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1.1 �  
¡z¢ AW£6¤*¥�¦��X§�¨s©u<`ª�«N]�¬�­*j9�X®�¯�2u°�±W�`K�2�^��l²GQs<�80³[´�µu¶.·�¸
h�¹�µG¶�ºN]�hs»[¼N½�g¿¾l{%À!ÁÃÂu<?Ä0Å;»[ÆWA._�a��?Ç�K�8`È,É[Ê�Ë 1 ÌN¬N­*j

Ax = b, A ∈ Rn×n, x, b ∈ Rn (1.1)

��^ x �?²GQ(<sÍ(3`80A(<�Î
Ê�Ë 1 Ì�¬�­*j (1.1) �.^�hW³[´=Ï�Ð9Ñ�Ò�h�3�ÓNÔ�h�8�]0Õ¿Ö�ÂG<�Î;Ñ�Ò�h�80³p´s×WØDpÙ*Ú�h [49] A�ÛÝÜ(ÞCßà´*á0}�8�âuQ[ã0º;Ü�A�äpÂ;å�µu¶NæN�.á*}�8;:*ç.{%è�é�^��lÀ�<
Í(3#Ü0»Wê�<�Îë¾lìz¾#´%Ê�Ë 1 ÌN¬�­*j (1.1) ��Ì�í�Ü%Äîê.�z3pê%8*³p´0|�}�ï;Ü%ð�ÄW8
A;ç%�¿ßà´Wñ�òX�só�ô (0 »sÞsç%��3=Í=õpÜ�´ 0 »(A¿ö÷A(<`¥�¦ ) 8,:*ç.{=´�ø�|uA[§0ù�ú
ïz�Ý·�²(©u<sÍ(3X80A(<XÎîÍ.����Qp´�Ä�û�ü�_Nau°�±�80³.´�ÏNÐNÓ�Ô�h;Üpý���ÖXÂu<�Î*Ó
Ô�h43X³.´*þ�ÿ(���4I � x0 ìëÁ���� ¾l{�´=>�y=A���g*j�8;:�ç[{

lim
k→∞

xk = x

���u�%© xk ��	0Ì98�
N��¾l{=´ xk Ü��G��^ x 8�L���
��N]G8`k��N���W3=Í%õ.»%ÓNÔ������� ß ´ xk � x �Xk�m�^43#©u<?¬�hs»(Þ(<�Î
Ó�ÔNhG80³[´��0Ð�Ó�Ô0h43�����ÐNÓ�Ô�h(Ü(Þ(<�Î��0ÐNÓ0ÔNh43`³

xk+1 = Mxk + c

���,»��G��^ x 8 �"!s©u<`a xk ��
��s©u<l}�hG�GÍ�3#»(Þ�<�ÎëÍ�Í`»�´ M ³ n Ì9�$#�¬
_�as»sÞCßà´ c ³ n Ì(í���� I ��»sÞ�<�Î,�&%W¾Ã´ M 3 c ³ k 8$'&(�¾XA��%Î����0Ð�Ó�Ô
h43`³

xk+1 = Mxk + αkpk
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» xk ��
(�(©u<`}�hG�uÍ;3#»(Þ(<�Î pk ³ n Ì�í��+� I �(»sÞCß ´�,.-(���4Ià��30/$1�å
Â,<XÎ αk ³=D32�4=H%»�Þ�<XÎ pk 3 αk 35/.8XÓNÔ,æXK k 8�'"(�©u<XÎ��*Ð�Ó0Ô0h 376&8N{=´
���0Ð�Ó0Ô�hG³�Ó�Ôs©u<�9�8.´�:!¾`��;�<z��= ß?>(Âu<��%»*´��0ÐNÓ�ÔNhî:9ß /A@uA��[Ó
Ôuæ�Ku».k�m�^��l²9Q(<(Í(3#Ü�»Wê�<�Î
����Ð�Ó�Ô�h985B��*{=´=¥�CD��B�ENñÝvN]"FHG.hsÜ�I�J 3`A;ç�{��s<�ÎH��B�ENñÝv�]"F
G.h43X³[´�K�LîÁ÷Â;��_�a A ∈ Rn×n 3�þ�ÿ&M�ºs��� I � r0 ∈ Rn 8$N�¾?{�´+��B�E�ñÝv
]"F�G

