)(3> > 07 s € (07 OO))
where f((s) is the n—th order derivative and f(©(s) = f(s).



Lemma 1.9. Let f(s) and g(s) be two completely monotone functions on (0,00).

Then, f(s)g(s) is again completely monotone on (0,00).

Proof. Let f(s) and g(s) be completely monotone functions on (0, 00). Then f(s)g(s) >

0 and, for any n € N, we have
(=D (f()g(s)™ = nCil=1)"fD(s)(=1)" "¢ (s) 2 0, s € (0,00),
i=0

where (f(s)g(s))™ is the n—th order derivative of f(s)g(s). O
We will to use the following proposition many times in this thesis.

Proposition 1.10 (Bernstein’s theorem). A measurable function f on (0,00) is com-

pletely monotone if and only if there exists a measure @ on (0,00) such that

f(s) = / T e QUdu), s € (0,00),

holds.

1.2 Some known subclasses of infinitely divisible
distributions

In the following, the classification and characterization are given in term of the radial
component v¢ of the Lévy measure. Classes in I(R?) we are going to discuss in this
thesis are the following.

(1) Class U(R?) (the Jurek class) :

ve(dr) = Le(r)dr, (1.9)

where f¢(r) is measurable in £ € S and nonincreasing in r € (0, 00).

The class U(RY) was introduced by Jurek ([J85]) and p € U(R?) is called s-
selfdecomposable. In his paper ([J85]), he proved the following. (i) u € U(R?) if and
only if for any 0 < ¢ < 1 there exists . € I(RY) such that 7i(z) = fi(cz)l.(z), and
(ii) p € U(RY) if and only if there exist probability distributions py, o, ... € I(R9)
such that

(7 (n 2 2)ia(n 1 2) i (™ 2)) ™ — ().



(2) Class B(RY) (the Goldie-Steutel-Bondesson class) :
ve(dr) = Le(r)dr, (1.10)

where /¢(r) is measurable in £ € S and completely monotone on (0, c0) as a function
of r.

Bondesson ([B82]) studied generalized convolutions of mixtures of exponential
distributions on R;. (The smallest class that contains all mixtures of exponential
distributions and that is closed under convolution and weak convergence on R,.)
B(RY) is its generalization to the multidimensional case. (Barndorff-Nielsen et al.
[BMS06].) Since completely monotone functions are nonincreasing, /¢ is nonincreas-
ing. Thus, we have

B(RY) C U(RY).

(3) Class L(R?) (the class of selfdecomposable distributions) :
ve(dr) = ke(r)r~dr, (1.11)

where k¢(r) is measurable in § € S and nonincreasing in r € (0, 00).
It is known that p € L(R?) if and only if for any 0 < ¢ < 1, there exists some
e € I(RY) such that 7i(z) = fi(cz)fic(z). (This statement is used as the definition of

the selfdecomposability usually.) Since k¢(r)r~! is nonincreasing, we have

L(R%) c U(RY).

(4) Class T(RY) (the Thorin class) :
ve(dr) = ke(r)r~dr, (1.12)

where ke () is measurable in £ € S and completely monotone on (0, 00) as a function
of r.

Thorin ([T77a], [T77b]) studied generalized I'-convolutions on R, and R. (The
smallest class that contains all I'-distributions and that is closed under convolution
and weak convergence on R, and R.) T(R?) is its generalization to the multidimen-
sional case. (Barndorff-Nielsen et al. [BMS06].) r~! is completely monotone and by
Lemma 1.9, ke(r)r~! is completely monotone. Furthermore, k¢(r) is nonincreasing

since completely monotone functions are nonincreasing. Thus, we have

T(R?) c B(RY) N L(RY).



(5) Class G(R?) (the class of type G distributions) :
€ Lym(R?) and ve(dr) = ge(r®)dr, (1.13)

where g¢(r) is measurable in £ € S and completely monotone on (0, c0) as a function
of r.

When d = 1, u € G(R!) if and only if u = L(V/2Z), where L(V) € I(R,), Z is
the standard normal random variable, and V' and Z are independent. When d > 1,
p € GRY) if and only if v,(B) = E[vy(Z~'B)] for some Lévy measure vy, where v,
is the Lévy measure of u. (Maejima-Rosinski [MR02].)

1.3 Characterizations of several classes of infinitely
divisible distributions by stochastic integrals

In Section 1.2, we explained five known classes of infinitely divisible distributions,
which are characterized by their Lévy measures. Here we show some results on
characterizations for first four classes by stochastic integrals with respect to Lévy

processes.

Proposition 1.11 ([J85)).

U(RY) = {L (/01 th§“>) € I(Rd)} .

Proposition 1.12 ([BMS06]).

B(R%) = {c (/Ollog %dXt(“)) e I(Rd)} .

Proposition 1.13 ([W82] and others).

L(RY) = {c ( /O N etdxt“”) s Ilog(Rd)} ,

where Log(RY) = {p € I(RY) : [

lz|>2
Proposition 1.14 ([BMS06]). Let ej(u) = [ e *s7'ds and let €;(t) be its inverse

u

function, that is, t = e1(u) if and only if u = ej(t). Then

T(RY) = {z < /0 h e;(t)dX§*“> L€ Ilog(]Rd)} .

Our first problem in this thesis is to obtain a stochastic integral characterization

of G(R?), which will be studied in Chapter 2.

log |z|u(dz) < oo}.



1.4 Nested subclasses of selfdecomposable distri-
butions, L,,(R%), m € N

Urbanik ([U73]) and Sato ([S80]) defined and investigated nested subclasses of L(R?).
They are defined as follows.

Definition 1.15 (Class L,,(RY)). Let m = 1,2,--- and let Ly(R?) = L(RY). u €
I(R%) belongs to L,,(R%) if and only if for any 0 < ¢ < 1, there exists a pi. € L, 1(R?)
such that fi(z) = fi(cz)fie(2) holds. Loo(R?) is defined by (] Lin(R?).

m=0

Then, they showed the following.

Proposition 1.16 ([U73], [S80]).

LoRY) D Li(RY) D Ly(RY) D -+ D Lyy(RY) D -+ - D Lo (RY) = S(RY),

where S(RY) is the class of all stable distributions on R and the closure is taken by

weak convergence and convolution.

Urbanik [U73] showed this proposition when d = 1, and Sato [S80] generalized to the
multidimensional case.

This proposition is important, in one sense, in understanding the role of stable
distributions in I(R%).

The following is also known.

Proposition 1.17 ([J85]).
Lin(RY) = {L‘ ( / e_p’"(t)dXt(“)) L p1 € Lggm (Rd)} :
0

Pm(t) = ((m + 1)) /0D

where

and

B %) = { e € 1RY : [  (oglel) () < .



1.5 History and motivations

As we mentioned in Definition 1.2, a probability measure p on R? is called infinitely
divisible if, for any positive integer n, there exist a probability measure p,, on R% such
that p = p'*, where p'* is the n-th convolution of p,. The class of infinitely divisible
distributions is known as the most important class of probability distributions. For
instance, normal, exponential, Poisson and stable distributions are in this class. (See
e.g. [S99], [SVO04].)

Historically, the results on classifying its subclasses were mainly given in terms of
Lévy measure v in the Lévy-Khintchine representation of the characteristic function.
The characteristic function is the the Fourier transform of a probability measure.
Hence, these results could be said to be analytical ones.

Recently, probabilistic interpretations for such results have been of interest, and,
especially, characterizations of subclasses of them by stochastic integrals with respect
to Lévy processes have been well studied as we mentioned in Section 1.3. How-
ever, only a few classes of infinitely divisible distributions were characterized in this
way. Barndorff-Nielsen et al. ([BMS06]) found such characterizations for the Goldie-
Steutel-Bondesson class and the Thorin class. (For the details, see Barndorff-Nielsen
et al. [BMS06].) As in Section 1.4, nested subclasses of the class of selfdecompos-
able distributions are studied and that shows the relationship with the class of stable
distributions. Our study is on the line of this history.

In Chapter 2, the class of type G distributions on R? and its nested subclasses
are studied. Type G distribution is a variance mixture of the standard normal distri-
bution. (See e.g. [SV04].) An analytic characterization in terms of Lévy measures for
the class of type G distributions is known. In this chapter, probabilistic characteri-
zations by stochastic integral representations for all classes are shown and moreover
analytic characterizations for the nested subclasses are also given in terms of Lévy
measures. These results correspond to the case of selfdecomposable distributions
mentioned in Section 1.3 and 1.4. In Chapter 3, a new class of type G selfdecom-
posable distributions on R? is introduced and characterized in terms of stochastic
integrals with respect to Lévy processes. This class is a strict subclass of the inter-
section of the classes of type G and selfdecomposable distributions, and in dimension
one, it is strictly bigger than the class of variance mixtures of normal distributions by
selfdecomposable distributions. The relationships with several other known classes of

infinitely divisible distributions are established. In Chapter 4, nested subclasses of

10



the new class introduced in Chapter 3 are studied. As in Chapter 2, analytic char-
acterizations for them are given in terms of Lévy measures as well as probabilistic
characterizations by stochastic integral representations for all classes are given. A

relationship with stable distributions is shown.

11



Chapter 2

Characterizations of subclasses of
type G distributions on R4,

2.1 The class Gy(RY)

We have mentioned type G distributions on R¢ in Chapter 1, but we explain them
more deeply here.

Summarizing the discussions in Rosinski [R91] and Maejima and Rosiniski [MRO1],
[MRO2], we use the following definition of type G distributions on R%.

Definition 2.1. A probability measure py € Iiym(R?) is said to be of type G if its

Lévy measure 1 is given by
w(B)=E [v(Z'B)], B € By(RY), (2.1)
where v is another Lévy measure on R? and Z is a real valued standard normal random

variable. Here By(R?) is the class of all Borel sets B in R? such that B C {|z| > ¢}

for some € > 0.

Remark 2.2. v in (2.1) is not necessarily unique. However, if we let 7 be the
symmetrization of v defined by 7(B) = (v(B) + v(—B)), then

w(B) =E [0(Z7'B)] = E [v(|Z|'B)]
also holds and 7 is uniquely determined, (see Maejima and Rosinski [MR02]).

Definition 2.1 is a multidimensional extension of the well-known notion of type
G distributions on R. (Another type of multidimensional extension is discussed in

Barndorff-Nielsen and Pérez-Abreu [BP02].) In one dimensional case as mentioned

12



in Chapter 1, a type G random variable X can be expressed as X = VY27 where
< Mmeans equality in law, V is a nonnegative infinite divisible random variable, in-
dependent of Z. Among others, some examples of R-valued type G distributions
are symmetric stable distributions, convolution of symmetric stable distributions of
different stability indices, symmetric gamma distributions (a special case of which is
Laplace distribution), Student ¢-distributions and normal inverse Gaussian distribu-
tions. The first two have multidimensional extensions.

In Maejima and Rosiriski [MRO1], they introduced an operator K : I, (RY) —
Iym(R?), where K(u) is a symmetric infinitely divisible distribution having the same
Gaussian component as g and the Lévy measure vy in (2.1), where v is the Lévy
measure of pu € Iym(R?). Let Go(R?) be the class of all type G distributions on R?
and define, for m € N,

Gm(RY) = {po € Go(R?) : v in (2.1) is the Lévy measure of

some symmetric infinitely divisible distribution in G,,_1(R%)}.