Km(A, r0) = span{r0, Ar0, . . . , A
(m−1)r0} ´ m = 1, 2, . . . , n (1.2)

8 O;©G<`k�mN^ xm �l²WQs<`}�h;»;Þ(<.Î*Ç0K(_Na A Ü�N3P;ìNÉ5#.��2N_Na,»sÞs<�Q.R(´S�T"U"V h (CG h ) [22] ³W/=ç;3�/YX"ZW�$[,�.¬�h(»(Þ(<XÎz¾?ì�¾Ã´=Ç*KN_�a A Ü��3N&P
��3=ê%8�³p´ CG h9�u:�\`8[´0]_^;A 3 `+G���g0j,»H��B�E�ñlv�]3FHGN� #�ûGÑ�a3b3cî�
²GQ(<;Í�3#Ü�»9ê�d[´�e&���%A.¬NhG³�P0% �"fëÖXÂN{��NA��pÎÄ0Å3��N&Pu°.±W��Q�R�´g4sôihkj÷D�l�­ [27] 8�bm�4ö BiCG h [17] ( n S�T3U"V h ) 3o H_pX��wuò�l�­ [1] 8$bm�4ö GMRES (m) [42] h;Ü[¥�C"[ ö ý���ÖXÂu<XÎ

BiCG hu³.´�qu��8$n,Ñ$a(©G< 2 É����WB�E�ñÝvN]�FHG(�r
N��¾÷´ 2 É��isGA�< 3 `�G �
g*j,»���� I �,�0Ñ�a&t���usÉ%¬Nhs»(Þ�<XÎC¾?ìz¾Ã´�M0ºvpX��w0ÜpÐW8 x"@(©u<iu3ysÜ�A
���0Q%´�M0ºzp`�_w�����!;Ü�{&|�¾��Cß ´��*½4¾��¿ß�©u<sÍ(3ÝÜ(Þ�<�Î�M*º}p`��w����"!
��~"�&t���[ ö�©u<*�0QN8.´ ¡z¢ A��&�sÜp_.��ÂN{��s< [45, 40, 38] Î

BiCG hG�uÍ[���"���?^NÙs©u< o H_p`��w9ò�lN­98$bW�4ö GMRES hu³_��B�ENñÝv�]&F
G Km (A, r0) ìîÁ�´$M*º(���¿I �;� 2 p?�.w;�A�3�G8=A�<�:_\l8�´`kNm0^ xm �?|%}s©,<`Î
M*ºDp?�.wN�$x0@u³�u&y�Ö`Â0{N�(<`Î GMRES hu³�´$�0é*á�}s»�³�´`dN�9��8�� ¢ n æ0��Ó
Ôs»5�Né�^sÜ%À!ÁÃÂu<sÍ(3#Ü��JÁ÷ÂN{��;<�ÎC¾lìz¾#´ GMRES h(»(³���B�E�ñÝv�]"F�G��
#NûGÑ�a&b3cG³ o H_p`��wuò`h98;:*ç�{�|�}CÖXÂN{��s<��=»�´ CG hG�,:W\?8 ].^sA 3 `
G �0g�j;»p²uQ�<(Í�3#Ü0»Gê.A*�pÎ�Í��0�*Q[´��WB�E�ñ#vN]"F�G��XÌ�í�Ü���L(<�8���çX{=´
#NûGÑ�a&b3cG�.|*}�93G�3��0·�3?A(<X§�ùNú*ï;Ü���Äs©u<�Î GMERS h���e���P�PX|�}��
8XL��;©,<���³�Lm�0�0�m�.�$Q�R;Ü5�W�5�5�3�+���"�0�3���&�"�3 ����v¡ ¢�£�¤¦¥�§©¨7ª«5¬®­°¯�±