Also, define G (R?) = Nyy50Gm(RY). The classes Gy, (RY), 1 < m < oo, were intro-
duced in Maejima and Rosinski [MRO1], and if we use the operator I,

Go(R?) = K(Isym(R7)) (2.2)
and G,,(R?Y) = K(G,,1(RY)). Tt was also shown in the paper that
Lym(RY) D Go(RY) D G1(RY) D --- D Gp(RY) D -+ D Goo (RY) D Seym(RY),

where Sgym(R?) is the class of all symmetric stable distributions on R, and G, (R?)
is the largest subclass of Igyy,(R?) which is invariant under the operation K.
One of our purposes in this chapter is to give a characterization of type G distri-

butions by stochastic integrals with respect to Lévy processes.

2.2 Characterization of Gy (R?) by stochastic inte-
grals

We start with Go(R?). The following is a known characterization of the Lévy measures

of type G distributions.

13



Proposition 2.3. (Maejima and Rosiniski [MR02].) A probability distribution pg €
Lym(RY) is of type G if and only if its Lévy measure vy is either zero or it can be

represented as

vo(B) = /5 A(de) /0 T rE)ge(r)dr, B € By(RY),

where \ is a symmetric probability measure on the unit sphere S in R? and ge(r) is
a jointly measurable function such that g¢ = g_¢, A — a.e. for any fivzed & € S, ge(+) is

completely monotone on (0,00) and satisfies

/000(1 A rz)gg(rz)dr =c€ (0,00)

with ¢ independent of &.

The following result for the integrability of stochastic integrals is due to Sato
[S06], who studied more general stochastic integrals of matrix valued integrands with
respect to additive processes. We state parts of Propositions 2.7 and 3.4 of Sato [S06]

as a lemma below for our use.

Lemma 2.4. (Sato [S06].) Let u € I(R?) and let f(t) be a real-valued measurable
function on [0,1]. If

/1 f(t)%dt < oo, (2.3)

thenY := fol F)AXM s integrable, Crpy(2) = fol C.(f(t)z)dt and fol 1CL(f(t)z)|dt<
oo. Furthermore, if we let (A,v,v) and (Ay,vy,7y) be the generating triplets of u
and L(Y'), respectively, then

Ay = A/1 f(t)3dt, (2.4)
vy (B) :/o dt /Rd 1(f(t)x)v(dr) (2.5)

= /01 FO)y + £(8) /Rx (1 + |fl(t)x|2 - +1|x|2) Wdr)dt.  (2.6)

and

Let

d(u) = (V2r) e /% (throughout this thesis)

14



and -
h(z) = / ¢(u)du, x€R.
Define the inverse function of h by h*, namely, z = h*(¢) if and only if h(z) = ¢. The

stochastic integrals we need can be shown to be integrable as follows.

Theorem 2.5. The stochastic integral

1
/ hE(t)dX "

0

is integrable for every p € I(R%).

Proof of Theorem 2.5. 1t is enough to show that f(¢) = h*(t) satisfies the conditions
in Lemma 2.4 for every u € I(R%). Since

/01 R*(t)*dt = /OO r2¢(r)dr =1,

o0

we have (2.3). This completes the proof. O
Definition 2.6. For any u € I(R?), define a mapping G : I(R?) — I(R%) by

6 = ( [ 1 X)),

Proposition 2.7. (i) For any u € I(R9),
1
/ Cu(zh*(D)|dt < 00, = € RY, (2.7)
0

and .
Co(2) = / C(zh*(1))dt, = € R (2.8)
0

(i) The mapping G is many-to-one from I(R?) into Iym(R?), and one-to-one from
Tym(R?) into Iym(RY).

(ii7) For any pu, pz € I(R?), G * p12) = G () * G(pa2).

(iv) Let g, € IRY),n = 1,2, If gty — 1, then G(p,) — G(p).

(v) Let (A,v,7) be the triplet of w and (A,7,7) the triplet of i = G(u). Then

A=A, (2.9)
7(B) = /0 dt /R (W (t)r)(de) = B [v(Zz'B)], (2.10)
5 =0. (2.11)



Proof. (i) (2.7) and (2.8) follow from Lemma 2.4. (ii) Since Q/(,u\)(z) = exp{Cq()(2)},
in order to show G(p1) € Iym(R?Y), it is enough to show that Cg,(z) is symmetric in

z. Actually, we have

Coy(~2) = / Cul—h(O)dt == [ Cy=2r)an(r

[e.o]

= [zt = [ cueotsias

/ C,(zr)dh(r /C’zh*

—Cgu) )

and thus Cg(,)(z) is symmetric. This shows that the mapping G is from I(R?) into
Iym(RY). The fact that G is one-to-one from Iy, (RY) into Iiym(R?) can be shown
by Remark 2.2. (iii) and (iv) can be proved by the same idea of Proposition 2.7
(iii) and (iv) of Barndorff-Nielsen et al. ([BMS06]). We show here how to prove
them precisely. (iii) is obvious from £(X**)) = £(X") 4+ X"}, where {X""}
and {X"*)} are independent. Next we prove (v) before (iv). (v) follows from (2.4)-
(2.6) if we notice that fo h*(t)dt = 0 and fo h*(t)2dt = 1. To prove (iv), assume
that 11, = ta,mmm) — 1 = H(avy) 88 1 — oo. Then O, (2) — Cu(z), and trA,,
J(Jz* A 1), (dz) and |v,| are bounded. Since G, and G, have cumulant functions
expressed as in (2.8) and since we have already proved (v), we can use the dominated
convergence theorem to get Cg(,,)(2) — Cg(u)(2), that is, G(un) — G(1).
Conversely, assume that i, = G(p,,) — 1. Let (Zn, Un, Yn) and (A, U, 7n) be the
triplets of f1,, and p,. We claim that {u,} is precompact. The following conditions

are necessary and sufficient for precompactness of {,}:

sup trA,, < oo, (2.12)

sup/ (Jz[* A Dy (dz) < oo, (2.13)
n Rd

lim Sup/ vp(dx) =0, (2.14)

sup |v,| < 0. (2.15)

16



Since {f1,} is precompact, these four facts (2.12)—(2.15) for (A,, v, ¥,) also valid with

T~

the replacement (A,, 7,,7,). We number those facts by (2.12)(2.15). Then (2.12)
follows from (2.9) and (2.12); (2.13) follows from (2.13) since, by (2.10),

[l ntan) = [ ot0)as [ (et A tywnta)

1/|x| CS)
= *Vn(d 2 d (d d
o) [ o+ [ i) [ ots)as

R4

< /m 2 v (dz) /01 32¢(s)d3—|—/|x>1 v (de) /100 6(5)ds:

—_—

(2.14) is obtained from (2.14), because

/x N Vu(dz) = /0 " o(s)ds / o Vp(dz) > /1 " o(s)ds /| N Vo (da).

To see (2.15), use (2.6) and (2.11). This finishes the proof of precompactness of {1, }.
Now we can choose a convergent sequence of {s,/} of {y,}. Thus there is p € I(R?)
such that p,, — p. Hence G(pn) — G(p) and G(u) = p. It follows from (i) that u

does not depend on the choice of subsequence. Hence p,, — p. O

The following theorem shows that each type G distribution admits the stochastic

integral representation defined in Definition 2.1.
Theorem 2.8.
Go(R?) = G(I(R?)).

Proof. Let u € I(R?) and i = G(u). Then by Proposition 2.7 (v), we have (2.1), and
thus i € Go(R?), concluding G(I(R?)) C Go(R?).

Conversely, suppose that i € Go(R?). Then by Definition 2.1 and Proposition
2.7 (v) again, we see that g = £ (fol h*(t)dXt(“)> for some p € I(R?). This means
that g € G(I(R?)) and Go(R?) C G(I(R?)), completing the proof. O

Corollary 2.9. Let H be a subclass of I1(RY) and let
Gr(RY) = {1 € Iym(RY) : v, (B) = E[v(Z'B)|, B € By(R?), for some p, € H},

where v, s the Lévy measure of i € I(R?) and p,, is the infinitely divisible distribution

with Lévy measure v. Then we have

Gu(R?) = G(H).
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Remark 2.10. If H = I(R?), then the corollary above is nothing but Theorem 2.8.
The proof of the corollary can be carried out in the same way as for Theorem 2.8.
Also, we see from the discussions above that as mappings from Iy, (R?) into Iy, (R),

two mappings K and G are the same.

2.3 Lévy measures of distributions in G,,(RY), m €

N

In this section, we characterize Lévy measures of distributions in G,,(R?), m € N.
Write ¢o(x) = ¢(x), ho(x) = h(x) and hj(t) = h*(t).
For m € N, let ¢,,,(x) be the probability density function of the product of (m+1)

independent standard normal random variables. Then we have the following.

Lemma 2.11. For each m € N,
(4)
Om () = om(—1),
(i)
/00 Om(x)dr =1,
(i)
/00 |z|pm(x)dr < 00 and /00 Tom(z)dr =0,

| onwde=1.

o0

() = / " o) bpur () ] (2.16)

Proof. (i)-(iv) are trivial. As to (v), for B € B(R), we have

P (H Zi e B) _ /_OO 15(2) 6o (2)da.

On the other hand, we have

m+1 m+1
P<HZZ-€B> :P<|Zl|HZZ~€B)
=1

1=2
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La(|uly)o(u)pm—1(y)dudy

1(2) o (1) b1 (x|u|™) |u|  dudz.

This completes the proof of (v). O
For m € N, let
/ Om(u)du, x€R
and define its inverse x = h* (t) by t = h,,(x). We note that for each m € NU {0},
By (+00) =0,  hp(—00) =1,
/1 h: (t)dt =0 and / b (t)2dt = 1,
0 0

where the last two integrals are given by Lemma 2.11 (iii) and (iv).

Theorem 2.12. For each m € N, let i, € Iyym(R?) and denote its Lévy measure by
V. Then pi, € G,(R?) if and only if

v(B) = /_ (U B) b (u)du, (2.17)

[e.9]

where vy is the Lévy measure of some pg € Go(R9).

Proof. (“Only if” part.) Let m = 1. Then, by the definition

[e.e]

n(B) = E [1(Z7'B)] :/ vo(u™tB) o (u)du

—00

for some Lévy measure vy whose distribution is in Go. Suppose the statement (“only
if” part) is true for some m € N. The Lévy measure vy, 11 of fii1 € Gpii(RY) is
given by

Vmi1(B) = E [vn(Z7'B)]

for some Lévy measure v, of a distribution p,, € G,,(R?). Then by the induction

hypothesis
Umi1(B) = /OO Go(w) v (u™' B)du
- /oo ¢o(u)du /00 vo(u v B) 1 (v)dv
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_ / " bo(u)du / " oy B) b (ylul ) ul~dy
_ / T ooy B)ém()dy

by (2.16).
(“If” part.) Let m = 1. Then, by the definition, if a Lévy measure 14 is repre-

sented as

v (B) = / " vo(u B o (u)du

for some 14, the Lévy measure of some g € Go(R?), then p; € G1(R?). Suppose that

the statement (“if” part) is true for some m € N. By the same calculation as above,

J R Ty B U T
= [ ovtwyan / ™17 B (o)
/ G0 () V(™' B)du
= Uit (B).

We have

Vs (B) = / " wo(u B)g(u)du

/gbo (u) V(v B)du

= Elvm(Z7'B))

for some Lévy measure v, having the representation (2.17). Then, by the induc-
tion hypothesis, p,, with the Lévy measure v,, belong to G,,(R?). Thus, p,41 €
Grmy1(R?). This completes the proof. O

The following is a GG,,—version of Proposition 2.3, and it characterizes Lévy mea-

sures of distributions in G,,(R?).

Theorem 2.13. Let m € N. A p,, € Iym(RY) belongs to G, (RY) if and only if its

Lévy measure v, 1s either zero or it can be represented as

v(B) = / A(d) / b (rE)gme(r)dr, B € Bo(RY,
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where X is a symmetric measure on the unit sphere S on RY and g ¢(r) is represented

Gme(s / bmr (VI ge(r2)dr

for some function g¢ on (0,00) which has the same properties as in Proposition 2.3.

Proof. We see by Theorem 2.12 and Proposition 2.3, fi,,, € G,,(R?) if and only if v,

is represented as

mlB) = [l By a(w)d

/ Dm( du/ (dé)/ Ly-15(r€)ge(r?)dr.

If we use here the facts that A(d§) = AN(d(—E)), g¢ = g—¢ and ¢p—1(u) = Pp1(—u),

then we have
-/ Gt (gl D)y / A(de) / T 1s(yE)ge () dr
- / A(d) / 1O gy dy

o0

where

Ime(s / brnr (VAP D) | e ()

This completes the proof. O

2.4 Characterizations of G,,(RY), m € N, by stochas-
tic integrals

In this section, we characterize distributions in G,,(R?) by stochastic integral repre-

sentations.

Theorem 2.14. For each m € N, the stochastic integral

1
Yy, = / hE(H)dXx ™
0
is integrable for every p € I(RY),

/ |C(hy, (t)2)]dt < oo
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and 1
Crivn(z) = / C, (%, (t)z)dt.
0
Proof. Since
1 o
[ erar= [ pontaar <o

0 —0o0

we have the assertion by Lemma 2.4. 0
Let G =G'=G.

Definition 2.15. Let m € N. Define a mapping G,,+1 by

) = £ ([ WX e 1@

0

and

G () = G(G" (), € I(RY).
Proposition 2.16. For m € N,
Gm(RY) = G(Gra(RY)).

Proof. The proof is almost the same as that of Theorem 2.8. Let p,,_1 € Gp_1(R?)
and ft, = G(fm—1). Also let v,,_; and v, be the Lévy measures of p,,_1 and p,,
respectively. Then by Proposition 2.7 (v), we have v,,(B) = E[vy,_1(Z7'B)]. Thus
i € Gr(RY), and G(G_1(RY)) C G, (RY).

Conversely, suppose that j,, € G,,(R?). Then by the definition of G,,(R?)
and Proposition 2.7 (v) again, we see that p, = £ (fol h*(t)dXt(“)> for some u €
Grm_1(R?). This means that y, € G(G,,_1(RY)), and G,,(RY) C G(G,,_1(RY)), com-
pleting the proof. m

Corollary 2.17. For m € N,
Gn(RY) = G (I(RY)).
We next show

Theorem 2.18. For m € N

Grs1 (I(RY)) = g™ (I (RT)).
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Proof. We note that

1
i € Gy1(I(RY) if and only if 1 = £ ( / h;‘n(t)dXt(“)) , p € I(RY

0

and that

1
i € G (I(RY) if and only if i = £ ( / hg(t)dXt(“)) . weGMIRY).
0

We next claim that
/ o) / 1O (w02) | (v)do < o0, = € R (2.18)

If it would be proved, we could exchange the order of the integrals in the calculation
of cumulants below.

The proof of (2.18) is as follows. The idea is from Barndorff-Nielsen et al.
[BMS06]. If the generating triplet of u is (A, v, ), then

Cu@) < 2 AP + bl + [ lote,)v(da),

where
g(z,2) = ™ — 1 —i(z, ) (1 + |z*) "

Hence
|Cu(uvz)| < 27 (trA)u®v?|2]* + |y|[ul|v]] 2] +/ 9(z, uwvr)|v(dz)
]Rd

+ | lg(uvz,x) — g(z,uva)|v(de) = I + L+ I + L,
R4

say. The finiteness of [~ ¢o(u)du (7 (I} + I3)$m-1(v)dv follows from Lemma 2.11.
Noting that |g(z,z)| < c.|z|*(1 + |z|*)~! with a positive constant ¢, depending on z,

we have

/_ Zgbo(u)du /_ : Ty (v)do
<e [ vian) [~ ontwan [T o
e </Ix<lu(dx) +/|x>1u(dx)) /_OO gbo(u)du/_oo %%_I@)dv

=: I3 + I3,
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say, and

fn<e [ JaPuta) [ [, <o,
| <1 —0

—00

I3 <c, /| v(dx) /OO do(u)du /OO Gm—1(v)dv < 0.
x|>1 —00 —00

As to I, note that for a € R,

(a2, z)[|x[*|1 — o’

(14 [z ?) (1 + |az]?)

< _ElleP(lal + laf)

— (LA [z ) (A A Jaz?)
[2llz*(1 + |af?)

T 2004 =)

l9(az, 2)—g(z, az)| =

since |b[(1 +b?)~! < 27!, Then

/Zgbo(u)du /Oo Lippm—1(v)dv

2 o0 o)
< |7 .1 j|L ;x|2 dx) /_OO (bo(u)du/_oo(l + u?0?) By 1 (v)dv < 0.

This completes the proof of (2.18).

If we calculate the necessary cumulants, we have

Cgpr() (2 / Cu(hr(

/ooo (wz)dhom (1)

_ / (w2 (1) du

[e.o]

and
%wmu:/cm<m>m

/dt/Ch* B (s)2)ds

:/ dhof )/ C,(uvz)dh,—1(v)
- /_Z Go(u)du /_ : Cou(wvz) g1 (v)dv
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= [ Gty [ atwdmatolallul
- [ Cutlontwiy
== Cgmﬂ(u)(z).
This completes the proof of Theorem 2.18. O]

The following is a goal of this section and a G,,,—version of Theorem 2.8. Namely,

any 1 € G,,(R?) has the stochastic integral representation defined in Definition 2.15.

Theorem 2.19.
Gra(RY) = Gy (I(RY)).

Proof. The statement is an immediate consequence of Corollary 2.17 and Theorem
2.18. L]

2.5 The class G (R?)

We conclude this chapter with two statements for G, (R?).

Proposition 2.20.
G(Go(R) = G (RY).

Proposition 2.21. Sy, (R?) is invariant under G-mapping and Goo(R?) is the largest

class which is invariant under G-mapping.

These two propositions are given in Theorem 2.3 of Maejima and Rosiriski [MRO01]

in terms of operator K. Since we have Remark 2.10 in Section 2.2, we get them above.
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Chapter 3

A subclass of type G
selfdecomposable distributions on
R,

3.1 The class M(RY)

Recall five classes of infinitely divisible distributions introduced in Chapter 1.
(i) The class U(R?):
ve(dr) = l¢(r)dr and l¢(r) is nonincreasing.
(ii) The class B(R?):
ve(dr) = le(r)dr and l¢(r) is completely monotone.
(iii) The class L(R?):
ve(dr) = ke(r)r—'dr and ke(r) is nonincreasing.
(iv) The class T(R?):
ve(dr) = ke(r)r—'dr and ke(r) is completely monotone.
(v) The class G(R?):
ve(dr) = ge(r?)dr and ge¢(r) is completely monotone; in this case we also assume

that p is symmetric.

Being motivated by the relations among classes (i)—(v), it is natural to introduce

and consider the following new class.
Definition 3.1 (The class M(R?)). p € M(R?) if and only if p € Iiym(R?) with

ve(dr) = ge(r*)r~'dr and g¢(r) is completely monotone. (3.1)
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It is easy to see that M(R?) C L(R?) N G(R?), i.e., the elements of M(R?) are
type G selfdecomposable distributions. For, if we put k¢(z) = g¢(2?), then we see
that M(R?) C L(RY). Note that f(x) = x7%, a > 0, is completely monotone and
by Lemma 1.9, he(z) = ge(x)z~Y? is also completely monotone. Hence we see that
M(R?) C G(R?). In Theorem 3.6 below we will prove that this inclusion is strict.
The purpose of this chapter is to characterize the class M (R?) by stochastic integrals

with respect to Lévy processes, and compare it with other known classes.

3.2 Characterization of the class M (R?) by stochas-
tic integrals

Let m(z) = [° ¢(s)s 'ds,x > 0, and denote its inverse by m*(t), that is, t = m(z)
if and only if x = m*(t).

Theorem 3.2. Let u € I(R?). Then the stochastic integral
/ m*(t)d X"
0

exists if and only if p1 € Liog(R?).

Proof. (“If” part.) For the proof, we need the following lemma, which is a special
case of Proposition 5.5 of [S06].

Lemma 3.3. Let u € I(RY) and f(t) a real-valued measurable function on [0, 00).
Let (A,v,~) be the triplet of p. Then'Y = fooo f(t)dXt(“) is integrable, if the following

conditions are satisfied:

/OO f(t)*dt < o0, (3.2)

/OOO dt /Rd(|f(t):z:\2 A)w(de) < oo, (3.3)

/OOO ‘f(t)7+ f(t) /Rx (1 - I;(t)x|2 - +1|x|2) )

Furthermore, Cryy(2) = fol C.(f(t)z)dt, fol |CL(f(t)2)|dt< oo and if we let (A, v,7)
and (Ay,vy,vy) be the generating triplets of p and L(Y'), respectively, then

dt < 0. (3.4)

Ay — A /  p)2at, (3.5)
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_ /0 S /R A (f (0 d) (3.6)

by = /Ooo FOr+ f(8) /Rx (1 - |fl(t)x|2 - +1|x|2> vdo)dt. (3.7

For the proof of (“if” part), it is enough to show that f(¢t) = m*(t) satisfies
(3.2) — (3.4) in Lemma 3.3 for every pu € I,o(R?). Note that m(4+0) = oo and

m(oo) = 0. Since
/ m*(t)th:/ sp(s)ds < oo,
0 0
we have (3. 2)

As to (3.3), we have

/ dt/Rd Im* (£ 2 A 1) (dz)
/ “dm(s) [ (saf A 1)o(de)

/ 6(s ( /| ) + /| » y(dz))

and

(1 + Jo),
say. Here
1/x|
h= [ et [ sots)as
1/lx]
= (/ / ) |z|?v(dx) / sp(s)ds
<t Jla|>1
=: Ji1 + Ji2,
say, and
Ji1 S/ |:L‘\21/(da:)/ sP(s)ds < oo,
<1 0
1/l
I < / |$|21/(dx)/ sds < 2_1/ v(dr) < oo
|z|>1 0 |z|>1
Also,

Jo = /Rd v(dz) 1: P(s)s 'ds
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= (/3v|§1+/|$|>1) v(dx) 1;; o(s)s™'ds

=: Jo1 + Joo,

say, and
Jop < C’l/ 2?v(dz) < oo,
<1
1 00

Joo S/ v(dz) {/ s_lds—i-/ gzﬁ(s)s_lds}

|z[>1 1/|=| 1
= / (log |z| + Co)v(dz) < oo,

|z|>1

since p1 € liog(R?), where Cy, Cy > 0. This shows (3.3).
For (3.4), we have

/0°° ‘m*(t)v + () /Rdx (1 - ‘ml*(t)x’? - +1W) )

< _ _ _
< \7|/0 sdm(s) /o S/Rdx (1 v mz) v(dz)

= J3 + J47

dt

dm(s)

say, where

J5 < / 6(s)ds < oo,
0

s /: o / <<1 +x|’f:§f>2<1_+1:xr2>) v(da)
< [ 1=t [ |sx\|§>|<1 T )
[T veas ([ [ ) @

=: Jy1 + Jao,

say. Here

Jy < /OO |s% — 1\¢>(3)d$/ [2I” v(dzr) < oo,

0 <1 1+ [z[?

and

|z /oo s +1
Jyo < d — d
2= /x|>1 1+ |x|2y( ?) o 1+ |sx|2¢(8) °
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([ ) b

=: Jyo1 + Jao2,

say. Furthermore,

J </ A )/1 L4
— _y(dx — s
# w>1 1+ |72 o 1+ |szf?
</ il (d:p)/oo Lt < o
wi>1 1+ [z[? o 1+t

and

|z[° =
Jyo2 < /|m|>1 ﬁu(dx)/l (s* + 1)o(s)ds < 0.