GMRES (m) ²D¢�³��_´mµ�¶r·5�W���
¨Aª «�¬¸­°¯+± GMRES (m) ²H� m ¹�º3»©¥�§"�"���¼¥ ½�¾.¿3À xm ¢�Ág½&��Â3ÃmÄÅ ­°Æ ¶0¥Y�k¨7ª «�¬¼­ ¥Y��Ç3ÈWÉ�Ê&ËD¢�ÌÎÍÏ� Å ¨�Ð&ÑrÒ�Ó�Ô�Õ ±iÖ�×"Ø.Ù ¢ m Ú$ÛmÜ

¥$½�µ_¶�ÚmÝ�Þ §��mÉ Ê3Ë ±mß ª ­ ��à.ázâ�ã�´$� GMRES ²k¶Yä3å�§0�¼¨Yª «5¬®­çæg±
GMRES (m) ²W�$�0�� ���·�èm�zé�§0ê3ë���ì&³�í��$î�ï+¢AðHÞ�§&�.´��m¥Añg¥7�+¨�ª «�¬­ ¢�Ì¼Í�µ_¶A·5òHó�ô���¾3¿&Àg¢�õ"ö�êW´�÷0ø�Ì"ù A

±"ú�û Ä Å ­üÆm± ý0þ ·�ÿ��&ã�´�µ
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¶r·���´��zµ ± ½��5�
	
�
� Æ���±��
� ·����k¥A�����H�������3Õ�� ô ��� ¥��"�Hµ_¶��
�.´$��	���� Æ��.± �
� �}¨ ª «5¬®­"! Ã m Ú$#�%¦¥A� GMRES ² ± ÝWÍiÚ��'&
( n ¹ ±
º"».ô ��� êW´*)�+�·��0��� ,�-HÚg¨ ª «�¬¼­.! Ã m ��/ ¬ 0m±$1
2 Ú.Ý�Þ�§�3��54 ãW´��
¨ ª « ¬k­6! Ã�¢73�83ê�´&â�9
:�9�;$<�=�·$Ì���ã0§"�3´��?>'@A4 [14] � GMRES (m) ²± 	��B� Æ��.±��
� ê�´�ò
Cz¢D	��3�
E�F ±�G Ðiï&ÓIH ±$J ï_ñK4r£�LÎ¥Y�¼¨7ª «5¬ ­M!

ÃD¢ONQP+í�Ú RO��´TS3²g¢*U�V©¥�§��_´$�vµ ± S3²����
	
���
E�F ±�G Ð�ïD¢DWIX�Y�Z\[
ô];�´�åÎé_^5`�âTa�;"��µ�¶rô0��b
c ± CIdgí�; G Ðiï��fe\9�g?÷�ø�Ì3ù ±"ú ûIh�± ÓIH
Ú�ij;�´$kml�n ¢T&j��´�µW¶5¢$o.ì í�;Bprq®¶�¥i§m��´��vµ ± S�²Wô®¨rª «�¬ ­ ±ts�u
¢�êH´"Ú3��� GMRES(m) ² ± 	I�fv�EfF ± ÷"ø_� G Ð�ï ± ÓfHm·�^
`5ôw�_´�ñ ¡.ÍAñ ±x]y s 8v¢$�0�WêH´$z
{�·w�.´�|}9�½���~]��4 [31, 32] � @I��4 [13, 39] ·�UIV¼¥�§]�W´
ORTHOMIN(k) ² ± �f�gí�; ¨Yª «�¬®­ S3² ± £I��Ú$���]��§0� GMRES(m) ² ±��'�&¯±