1+ |z)?
Thus we have (3.4). This completes the proof of (“if” part). O
Proof. (“Only if” part.) Suppose fo t)dX; ) exists and let 7 be its Lévy measure.

We have

/;|>1;(d$> - /Ooo dt/l{lm*(t)x|>1}(x)u(d:c)
T /OOO dm(s) / Ljaf>1/s) (2)v(d)

_ —/Rdy(dx) /1;0' dm(s)

i) [ 1
Z/|x>1y< K /|oc|¢(s>S ’

> / v(dz)(Cylog|z| + Cy),
|z|>1

for some C1,Cy > 0. Thus, p € Lg(RY). This competes the proof of (“only if”

part).

Definition 3.4. For any p € l,x(R?), define the mapping M by

=L ( /0 N m*(t)dXt(“)) .

The statement (i) below is one of the main results in this chapter.
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Theorem 3.5. (i)
M(R?) = M (liog(R) N Lyym(R?).

(i) Let v and U be the Lévy measures of p € Log(R?) and M(p), respectively. Then
(B) = / v(s~'B)o(s)s~ds, B € BRI\ {0}). (3.8)
0

Proof. We first prove (ii). By (3.6), we have

P(B) = /0 o /R (o (1)v(d)
= — OOdm

_ /0 (s) /R p(ws)w(da)

_ /0 (s B)o(s)s~ N ds.

Now we consider part (i). Let g € log(R?) and i = M(u). Let v and 7 be the
Lévy measures of p and fi, respectively. Then (ii) holds. Thus, if ¥ = 0, then v = 0
and it € M(R?). Assume that v # 0 and v has a polar decomposition (A, v¢). Then,

for any nonnegative measurable function f,
[ s@itan) = [ "o tas [ fsaptin)
= [ ots1s s [ 2@ [ srepmetan)
= [ ) [ vetar) [ ots/rrtses s
- [ e [ " H(s6)T(s%)s7 s,

where

e(x) = / " S fryve(dr) = (2m) 2 / e ().

Define a measure @5 by

3e(B) = (2m) " / T 1s(1/@)we(dr), B € B((0,00).

Then ég(B ) is measurable in £ and

ge(x) = /OoO 6_$u@§(du) for x > 0.
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Hence gg is completely monotone by Proposition 1.10. Letting A =\ and Ve(dr) =
Ge(r?)r—1dr, we see that (X, 7) is a polar decomposition of 7 and that i € M (R%).
Thus, M (Log(R?)) N Iiym(R?) € M(RY).

Conversely, suppose that 1 € M (R?) with triplet (/Zf, v,75). lf v =0, then g = Mpu
with some A and ~. Suppose that 7 # 0. Then, in a polar decomposition (X, Ve)
of U, we have v¢(dr) = ge¢(r*)r—'dr, where g¢(z) is completely monotone in z and

measurable in £&. Thus, by Proposition 1.10, there are measures CNQS on (0, 00) satisfying
Gelo) = [ e Qelaw
0
such that Qvg(B) is measurable in £ for each B € B((0,00)). Now define

ve(B) = (2m)" / T 1p((20)) Qe (du).

0

Then v is a measure on (0, c0) for each ¢ and

/0 " Frweldr) = (2m)2 / " F((20)) Qe (du)

for all nonnegative measurable functions f on (0, c0).
Let A = X. Then

/S A(de) / T A Dwe(dr) = (2m)2 / Ade) /( (@07 A1)l

- 12 _ 00 _
= (277)1/2/9)\@[5)( i Qg(du)+/1 (2u)1Q§(du)> < 00,

/2

where the finiteness of the integral is assured by

/ (r* A1) ge(r®)r~tdr < oo,
0

which can be shown by a standard calculation based on the fact that ge is the Laplace

transform of @5. Define v by

V(B) = /5 A(de) /0 T rE)ve(dr) for B € BR {0}).

Then v is the Lévy measure of an infinitely divisible distribution and we can check
| ot [ stsomtan) = [ rapan)
0 R R
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for all nonnegative measurable functions f on RY. This relation can be checked as

follows:
[ st@itan) = S [ oo

= [ 3ae) [ reirty

= [ 3 [ reortar [ e Qetan

= (2m) /2 /S (dE) /0 h Fre)rdr /0 h e ) e (du)
~ (2m) 2 /S A(de) /0 e gy /O " ) vedu)
=) [y ay [ Sde) [ vt
_ /0 " o(s)s~ds [ fsmlan).

Define A and + suitably and let p be a distribution with the triplet (A, v,~). Then
Mup = p, namely £ (fooo m*(t)dXt(“)> = p1. Thus by Theorem 3.2, we see that u €
Log(R?) and that 7 € M(L,g(R?)). Since fi € Igym(R?), i € M(Log(R?)) N Ly (RY).
This completes the proof of Theorem 3.5. O

3.3 Relationships of M(R?) with other classes (I)

We have the following relations of M (R?) with other classes.
Theorem 3.6. We have
T(RY) N Lym(R?) & M(R?) S L(RY) N G(R?).

Proof. (i) We first show that M(R?) & L(R?) N G(RY). We have already seen
that M(R?) c L(RY) N G(R?), right after Definition 3.1. To show that M (R?) #
L(RY) NG(RY), it is enough to construct p € I(RY) such that u € L(R?) N G(R?) but
p ¢ M(R?).

First consider the case d = 1. Let
v(dr) = g(r*)r~tdr, r > 0.

For our purpose, it is enough to construct a function g : (0,00) — (0, 00) such that
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(1) r=/2g(r) is completely monotone on (0, 00), (meaning that the corresponding
belongs to G(R)),

(2) g(r?) or, equivalently, g(r) is nonincreasing on (0,c0), (meaning that the corre-
sponding p belongs to L(R)), and

(3) g(r) is not completely monotone on (0,00), (meaning that the corresponding u
does not belong to M (R)). Put

gr) =712 (e —e +0.1e7 M), r>0.

(1) We have

1 o0
r 1 2g(r) = (e — e+ 0.1 M) = / e "du + 0.1/ e "du,
0.9 11

which is a sum of two completely monotone functions, and thus, by Proposition 1.10,
r~1/2g(r) is completely monotone.
(2) Put

E(r)=e " —e "4+ 0.1e " r > 0.

If k(r) is nonincreasing, then so is g(r) = r~Y/2k(r). To show it, we have

1\? 0604
F = S0 e O = 00 [(emr a T8> T 324 ]
1\? 0604
< —0. —L1r - _ — 0. —1.1r .
< —0.9e (1 1.8) 394 ] 0.01e <0, r>0

(3) To show (3), by Proposition 1.10, we see that
k(r) = / e "Q(du),
0
where @) is a signed measure such that Q = Q1 + Q2 + )3 and

Q1({0.9) =1, Q:({1}) = -1, Q3({1.1}) = 0.1.

On the other hand
rl/2 = 7r_1/2/ e "y V2 du ::/ e "™ R(du),
0 0

where

R(du) = (mu)~Y2du.
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Thus

o) = [ e [T e = [T e utan)
where

U(B) = / QB y)R(dy).

We are going to show that U is a signed measure, namely, for some interval (a, b), U ((a,b)) <

0. If so, g is not completely monotone. We have

U ((a,b)) = =12 / T 0Ua-y.b— )y dy

B oo
=2 Z/ Qi((a—y,b—y))y dy
i=1 70

50,9 b—1 b—1.1
=g~ 1/2 {/ y*1/2dy —/ yil/Qdy + 0.1/ yl/Qdy]
a—0.9 a—1 a—1.1

—on1/? [(\/b 09— a= 0.9) — (\/b “1—a= 1) +0.1 (\/b 11— a= 1.1)} .

Take (a,b) = (1.15,1.35). Then

U ((1.15,1.35))
= op~1/? [(\/0.4 —V0.25) — (vV0.35 — V0.15) + 0.1(v0.25 — \/0.05)}

< —0.01772 <.

This concludes that ¢ is not completely monotone.

A d-dimensional example of y € I(R?) such that u € L(RY) N G(R?) but u ¢
M(R?) is given by taking v(dr) for the radial component of a Lévy measure. This
completes the proof of M(R?) & L(R?) N G(RY).

(i) We next show that T(R?) N Im(R?Y) & M(R?). Since M(R?) C Lym(R?), we
consider only p € Iym(R?). We need the following lemma.

Lemma 3.7. (See Feller [F66], p.441, Corollary 2.) Let ¢ be a completely monotone
function on (0,00) and let ¢ be a nonnegative function on (0, 00) whose derivative is

completely monotone. Then ¢(1)) is completely monotone.

If p € T(RY) N Iym(R?), then the radial component of the Lévy measure of p
has the form ve(dr) = ke(r)r=tdr, where k¢ is completely monotone. By the lemma

above and the fact that v(r) = r/2 has a completely monotone derivative, then
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ge(r) = ke(r'/?) is completely monotone. Thus v¢(dr) can be read as ge(r?)r=tdr,
where g is completely monotone, concluding that u € M(R?).

To show that T(R?) N Iym(RY) # M(R?), it is enough to find a completely
monotone function g such that k¢(r) = g¢(r?) is not completely monotone. However,
the function g¢(r) = e™" has such a property. Although e™" is completely monotone,
(—1)2L e~ < 0 for small 7 > 0. This completes the proof of that T'(R?)N Iyym(R?) G
M(RY). O

Additional remark. The argument above does not depend on r~! of the radial com-
ponent v¢(dr), which gives us the following result between classes B(R?) and G(R?),
namely,

B(RY) N Lym(RY) S G(RY).

3.4 Relationships of M(R?) with other classes (II)

To give more relation of M(R?) with other classes, we introduce a mapping.

Definition 3.8.
O : I,y (RY) — I(RY), ®(u) =L ( / e_tht(“)) .
0

Remark 3.9 (known). (i) If 4 € li,g(R?), then ®(u) is a selfdecomposable distribu-
tion and L(R?) = ®([,ox(R?)). (See, e.g. [J85] and [MR02].)
(ii) ®(B(R?) N Lpg(RY)) = T(RY). (See [BMS06].)

Theorem 3.10. (i) Let u € I(RY). Then G(u) € Liog(R?) if and only if 11 € Liog(R?).

(17) Let
a(s) :2/ u_ldu/ o(v)dv, s >0,

and define the inverse function s = a*(t) by t = a(s). Then the stochastic integral

/ a*(t)dx "
0

exists if and only if p1 € Liog(R?).

(49d) If i € Liog(RY) N Liym(RY), then

@0)0) = @) = £ ([ vax?),
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where (<I>Q)( ) = ®(G(n)) and (GP)(n) = G(P(u)), and the Lévy measure v of

£ (fy a*@ax?) is
v(B) = /OOO v(s 'B)s 'ds /SOO o(v)dv

where v is the Lévy measure of L.
(iv)
M(EY) 2 G (@ (hog(BY)) = G (L(RY) = B(G(R?) N Lg(RY).

Proof of (i). The proof of Theorem C (i) in [BMS06] also works here. Let p € I(R%),
and 1 = G(u). Let v and v be the Lévy measures of p and . We have

/x|>2 log |z|v(dx) :/000 o(s)ds /x|>2/5 log(s|z|)v(dz)

= v(dx h s)log(s|z|)ds = x)v(dz
[ [ oty ioststahas = [ ptepiaz)

where
pe) = [ os)logsds +logla| [ o(s)ds
2/|z 2/|=
Note that p(z) = o(|z[*) as || | 0 and j(z) ~ log|z| as |z| — oo. Thus, [, log|z|
v(dx) < oo if and only if [, o[> 108 |2[v(dz) < o0. O

Proof of (i1). (“If” part.) It is enough to show that f(t) = a*(¢) satisfies (3.2) — (3.4)
in Lemma 3.3 for every p € Ii,o(R?). Note that a(4+0) = oo and a(co) = 0. Since

/Ooo a’(t)’dt = — /OOO s*da(s) = 2/000 sds /:o ¢(v)dv < o0,

we have (3.2).
As to (3.3), we have

/ dt/ (|a*(t)z* A 1w (dx)
—/0 dals )/R (522 A 1)w(dz)
9 /O " s lds / 6 (v)dv ( /| @) + /| >1/Su(d:c)>

= 2([1 + IQ)
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say. Here

h= [ lefvas) /0 s / " b (w)d
— (/|x|<1+/|x|>1> |z|?v(dx) /Ol/wl sds /SOO o(v)dv

=: 111 + L,

say, and
I §/ |:17|21/(dx)/ sds/ o(v)dv < o0,
lz|<1 0 s
1/lx|
I < / |x]2u(da:)/ sds < 21/ v(dx) < oo.
|z|>1 0 lz|>1
Also,
[2—/ I/(dx)/ slds/ o(v)dv
Rd 1/]z| s
= (/ +/ >V(dx)/ slds/ o(v)dv
lz|<1 |z|>1 1/|z| s
=: Io1 + I,
say, and

Iy < / v(dz) //|x _1ds/ o(v
< /lzqu v(dzr) < oo
f = /|a:|>1 () //|w 1d5/ o
< |m|>1y(dx) {/1/|a:| slds/o (b(v)dv—i-/ooo ds /SOO ¢(v)dv}

= CQ/ (log|z| + Cs)v(dz) < 0o
|z|>1

since p1 € log(R?), where Cy, Cy, C3 > 0. This shows (3.3).
For (3.4), we have

[l [ o (g - ) e
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da(s)

< — d — — d
< '”'/0 sdafs) / S/Rﬁ(lﬂsxw 1+|x|2)”( ™)

=: I3 + Iy,

say, where

Bzl [ds [ o < oo,
hi= 2/: Jh o LT iemas ) e
<2 716t = as [ oo [ )

=2 [T [Cowar ([ [ ) e

=:2(Iy + Is2),

say. Here

o0 o) 3
I §/ 32—1ds/ gbvdv/ Ludx < 00,
41 0 | | i ( ) 2] <1 (1+‘$|2) ( )

|23 /OO s*+1 /
I < d d
“—Aw1ﬂw”x)01ﬂmps o(v

:/xbll'f';w”(dx)(/o o )1S+|+:3\2 /¢ v

and

|z |3 /1 s2+1 /
T < d
421—/|x|>11+|x|2”( D)) T ), O
3 1
S/ —|x| V(da:)/ —d
wj>1 1+ [z[? o 1+ |sz|?
</‘ o (mg/m 1
wj>1 1+ [z[? o 1412

|3 /°° s2+1 /
L0 = v(dx ——ds dv
/|x|>11+rx|2< V) Tsp® ) o
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< /|x|>1$lj(dx) /100(32+1)ds/:0 p(v)dv < 0.

Thus we have (3.4). This completes the proof of (“if” part) of (ii).
(“Only if” part.) Suppose fo t)dX, ) exists and let ¥ be its Lévy measure.

We have
/ v(dz) :/ dt/1{|a*(t)z>1}<x>y<dx)
|z|>1 0

= —/OOO da(S)/lﬂwl/s}(iv)V(dw)
:—/Rd v(dz) /1;0 da(s)
> 2/|x|>ly(dx) /1;0 s‘lds/:o 6(v)du

> / v(dz)(Cylog|z| + Cy),
|z|>1

for some C1,Cy > 0. Thus, p € L,g(R?). This completes the proof of (“only if” part)
of (ii). O

Proof of (iii). Recall that for p € Iog(RY)

C‘I‘(lt / C ze t ,

Cg(u)(z)—/o C,(zh*(s))ds.

Let p € Log(R?). We have, for z € R,

Clag)w (2) = /Cg /dt/ (h*(s)e "2)ds
gq>) M) / ng h* dS—/ ds/ C 7th* )

We claim that

/ dt/ I (h*(s)e z|ds—/ dt/ (ue™2)|d(u)du < oo. (3.9)

Note that G(p) is symmetric and it is unchanged even if we replace p by f(B) =

and for u € I(RY),

271 (uw(B) + u(—B)). (See [MR02].) Hence, without loss of generality, we assume p is
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symmetric. Thus to show (3.9), it is enough to show that

/ dt/ (ue™"2)|¢(u)du < oco. (3.10)

The proof of (3.10) is as follows. The idea is from Barndorff-Nielsen et al. [BMS06].
If the generating triplet of u is (A, v, ), then

Cu2) < 2 A + el + [ Lol lutde),

where
g(z,a) = €7 — 1= i(z,0)(1+]a])

Hence
|Culue™2)] < 27 (trA)u’e™ 2" + |y|ule ]| + /Rd l9(z, ue™"x)|v(dz)
+ g lg(ue™" 2, ) — g(z,ue ") |v(dx) = Jy + Jo + J3 + Jy,
say. The finiteness of [ dt [[°(J1 + Jo)¢(u)du is trivial.
Noting that |g(z,z)| < C.|z[*(1 + |z|?)~! with a positive constant C, depending

on z, we have

/0 dt /0 Js(w)du o
<c. /Rdu(dx) /Ooo dt/o \ue:xF (1+ Juetal?) ™ $(u)du
=C, /R v(ds) /0 Oo o (u)du /0 u|x\luetx|2 (1 + [ue"a|?) ™" at
~C, Rdu(d:c)/o qﬁfou)du/o s(1+5%) " ds
:2_1CZ/Rd1/(dx)/0 ¢(u)log (1 + u?|z|?) du

= Kg

say. Since log(1 +v) < C(vlg(v) + (logv)l(a,)(v)) for v > 0 for an absolute

constant C', we have
V2/|z|
K §2_IC’C’z/ |a:|2u(dx)/ o (u)uldu
R 0

+CC, /Rd v(dz) /\Z/'I o(u)(logu + log |z|)du
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which is finite since [, |2[*v(dz) < oo and [, _,log|z[v(dz) < oo. say.
As to [77dt [ Jup(u)du < oo, note that for a > 0,

l9(az, @) — g(z, az)| = [{az, 2)||[*]1 — a*|(1 + |2[*) (1 + alz[*) ™
< lellzPa(l +a®) (1 + [2]*) 7' (1 + al2*) "

Then

%s) 3 o] —t 3,—3t
/ Judt <)z [ 2 I/(d:c)/ ue_rue gy
0 Rdl |$‘2 o 1+uPe [z
2

uel gyl = 4 03|23
=|z| 2V 5 dv
1+! \ 0 (1+v?)v
v

<27 — v(d —d
e '/ 1+rx\2 D ) TR x)/o e

=1 Jy + Jao,

say. Then fooo Jyo(u)du < oo is evident and

00 ’02 00

1 [e.e]

< —v(d 21 d

<lel [ ) / 06(v/Ja])dv
2

S 2—1|2| ’ ‘

we 1+ |z (dx)/o yo(y)dy < oo.

This completes the proof of (3.10). Thus

Clag) () (2 /dt/ Cu(ze7"h*(s))ds
/dt/ (ze~0)dh(v)
/dt/ (ze~0)20(v)dv
:2/¢ /C’zev
:/¢dv/ (zs)sds
=2, Gl [ ot

where the change of the order of integrals is assured by (3.9) and (3.10). Thus we

have

Clag)n( / C,(zs)da(s
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and hence
o

Crag)n(2) = i Cu(za™(t))dt.

We have the form of v as follows by (3.6).

/ dt/Rd 1p(za* dz)
__ / da(s) / 1p(ws)(dz)
- /OOO v(s™'B)s'ds /:O ¢(v)dv

This concludes the proof of (iii). O

Proof of (iv). We first show that the radial component of the Lévy measure of ($G)(u)
satisfies (3.1). We have

B) = oo (B) = [ vouo(e Bl

- / i / (d€) / Len(r€)ge (r2)dr,

where A is a probability measure appearing in the polar decomposition of v, and

ge(r?)dr is the radial component of v,. Then

5(B) = /S A(de) /0 " e (r)dr /0 (e tre)dt
= [ ) [ aetrrar [ aerya
= [ ) [ aternay / " gl

— /SA(dg) /OOO 15(y&)ve(dy),

ve(dy) = (yl /yoo gg(T2)d7“> dy.

This e satisfies [°(1 A y?)7¢(dy) < oco. For

where

/0 T A )P dy)

1 00 fe'e) )
:/ ydy/ gg(TQ)dr+/ y_ldy/ 95(7“2>d7“
0 y 1 Y
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1 r 00 1 e’} r
:/ gg(T2)dT’/ ydy+/ gg(T’2)d7‘/ ydr+/ gg(r2)dr/ Yy ldy < o0,
0 0 1 0 1 1

where the last integral is finite because v is the Lévy measure of a 1 € I1,g(RY). Put

o) - | " gl

1/2

We then have

T Gel) = —27 Vg,

Since g¢ and 212 are completely monotone, z~/ %2ge(z) is completely monotone.

Thus g¢ is completely monotone. Hence

Ve(dy) = ge(y*)y ' dy,

where g¢ is completely monotone. Thus the Lévy measure of j is that of (®G)(p) and
thus & belongs to the class M(R?). Thus M(R?) > G(L(R?)).
The last equality is a consequence of (i) and (iii). Namely, by (i),

G(liog(R7)) = G(R) N Liog (R).

Thus by (iii),

(3G (og(RY) = B(C(RYN g (RY)) = {c ( / ) a*(t)dx§“>) € (R N fsym<Rd>} .

It remains to show M (R?) # G(L(R?)). It is enough to show it for d = 1.

Consider a Lévy measure v(dr) = ¢(r)|r|~*dr. Then the corresponding infinitely
divisible distribution p belongs to M(R). Suppose p € G(L(R)). Then, by (iii), v
also satisfies

v(B) = /OOO vo(s tB)h(s)s 'ds,

where h(s) = [ ¢(z)dz and 1y is a symmetric Lévy measure. Consider B €

B((0, 50)). Then we have
V(B) = jga)/Q'IB(sx)bb(dx)h(s)s_lds
::AmzflﬂthfolmwM@.

Thus

v(dr) = ( /0 h h(m‘l)uo(dx)) rdr, > 0.
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By our assumption, for any r > 0,

o(r) = /000 h(raz=") vy(dz).
Let A > 0 and consider
%((b(r +h)—o(r)) = /000% (h((r +h)rt) — h(m;’l)) vo(dz). (3.11)
We have
\R((r + h)x™') — h(ra™)| = ¢((r + 0h)x™Hha ' < ¢(ra~ )ha™,

where 0 < # < 1. Thus we can interchange the limit as h — 0 and the integral in
(3.11), and we get

—rp(r) = — /Ooo d(re ot y(dr), for any r > 0.