1 e3ô���´ DEFLATED-GMERS(m,k) ² ± ¨Aª «0¬ ­�! Ãv¢$PDí"Ú���g����m´i�.²z¢
UIV¼¥�§��m´ |}µ ± ��²H�5�5��� DEFLATED-GMERS(m,k) ²z¢��m�¦¨Yª «�¬¸­�! ÃWô
º&»zâ$a��
	��
� Æw�.± �
� ·'�I�¦¥$½g¶t�5Ú ± ë5�¼¨7ª «�¬®­M! ÃD¢D�&ËzâTa�´�|�	��
� Æ���± �
�H± ��� s 8
���H� 	��_Ä Å ­°Æ ¶?�f��Ä Å ­°Æ�± ;�ê��&Èmôt�I8zâ�ã�´ |Dâ
4iÚ �'�&Ò�4 [21] � 	
�B� Æ]�.± á&è ±T�]� Ú�����§0�©¨7ª «�¬ ­"! Ã ±�h ¢���á}âDa�´
S3²D¢�U�V©¥�§f�_´ | I¡�¢ ô.���
[���S&²k¶¤£+Þ�§5� ÷0ø3Ì"ù ± ¾3¿ úiû�h ô]��´ Ritz

h ¶?¥�¦ Ritz
h ¶?	

�B� Æw�_±���� ¶ ±f§ ÷+Ú�¨©p&¥�§�� GMRES(m) ² ± ���Dí
; ¨Yª «�¬ ­ S�²z¢�UIV�ê
´�|�U�VWê�´DS3²���� Ritz

h ¶ª¥�¦ Ritz
hH± �m· × �'«5ã�¬�� GMRES(m) ² ± 	��B� Æ�.±���� ·t­ ér;_´T®\¯0·���´�¶�£I�5���f�gí�Úz¨Yª «5¬®­ ¢iÌ¼Í°|¼¨7ª «5¬®­ ±Ts�u ¢

Ì¼Í�½�� ± Ritz
h ¶ª¥�¦ Ritz

h � ±O� ß ª ­ ô��0�Wô��i�0ì�²k¥A�.ê]�$��²_ô���´�|
90½��'F (1.1) Ú GMRES (m) ²v¢5É�³��.³�ê�´�¶7��ì.³w[���´ ± ÀHÚTµ3ÓHÚi¾��]��½

¾�¿&Àg¢D¶��.´�9�ô ± º3»W¹$øm·'· × Ú
;_´�µ�¶r·]�.´�|Dµ ± ½���� GMRES (m) ²v¢*�
³&êm´D¸mÚ ��Ì�ù ± ¸�¹�Cg¢�Ì©Í�S"².· � é_ºf�"ã"§��.´T|�Ì�ù ± ¸�¹�C�Ú�Ý�Þ�§5��¾&¿�À
·t¶O�.´
9$ô ± º"»m¹iøv¢ ×�» Úiá"èDâDaW´.µ.¶7·�ô��5´$|�Ì"ù ± ¸�¹�CÎ¶����*F (1.1) Ú¼ êH´ Ø F ± ÝHÍT;�Ì.ù��f½ ¢$Ì¸Í�µm¶�ôO�_´t|�êO;��j¾��"Ì�ù M ∈ Rn×n ¢$�&�Î¥��
F (1.1)

± ÷"ø�Ì&ù A
±�¿IÀ ñK4ÂÁj«5§







AMy = b

x = My

��¥Wér� Ã À ñK4¤Á5«5§��
MAx = Mb
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± ÝmÍ�Úi÷0ø3Ì"ù ± ��½v¢_¥�§�¾3¿0Àg¢����_êW´*S&²�ô]��´$|t¸�¹�C&Ì"ù M ��� AM · A

Ý�g xIy øm·�Ävâ ��ÝmÍ�;\� ± ¢�Å\Æ�|�,�-gí0Ú ÇÎÍ0¶ � AM ·�È�É"Ì&ù In Ú�¾\�IÊDÍ7·Ë 9m¥D��|�9�½�� AM
±�ú$û�h ·�ò"ï�ñB4�Ì_ã�½�Í�ôtÎ_·m´*Ï � Ú�� � � ��� ·�Ð©47ãW´$|

µ ± Ý_Í�; Ävâ � xIy øÎ¶ � � ú$û�h Ó�H ± Ê5ñ5�t¸�¹�C3Ì"ù M ·�ÑIÈmÚT¶\�54 ãW´�µ.¶
¶ª±O� ß ª ­ ô�ì�²Wô}��´_µ�¶���z
{ xfy ± 1 e&ôw�.´$|
¸�¹�C3Ì�ù M

± Å�Ò+Ú�eI�0§�� o�Ó�ô.��Ôm(�; Õ"²�·�U�V}âiã&§���´�·���ÖI×���É$³3²
ñK4ÂÐØ47ãm½$÷�ø3Ì&ù A

± ¾3¿ LU Ó"À+ÚT���ké¤¸�¹
Cmô���´ |�ÙO�]¬ ILU Ó&Àg¢���Ú�´
µ_¶�·3ôj��´ [10] | ILU Ó&À¼¶$�5��÷"ø�Ì3ù A ¢'ÛtÜ]��Ì3ù L ¶�[�Üw�3Ì�ù U

±tÝ Ú$¾
¿&Ó&Àk¥A� (LU)−1 ¢$¸
¹
C.Ì&ù M Ú�ê�´�¸
¹
C�Þ.²_ô��.´�| µ ± Ï � ��ß�à 1

Ø Õ�á�F
LUv = u ¢�À¼é$µ�¶�Ú_Ý�Þ�§5��¸�¹�C3Ì�ù M = (LU)−1 ¶�Ä Å ­ Æ u ¶ ±�Ý v ¢�¶O�.´.µ
¶�Ú
;_´�|�Ì&ù L ¶ U �$Ü]�&Ì&ù\; ± ô0�
Õ�á
F LUv = u ¢�¸�âfã�ä©¶æå
çfã�ä_ô�Õ'È
Ú$À}«.´�| ¥�ñv¥A� ILU Ó&À�ÚmÝ�´iÌ3ù ± ¸
¹
Cg��è"ù&Ë¦¥$Ú éQ�v¶QÇ©Í¤é�ï_·��.´ |}9
½���÷"ø3Ì&ù ±$êOG Ð�{fX ± ÓIH_·�ë
�Iì ± Ï � � ß ª ­ ·�& ér;�´_µ_¶'���.´�|
è"ù&��� ± í
î ô�����÷�ø�Ì"ù A

± ë�ï�ð3Ì3ù&Ó"À ± ã]�ØgrÚ�� A
± ¾3¿
ñ�Ì"ùv¢*¶��

´�¸
¹�C�S3²K�QU�V â�ã&§f�_´�|}µ ±_«�ò]ó0± ¸
¹
C+�t¸�¹�C�Ì&ù©¶D;_´�¾�¿
ñ�Ì&ùv¢�ôõ í0Ú$������)�%.êW´5½
����¸�¹�C3Ì"ù M ¶YÄ Å ­ Æm±�Ý �$Ì"ùk¶YÄ Å ­°Æm±�Ý Ú$ö
÷�ê
´ ± ô���ì�²k¥A��ê��'|Oø ± è"ù��0���7ÑfÈWÚ�ô}�0´�|Dâ�4�Ú���ë
�Iì�; êOG Ð�{]X ± Ó
Hg¢rðOe
,�-3Ì"ùHÚ��7ÑfÈWÚD�_³.ô��0´�½�����¨Ap�¢*^m��§f��´�|�oIÓ_ô�����Ì&ù A

± ¾
¿�ñ3Ì"ùD¢*¶\�.´�½��3Ú �'Ôj(�; Õ"²�·tU�V}âiã&§f��´$|'Ù��I¬�� ||In −AM || ¢ Ö Ä�Ú�ê
´_µ�¶$ÚmÝ�Þ §0�"÷�ø�Ì&ù A

± ¾�¿
ñ�Ì&ù M ¢D¶���´ MR ² [19] ·]�.´�|}µ ± S3²���¸
¹�C3Ì"ù M

±�ù ùg¢
9�Þ�½}é°ú�à+Ú����_êW´�µ.¶A·�ô���´ ± ô�� ê�û Ú�è0ù"Ë ¥Y�3êf��Õ
²�ô]��´�|�â�4�Ú�� Ö ¾�� Sherman-Morrision ü�F+ÚmÝ5´�¾3¿
ñ3Ì"ù"² (AISM ² ) [8] �æU
V â�ã�§I�_´�| AISM ²�ý ÷0ø�Ì&ù A