Changing variable from 7 to r'/2, we get

P126(r1/2) = /00 $(r' 2z )z vy (dur).
0

The right hand side is completely monotone, but the left had side is not. This
contradicts our assumption that u € G(L(R)). The proof of (iv) is now completed. [J

3.5 More about the classes M(R) and G(L(R)) when
d=1

We first note that

G(LRY) = {n € Lyu(R?) : vu(B) = E[vo(Z7'B)], B € B[R\ {0}),  (3.12)
for the Lévy measure vy of g € L(RY)}.

This follows from Proposition 2.7 (v). When d = 1, we again mention that p is of
type G if and only if u = L£(V'/2Z) for some infinitely divisible nonnegative random
variable V' independent of the standard normal random variable Z. That is, p is
a variance mixture of normal distributions. The goal here is to characterize the
distribution of the random variance V' in the case of p € M(R). We begin with the

following.
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Proposition 3.11. € G(L(R)) if and only if p = L(VY2Z) with L(V) € L(R).

Proof. (“Only if” part.) Suppose u € G(L(R)). Since p € G(R), there exists V' such
that u = L£(V'/2Z) and L(V) € I(R,). Also from (3.12), there exists a Lévy measure
vp of an element in L(R) such that v,(B) = E[vy(Z ' B)]. It is known ([MRO1]) that

for every x > 0,
vo([r,00)) = 27wy (22, 00)). (3.13)

Since v is the Lévy measure of some g € L(R),
vo(dr) = ko(x)z*dz, v >0, (3.14)

for some nonincreasing function ky. It follows from (3.13) and (3.14) that

/ ko(y)y 'dy = 21/ v (dy), x> 0.

2

By the change of variables u = y? on the left hand side above, we have

2_1/ ko(u?)u= du = 2_1/ vy(dy), x> 0.
x2 x2

Thus, we have
vy (dy) = ki(y)y ™' dy,

where ki1 (y) = ko(y'/?) is nonincreasing. Hence £(V') € L(R,).
(“If” part.) Suppose u = L(VY2Z) and L(V) € L(R;). Then there exits a

nonincreasing function ki (y) such that

vy (dy) = ki(y)y ' dy.

Then by (3.13),
/ vo(dy) =27 /2 ki(y)y ' dy
:/ ky(u?)utdu, = > 0.

Thus, vy(dy) = ko(y)y'dy, where ko(y) = ki(y?) is nonincreasing. Hence 14 is the
Lévy measure of some pg € L(R). Since v,(B) = Elvg(Z ! B)], where vy is defined
by (3.13) from vy, we have p € G(L(R)). This completes the proof. O

We have the following.
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Theorem 3.12. ;€ M(R) if and only if p = L(VY/2Z), where L(V) € I(R,) has

an absolutely continuous Lévy measure vy of the form
vy (dr) = €(r)r~tdr, r>0. (3.15)

The function £ is given by

l(r) = /oo(x —7)"V2 p(dz), (3.16)

where p is a measure on (0,00) satisfying the integrability condition

1 00
/ 2% p(dx) + / (1+1logz)z™? p(dz) < oco. (3.17)
0 1

Proof. (i) (“Only if” part.) Suppose p € M(R). Since M(R) C G(R), we have
p=LVY2Z) for some V € I(R,). Thus, we get for z € R,

E [eile/zZi| _ B [e’VZQ/ﬂ

= exp {—2_1Az2 + / (V%2 — 1) yv(dv)}
0

_l’_

— exp {—2—1,422 + /0 h vy (dv) / h (""" — 1)¢(u) du }

+

= exp {—2_1A22 +/ (e — da:/ (v Y2z Vv(dv)}

where A > 0. Therefore, the Lévy measure v, of p is of the form

( / pv 2 yv(dv)) dz. (3.18)

By the definition, p € M(R) if and only if v,(dz) = || *g(2?)dz, where g is com-

pletely monotone. Thus, by Proposition 1.10, g can be written as

g(r) = /o e_ry/QQ(dy), r >0,

for some measure @ on (0,00). By (3.18), we get

/ oo 2a)o ™2y (dv) = J2] " g(a?). (3.19)

Since

_1/2 (27’(’) 1/2 /OO e—rw/2w—1/2 dw, r> 07
0
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we obtain

g = (2 [ [ e ugay)
(2m) 1/2/ Q(dy) / e "2 (u —y) Y2 du
—Cm [ e [ Q)
Taking z = r1/2 > 0 in (3.19), we get

(27?)_1/2 /0:0 e T2y =1/2 vy (dv) = (27r)_1/2 /000 e T2 dy /Ou(u—y)_l/2 Q(dy). (3.20)

Let
plda) = —2'2Q(d(z™")).
Then ¢(r) in (3.16) becomes

(- | Yo =) PO Y)

= / (y ' =) Py 2Q(dy)
0

- / 1=y Q)

=12 / (r' =) ?Q(dy).
0

Thus by (3.20),

/ efr/2vvfl/2 Vv(dv) _ / efru/2u71/2€<ufl) du
0 0

_l’_

or

/ ey V2 yy (dv) = / e 320(v) dv, T > 0.
0 0

+
Therefore

v 2 vy (dv) = v 732 0(v) dv, v >0,

which yields (3.15).
The integrability condition (3.17) for p is obtained from the fact that

oo>/R(x2/\1)1/u(dx):/R(|x]/\|x\_1)g(x2)dx.
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For, this yields that

1 ] e (o]
/ xdx/ eV Q(dy) < co and / :cld:c/ e~V Q(dy) < oo,
0 0 1

0

and hence
/ [y_l(l —e V) 4 2_1/ utemw/? du} Q(dy) < oc.
0 y

It is obvious that the above condition is equivalent to

/0 (1 +logy™)Q(dy) + / T yQUdy) < oo (3.21)

1

On the other hand,

[t == [ a0y = [T o)

and

/1 (14 loga)r 2 p(da) = — / (14 log1)QUd(x ™) = / (1 + logy ) Q(dy).

Thus, we get (3.17) from (3.21). The (“only if” part) is thus proved.

(ii) (“If* part.) Suppose pu = L(V/2Z) and the Lévy measure vy of V satisfies
(3.15)(3.17).

We first claim that the integrability condition (3.17) implies that vy is really a
Lévy measure on (0,00) of a positive infinitely divisible random variable, namely it

satisfies -
/ (r A Dy (dr) < oc. (3.22)
0
We have

/OOO(M Do (dr) = /01 rop(dr) + /100 v (dr).

As to the first integral, we have

/01 rvy(dr) = /Olﬁ(r)dr = /01 dr /Too(x — )" Y2p(dz)
= /01 p(dz) /Ox(x — )" dr + /100 p(dz) /Ol(a; — )2y

= 2/0 2% p(dx) + 2/100 (2% — (z = 1)*?) p(dx)
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1 oo
< 2/ 22 p(dx) + C’/ 72 p(dx),
0 1

where C' > 0 is a constant. Next, as to the second integral,

/1 o (dr) — /1 )
:[mr—ldr[m(x— r) 2 p(d)
= /100 p(dx) /f e — )V 2dr

— /OO 207 log(z'? + (z — 1)"/?)p(dz).

1

Therefore, (3.17) implies (3.22). Furthermore, as we have already seen, v, is expressed

as in (3.18). So, to complete the proof, it is enough to show that when we put

- / T b Py Py (do),

then g(r) is completely monotone on (0, 00). However, for that, it is enough to follow
the proof of the (“only if” part) from the bottom to the top. This concludes the
proof. O]

Example 3.13. Suppose that the measure p in Theorem 3.12 has the density and
for some 0 < @ < 1,
pldr) = 27> 2dx.

This p satisfies the integrability condition (3.17). Then ¢(r) in (3.16) turns out to be
lr)=Kr™®, where K = / )Ty 20y < oo

Thus, vy in (3.15) is the Lévy measure of a positive a-stable distribution, and thus
1€ G(LR)) S M(R).

Example 3.14. (Another example of p such that p € M(R) but u ¢ G(L(R)).) Let
p in (3.16) satisfy (3.17) and that

p([r1,7m9]) =0 for some 0 < r; < 1y < 00

and p((r2,00)) > 0. Then the resulting u belongs to M (R). However,

) = [ (o =) ptdn) = [ (o =) 2plda)

T1 r2

20



< /oo(x —19) " Y2p(dx) = £(ry).

T2

Thus ¢(r) is not a nonincreasing function so that £(V) ¢ L((0,00)). It follows from
Proposition 3.11 that u = L(VY/2Z) ¢ G(L(R)).
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Chapter 4

Nested subclasses of some subclass
of the class of type GG

selfdecomposable distributions on
R,

4.1 Nested subclasses of M (R?) and their Lévy mea-
sures

In this section, we construct nested subclasses of M(R?) as follows. Write My(R?) =
M(R?) and we call g¢(r) in (3.1) the g—function of v (or p).

We define nested subclasses of M (R?) in terms of their Lévy measures.

Definition 4.1 (The class My(R?)). For any k € N, define

My(RY) = {fi € Mo(R) :

v in (3.8) is the Lévy measure of some distribution in M;_;(R%)}.
Mo (R?) is defined by Mg, M (R9).

For characterizations, we need the following functions. Let ny(z) = ¢(x) and for
k=1,2,...,

= [ e "

Remark 4.2. (1) lim,_ o ne(2)z™! = 0o and lim, ., ni(z)z~! = 0.

(2) ni(x) can be written as follows;

= / B (uy)uy tduy
0
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00 0o k -1
/ ¢(U1€—1)U;§_11duk—1/ oz (HUZ> o (up)uy, duy,.
0 0 i=1

Then we have following.

Theorem 4.3 (A representation of the Lévy measures of up € My(R%)). Let uy, €
Iym(RY), k =1,2,..., and denote its Lévy measure by vy,. Then, ux € M(R?) if and
only if

v(B) = / vo(u= B (w)u~"du, B € By(R%) (4.2)
0
where vy is the Lévy measure of some pg € My(R?).

Proof. (i) (“Only if” part.) Let k = 1 and suppose p; € M;(R?). Then, by the
definition

n(B) = /000 vo(u™'B)é(u)u du

for some Lévy measure v, whose distribution is in My(RY). We are going to show
the assertion by the induction. Suppose that the assertion is true for some k£ € N.

Namely, suppose the Lévy measure v, of uy, € My (R?) is given by

vp(B) = /000 vo(u™ B)np—1 (u)u™ du.

Suppose fig11 € Miy1(RY) and denote its Lévy measure by v, 1. Then,
Vi1 (B) = /000 ve(u™'B)p(u)u~'du  (by the definition of Mj1(R?)) (4.3)
= /00 d(u)u " du /OO vo(u o™ B)n_1 (v)v ™ dv
0 0
= [ mestwn e [ Bty
= [ttty [t

:Am%@lmm@wlw (by (4.1)). (4.4)

This shows the assertion is also true for k£ + 1.
(ii) (“If” part.) The assertion is true for & = 1. Namely, by the definition of
Ml (Rd)v if

n(B) = /000 vo(u™'B)é(u)u du
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for some vy, the Lévy measure of some po € My(R?), then p; whose Lévy measure is
v; belongs to M;(R?). Suppose that the assertion is true for some k € N and suppose
that ppi1 € Iym(RY) have the Lévy measure vyi1(B fo vo(u™ B)ny(u)u=tdu.
Then from the calculation from (4.3) to (4.4), we have

Veor(B / o (u)u~"du / vo(v= B (v)vd
_ /0 $(w)u vy (u~' B)du

and j with the Lévy measure v, belongs to M (RY) by the induction hypothesis.
Thus pps1 € Myy1(R?) follows from Definition 4.1. This completes the proof. O

The following is a characterization of the Lévy measures of distributions in

M (R?) in terms of the g—function of the Lévy measure.

Theorem 4.4. Let k € N. A iy, € Iiym(RY) belongs to My (R?) if and only if its Lévy

measure vy 1S either zero or it can be represented as

v(B) = /S A(de) /O ) gre (P2 Ydr, B € By(RY,

where gy ¢(1) is represented as

Ire(s) = / -1 (s'2y ) ge )y~ dy. (4.5)
0
Here ge(r) is measurable in & € S and completely monotone in r for \— a.e. &.

Proof. Recall from (1.5) and (3.1) that

w(B) = /S A(d) / T 1p(E)ge(r?)rdr

We see by Theorem 4.3 that j;, € My (RY) if and only if v}, is represented as
vp(B) = /OO vo(u™ B)n—1 (u)u " du
0
= [ mestwn e [ ) [ n€)ae7)
= [ ) [ atrer i [Tty Nt

= [ ) [ arOgnets®)ran

This completes the proof. O
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4.2 Characterizations of M, (R?), k € N, by stochas-
tic integrals

In this section, we characterize distributions in My (R?) by stochastic integral repre-
sentations. Let mg(2) = [ mp(u)u™du, 2 > 0. Since my(x) is strictly monotone, we

can define its inverse by mj(t), that is, t = my(x) if and only if x = mj(¢).

Lemma 4.5. For each k € N and |z| > 1, there exists C > 0 such that

o o K -
/ B (up)uy tduy - - / o(up)uy ' (H uz|m|) duy, < C(log|z|)*.  (4.6)
0 0 i=1

Proof. For the proof, we use induction argument. Let k = 1 and for |z| > 1, we have

/0°° P(u)u"¢ (u | ™") du = </01 +/100) s(w)u"d(u x| du

||
< [ stw/lelyw ¢(w)dw + C
0

< (/01+/1xl> w¢(w™)dw + C

||
< C+/ wldw + C
1

< Cloglz| + C,

where and in what follows C' will denote an absolute positive constant which may be
different from one to another.

Next suppose the statement is true for some k£ > 1 and show it is also true for
k+ 1. We have, for |z| > 1,

ket
/ d(ur)uy ' duy - - / O(Upr1) Uy 11 @ (H Uz|$!> dug4q

:/ B (uy)uy tduy - / ¢(uk)u,:1duk
0 0
1 0o k+1
(/ +/ ) (U1 Uk+1¢ (H Uz|$|> du1
0 1

::H1+H2a
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say. Here

H1 :/ gb(ul)ul_ldul
0

z d ; q
4 o(u)u W[mmwﬁb<n“m0 o(y)y~dy

=1

00 oo 1/Hf=1 u; 9)
/ o (uy)uy tduy - - / o(ur)uy, duy, </ +/ ) é(y)y dy
0 0 1/ TTE wile| 1/ TTE w

S/O B(uy)uy  duy

IN

/Hz 1 Ui

() k -1
ot dno | ([Tulel ) J1ogs| 0" we
0 P y=1/ TTiz, wile]
§10g|$|/ dur)uy  duy - / S(ur)uy; ' ¢ (H Uz‘|17|> dugr +C
0 0 i=1

<C(log |z])**" + C,

since (4.6) is supposed. And

00 oo 1 F B
H, :/0 cb(m)ufldm-“/o ¢(Uk:)u1;1duk/0 oy (gui|$|> yo(y~)dy
1

§/ C(logy x|yt é(y)dy (since (4.6) is supposed)
0

. k
:/ C(log |z|w)*w ™ ¢(w)dw < CZ(log |z])!
1 i=0

This shows the statement is true for k£ + 1. This completes the proof. n

Theorem 4.6. For each k € N, the stochastic integral

/ mi(t)dX "
0

Proof. For the proof, we use Lemma 3.3 again. It is enough to show that f(t) = mj(t)
satisfies (3.2) — (3.4) in Lemma 3.3 for every p € I, 5+1(R?). Note that my,(40) = oo

and my(co) = 0. Since

/ mi(t)?dt = / s*nr(s)s™tds
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:/Om¢(ul)u;1dul.../Ooogb(uk)u,;lduk/ow s (s (ﬁu) 1) ds

:/w¢(u1)uldU1'../oo P /my(b(y)dy:(Zﬂ-)_(k-H)/Q<Oo7
0 0

0

we have (3. 2)

As to (3.3), we have

/ dt/ (jm ()2 A ) (de) = / dmi(s / (522 A D)w(dz)
Rd Rd
:/ nk(s)s’lds (/ |3x\2 dx) —i—/ > =1+ I,
0 |z|<1/s \:v|>1/s

/|
L = |x|2y(da:)/ snk(s)ds
0

]Rd

1/]=|
= (/ +/ > ]:c|2y(dx)/ snk(s)ds =: Ity + g,
lz|<1 lz|>1 0
say, and

I < / 2P (de) / smu(s)ds < oo,
<1 0

0 00 1/|z|
1o Z/x>1 |$|2V(d95)/0 ¢(U1)U1dul"'/0 Cb(uk)“kd“k/o o (y)ydy

1/]x|
— (2m) 7 /| | Jolviaz) / b(y)ydy

_ (2m) 412 /| BECCEER /  p(wle " wdw

< (2m)7H? /| . v(dr) < oo

say. Here

Also,

= /Rd ) //wl </Ifc<1 A>1) ) //Iw mle)o"da = In + I

say. As to I1, we have

Iy S/ v(dr) / ¢(ur)uy duy -- / Slur )y, duy, (Hu,) / s
|lz|<1 1/l

o7



<C lz|*v(dz) < oo.

|lz|<1

And

Iy :Ax v(dx) /000 d(up)uy tdu
- - k !
/ o(up)uy *duy, /1/96' ¢ (s (H uz|x|> ) s lds

- -1 ~ -1 ~ -1
/u ) / o(ur)uy ' du /0 ()i /MH%Wwy)y dy

/w>1 v(dx) / o(uq)uy Ldu
/Tl wi oo
td 14
/ O(up)uy, duy, </1/Hfluix|2 +/1/H§1ui> o(y)y dy
§/|x>1 V(d:r;)/o B (uy)uy tdu
0o k -1 I/Hk w k
~1 2 =1
../0 dlup)u, | ¢ (Eulla}\ ) logy S/ TTE +gui duy,
:/ v(dx)
|z|>1
[e) 00 k -1
<1ogx2 | otuutdu - [ otuus ((H uiw) ) du +c)
0 0 iy

S/ (C(log |z[*)**' + C) v(dz) (by Lemma 4.5)
|z|>1

< /|x>1 (C(log |z)* + C) v(dz) <

For (3.4), we have

o

mi (b)Y + mi(t) /R:z: (O + Imi@a) " = (14 122) ) vlda)| at

ol [ s (o)

e L = ) )

dmk(s) =: I3+ Iy,
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say, where
Bzhl [ m(s)ds < o
1= [T atsgas| [ ((alaP1st = 1) (0 s+ o)) )
< 1 = e [ o (1 a0+ o) o)
= [ 1 = o)

0

(/Irlél +L>1> ol (1 [sxP)(1 + |x|2))*1 v(de) =: In + Ly,

say. Here

Iy < / |s2 — 1|77k(s)ds/ |:zc|3 (1 + |x|2)71 v(dr) < oo,

0 |z|<1

and
Iy < /x|>1 z® (1+ \:U]2)_1 v(dx) /OOO (s*+1) (1+ \s:c]Q)_l ni(s)ds
-/ el () vt
(/01 + /100) (s> +1) (1+ |sz) " ne(s)ds =: Loy + Lo,

say. Furthermore,
1
Fon= [ o (o) vlde) [ (54 2) (04 Jsaf) (o)
|z|>1 0
:/ lz® (1 + \:U]Q)_l v(dzx)
|z|>1
1/]] 1 , -
/ +/ (s +1) (14 [sz) " m(s)ds =: Lign + Lazna,
0 1/|=|

say. We have
1/|z|
I4011 g/ ]x\l/(da:)/ Nk (s)ds
|z|>1 0
00 00 1/|x|
— [ faltde) [ otudun- [ dwundu [ oty
|z|>1 0 0 0
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1/lal
— (27) /K xlv(dx d

(2n) /WH()/O o(y)dy

= (2m)"¥/* zlv(dz) |z} wlx|)dw o) "2k v(dz 0,
(2n) /|m|>1"”"/0¢<"> <(n 2t [ ) <

z|>1
and
! -1
Lio1n < / V(dI)/ (|sa:|(32 + 1)) (1 + |sx|2) nk(s)s 'ds
|z|>1 1/lz|
1
< / I/(dI)/ nk(s)s tds
|z|>1 /2|
< / I/(dx)/ ne(s)s tds = Iy < .
ja]>1 1/]al
Also
Lygy = / P (1 + |2?) ™ V(dx)/ (> +1) (1+ |sz) " nels)ds
|z[>1 1
g/ mMupﬂ2mm/(§Hm@@<m
|z[>1 1
Thus we have (3.4). This completes the proof. O

Let Ml :Ml = M.

Definition 4.7. Let k£ € N. Define the mapping M., by

M) = £ ([ mi0ax) . e @)
0

and M**! be the (k+1) times iteration of M. That is, M**1(;1) can be defined with
MEF () = M(MPF () if and only if M*(p) is defined and belongs to g (RY).

Theorem 4.8. For k € N,
Mi(R?) = M(My_(RY) 1 g (RY)).

Proof. The proof is almost the same as that of Theorem 3.5 (i) in Chapter 3. Let
pr—1 € My_1(RY) N Do (RY) and py, = M(pg—1). Also let v and vy be the Lévy
measures of p_1 and g, respectively. Then by Theorem 3.5, we have vi(B) =

Jo- vk—1(s7'B)¢(s)sds. Thus py € My (R?) by the definition 4.1, and M (Mj_1 (R?)N

Tog(R)) C My (RY).
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Conversely, suppose that p;, € M(R?). Then by the definition of M;(R?) and

Theorem 3.5 again, we see that py, = £ (fo dX(“ ) for some p € My_1(R%) N
Log(R?). This means that py, € M(Mj_;(R? )ﬂ]log(]Rd)), and M, (R?) € M(Mj_1(RY)N
Log(R?)), completing the proof. O

Corollary 4.9. For k € N,
Mi(RY) = M* ! (Iggers (RY) N Loy (RY).
We next show
Theorem 4.10. For k € N
M1 (hog(RY)) = MM (L1 (RY)).

Proof. We note that i € My (fze+1(R?)) if and only if

i=rL ( / m;(t)dxt(“)) . € L (RY)
0

and that 7 € M*!(1 k1 (R?)) if and only if

i=c([Tmrmax),

where 1 € Iog(R?) and has the Lévy measure vg_; of the form in (4.2).
We next claim that, for any p € Iy k1 (R?),

/ o(u 1du/ |, (wv2) [ng—1 (v)v ' dv < 00, 2 € RY (4.7)

If it would be proved, we could exchange the order of the integrals in the calculation

of cumulants below.
The proof of (4.7) is as follows. The idea is from Barndorff-Nielsen et al. [BMS06].
If the generating triplet of u is (A, v, ), then

Cu2) <27 @A) + Bllzl + [ otz o),

where
g(z,7) = 0 — 1 =iz 2)(1 + Jof?)

Hence

|Cpu(uvz)| S2‘1(trA)u2v2|Z|2+W||UHUHZ|+/ |9(z, uvx)|v(dz)
Rd
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+ lg(uwvz, z) — g(z,uwvz)|v(de) =: Jy + Jo + J3 + Jy,
Rd

say. The finiteness of [[° ¢(u)u=tdu [7°(Jy + J2)ne—1(v)v~dv is easily to be shown
by the same calculation as in the proof of Theorem 4.6.
Noting that |g(z,z)| < C.|z|*(1 + |z|?)~! with a positive constant C, depending

on z, we have
/ qu(u)u_ldu/ Jsme—1(v)v " dv
0 0

< C, V(dx)/ ¢(u)u_1du/ luvz|? (1 + |uvx!2)_1 ne_1(v)v  dv
R¢ 0 0

= Cz/ y(dx)/ |sz? (14 |sz]?) ™" me(s)s ' ds
Rd 0

=C, (/ v(dzx) +/ V(dx)) / |sz|” (1 + |saz:|2)71 ne(s)s ds

lz|<1 |z|>1 0
=: J31 + J32,

say, and

Ji < C. / 2P u(da) / sme(s)ds < oo,
<1 0

1/|x| 9
J39 = C’z/ v(dx) (/ —|—/ ) |sz|* (1 + |sx|2)_1 ne(s)s ds
|z[>1 0 1/|z|

=: J391 + J390,

say. We have

1/]=|
Ja91 < 2_1/ \x!y(dx)/ e(s)ds < oo,
|z|>1 0

by the finiteness of 4917 in the proof of Theorem 4.6.
Also, we have the finiteness of J355 by Lemma 4.5.
As to Jy, note that for a > 0,

l9(az, @) — g(z, az)| = [{az, z)||z[*]1 — a*|(1 + |2[*) (1 + alz[*) ™
< lellzPa(l +a*) (1 + [2*) 7 (1 +alz[*) "

Then

/°° ¢(u)u™"du /OO Jamk—1(v)v ™ dv
0 0
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<Pl [ vt [ oupu

/ P un(1 4 a2 (1 + [22) (1 + w0 2l?) s ()0 d
0

o] [ ) [l 0 ) (0 o) () s

11 /| L /| |>1> vlds) [ el (1 )1+ o) i) s

=1 Jy + Jao,

say. Here

Jn < 2] IJEIZV(dw)/ 2| (1 + %) (14 |2*) 7 (1 + [s2[*)~Mpe(s)ds
0

|lz|<1

<27z |z|?v(dz) /000(1 +5%) (14 |sx]2)71 n(s)ds

lz|<1

< 2_1|z| |x|2y(dx)/ (1+ 82)77k(8)d8 < 00,
0

jz|<1

and

Jio = |7] |z]? (1 + |317|2)71 V(dx)/ (1 + 52) (1 + |s:v|2)71 Ne(8)ds < oo.
0

|z|>1
The finiteness of Jyo follows from that of I45 in the proof of Theorem 4.6.
This completes the proof of (4.7).

If we calculate the necessary cumulants, we have

ChMieia () (2 / Cu(mi(t
—— [ Cuam) = [ Cutumup
Copen g (2) = /0 " O (m* (1)2)dt = / dt / i (s)2)ds
_ / oodm( ) / C,y(wv=)dmy_ (v)
/ S(u)udu / C(wv=) 1 (0)0 " do
_/0 Cuu(y2)y 1dy/ o(yo ") mp—1(v)o " dv

= / Coulyz)me(y)y " dy = Cpprerr(y(2)-
0

This completes the proof of Theorem 4.10.
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The following is a goal of this section and a Mj—version of Theorem 3.5 (i).
Namely, any p € M, (RY) has the stochastic integral representation defined in Defini-
tion 4.7.

Theorem 4.11.
M (RY) = Mk+1(]10gk+1(Rd)) N Loy (RY).

Proof. The statement is an immediate consequence of Corollary 4.9 and Theorem
4.10. m

4.3 The classes M, (R?)
Theorem 4.12.
Mec(RY) S Sy (RY),
where Ssym(R?) is the class of all symmetric stable distributions on R

Proof. Let k > 1. When p, is Gaussian with zero mean and covariance matrix A,
suppose {X;} is a Gaussian Lévy process such that the covariance matrix of X is
i "A, where ¢, = ([ mj(t)*dt). Then we have

pa =L (/OOO m",;(t)dXt) € Mi(R%

for any k > 1. Hence p € M (R?).

When p is non-Gaussian a—stable with the Lévy measure v, we have

v(B) = / A(d€) / 1p(ré)r~ Ut dr = / A (d€) / 15(ré)cpr= U9 dr,
s 0 s 0
where
o = / mi (0%t and  Ap(d€) = o A(dE),
0

We also have

cpr(H) = —7’(1+a)/ u®dmy,_1(u) :7’1/ (ur™1)*np_1 (w)utdt

0 0

=T‘1/ nk—l(ry‘l)y‘“*“’dy:v’l/ me—1(ryg(y?)y 'dy,
0 0
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where

ols) =5,

which is completely monotone. Thus, by Theorem 4.4, cpr~1+%) can be regarded as
gre(r)r~t, implying that v is the Lévy measure of a distribution in My (R?). This is
true for all k, and thus u € M, (R?). O

4.4 More about the classes M (R) when d =1

In Chapter 3, we have characterized class My(R) in terms of V in V1/2Z as a vari-
ance mixture of normal distribution. We characterize the distribution of the random

variance V' in the case of u € Mi(R).

Theorem 4.13. Let k = 1,2,---. A necessary and sufficient condition for that
p € My(R) belongs to a smaller class Mi(R) is that

p(dz) = 271 (2ma) 2 { /O " )y - /0 T b(w)uydus s (48)

. k—1 -2
/ Olup—1)ui g | = (H Uz) duk1}d$7
0 i=1

where g(+) is completely monotone.

The proof is almost the same as that of Theorem 3.12 in Chapter 3.
Proof. (i) (“Only if” part.) Suppose p € My(R). Since Mi(R) C G(R), we have
p=L(V'2Z) for some V € I(R,). Thus, we get for z € R,

E [eizVI/QZ] =F [e_VZQ/Z] = exp {—2_1Az2 +/ (V%2 — 1) Vv(dv)}
0+

= exp {—2—1Az2 + /O h vy (dv) / h (" — 1)¢(u) du }

+ e’}

= exp {—2_1Az2 +/ (e — 1)da:/ (v~ V2202 vy (dv) } ,
—00 0+

o0

where A > 0. Therefore, the Lévy measure v of u is of the form

v(dz) = ( /0 f (v 2z)p™ 12 z/v(dv)) dz. (4.9)
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By Theorem 4.4, u € M (R) if and only if v(dz) = |z| *gr(2?)dx, where gy, is given
by (4.5). Since p € My(R), gx is completely monotone. By Proposition 1.10, it can

be written as

gr(r) = /000 e TY/? Q(dy), r >0,

for a measure @ on (0, c0) given by,

Q(dy) = (2m) /2 ( {/ d(ur)uy ' duy -- / P(ur—2) Uy ydug

/ Slur-1)ulrg |y~ (Hm) duk—l}d%
0 i=1

where ¢(-) is completely monotone.
By (4.9), we get

/ (= 22)0" 2 1y (dv) = |2~ gu(a?). (4.10)

Since -
P2 — (2#)1/2/ e "W/ 212 dw, 7 >0,
0

we obtain

—1/29 27T 1/2/ / r(w+y)/2,,—1/2 de(dy)
27T 1/2/ Q dy / e ru/2<u . y)71/2 du
= (2%)1/2/ eru/2du/ (u —1y)"Y2Q(dy).
0 0
Taking x = r'/2 > 0 in (4.10), we get
(2m)1/2 / /20012 1y () (4.11)
0+
=) [ e [ )2 Qlay),
0 0
Let

pldz) = —2'2Q(d(z™"))
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(: — 271 (27z)H? {/0 d(uy)uy tduy - - - /0 O (up—2)uytydug o (4.12)

00 k—1 -2
/ P(up—1)uz 19 | @ (H uz> dug_1 } dx) .
0 i—1

Then ¢(r) in (3.16) becomes
) == [T Q) = [ =0

= /0 (1 —yr)2Q(dy) = r—*/2 /0 (r ' —y) 2Q(dy).

Thus by (4.11),

/ e—T/QUU—1/2 VV(dU) _ / e—ru/2u—1/2£(u—1) du
0+ 0

or

/ eV 2y (dv) = / e 320 (v) dv, T > 0.
0+ 0

Therefore
v V2 (dv) = v (v) dv, v >0,

which yields (3.15).
The integrability condition (3.17) for @ is obtained from the fact that

oo>/R(x2/\l)V(dx):/R(|x|/\|x|_1)gk(x2)dx.

For, this yields that

1 00 0 o0
/ xdx/ e "2 Q(dy) < oo and / x_ldx/ e~ 2 Q(dy) < oo,
0 0 1 0

and hence
/ [y_l(l — eV ¢ 2_1/ utem? du} Q(dy) < oc.
0 y

It is obvious that the above condition is equivalent to

/0 (1 + logy™)Q(dy) + / T yQUdy) < . (4.13)
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On the other hand,

[t == [ s = [" o)

and

/100(1 +logx)x1/2 /OO (141logz)Q(d(z™)) = /0 (1+1logy HQ(dy)).

Thus, we get (3.17) from (4.13) and (4.8) by (4.12). The (“only if” part) is thus
proved.

(ii) (“If* part.) Suppose p = L(V/2Z) and the Lévy measure vy of V satisfies
(3.15)—(3.17).

We first claim that the integrability condition (3.17) implies that vy is really a
Lévy measure on (0,00) of a positive infinitely divisible random variable, namely it

satisfies

/Oo(r A Dy (dr) < oc. (4.14)

/Ooo(r A 1)vy (dr) = /01 roy(dr) + /IOO vy (dr).

As to the first integral, we have

/Olrz/v(dr):/ dr—/ dr/ ~2p(dx)
_ /0 o(dz) /0 (x — ) dr + /1 p(dz) /O @ =)

1 oo
= 2/ 22 p(dx) + 2/ (2% — (z = 1)'?) p(dx)
0 1
1 0
< 2/ 22 p(dz) + const. x / V2 p(dx)
0 1

9 /OlﬁQ(d(x—l)) — const. X /100Q(d($_1))

i 1
_ / l'_lQ(dx) + const. X / Q(dx).
. 0

We have

Next, as to the second integral,

/100 vy (dr) = /100 rH(r)dr = /100 rdr /Too(x —r)"M2p(dz)
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- /100 p(dx) /12 e —r)"V2dr = /100(10gx + const. )z p(dx)
=— /loo(loga: + const.)Q(d(z7h)) = /Ol(log o7 + const.)Q(dx).

Therefore, (3.17) implies (4.14). Furthermore, as we have already seen, v, is expressed

as in (4.9). So, to complete the proof, it is enough to show that when we put

aa®) = 1ol | T S a2y (d),
0

then gx(r) is as (4.5) in Theorem 4.4. However, for that, it is enough to follow the
proof of the (“only if” part) from the bottom to the top. This completes the proof. [
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