± ñ.Ì&ùD¢
s−1In − s−2UΩ−1V T

ô�¾&¿.êm´7þ3².ô]�3´T|�µ"µ�ô5� s ý�ªIÿ�� ¬ ôI�
g � U ¶ V ý n
Ø�Ù_±�� Õ�,�-"Ì�ù�ôf�

g � Ω ý n
Ø�Ùm±�� Õ ¼ �"Ì"ù�ô]�&´$| MR ²k¶ ä&å3§5� AISM ²\ý�v é ± Ï � �t¸�¹�CÎ¶

¥�§ ± nwl&·���8¦¥�§f��´�¶ J L â�ã3§f��´�| ¥�ñv¥A��÷0ø.Ì&ù ±$Ø.Ù · × ��� Ï � �\ø± ¾�¿�ñ3Ì&ùD¢���þWê�´�½���Ú���· × ;��&Õ0·�ÁWñW´	� ¬ ª&·v¥�¬H¥�¬I��´�| ¥�ñj���
�
þ��fá+Ú�Ä Å ­üÆ ¡.Í�¥ ± #�% § ÷_·'%�Ó ¥�§]�_´0½����
è&ù
��þgÚ ë\¯��$ô��.´�|}µ ±
½����I¸�¹
C ±_ß ª ­ ·�& ér; g � ×"æ����H± Ï � ����³vâiã�;��Hµ�¶�·'vO��| �¡
¢ ô�ý�� AISM ² ± ¸�¹�C ¶�¥�§ ± ��8IngÚ�¨Ap&¥�� AISM ²�� ×3æ���� Ú\�r�m³
ô}�0´_ÝmÍ�Ú�ê�´0½���Ú � 2 e ± è"ù�S&²��*U�Vmê�´�|
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1.2
� �

�
����� ý$�! #" �%$
&#' �)(+*�,�- 1 .�/10	2�3547698�:1;�<!=?>A@CBED?; GMRES(m)F ;%G
H
IJ;�8
:�K��1.J;�L F 3NM�OQPSR%T

• Ritz UWVYX�Z Ritz UJKQ[�RN\�]�^�*_<`=S>#@aBbL F

• Naik[36] KQ[1R%c
dfe�g F 3�h�ikj%8 AISM
F ;%l�m�cfd�I

• AISM
F 3�iQn�8 2 oqp1r
c
d�s1t

Ritz UWVYX
Z Ritz U�u�v�dJ;�w�x+y�z�U ��{ R�T Ritz pJ|}B~rCV9X�Z Ritz pJ|WB~r+u��
w�xSyAz�pJ|}B�r �?{ R%T�w����_������uA�f�
��;��
�?�_�Yh�i��%�SRQ��V��#�+n#T
�+�� � MORGAN(m,k)

F
[29, 30] � DEFLATED-GMRES(m,k)

F
[16] *��5� { R%T �
�1�Q�

u��1����t F V!��������<q=+>	@WBb�
� m 3�\
]�^�*��+��R#8f:
K � Ritz U}V9X1Z Ritz U
3�h
i�P+R%T#���$� GMRES(m)

F ;�<`=+>#@7B PSR
>#¡�¢f£#¤
3 Ritz UWV9X�Z Ritz U�3¥ ���	¦+:�R�T}<q=+>	@§Bb�
� m 3�¨f©�P+R	ª�@A«+;�¬1­�3�®
¯}jY�#°f±1²�*
³�´�I
�1�
3�µ	¯?P+R?��V ��¶
· K%±f²�*�sftJ¸
¹?3�º�»?PSR?��VA3Q¼�^JVfjN��nQR%T

AISM
F u Sherman-Morrision ½
2_3�h�i�jN�"�
¾f¿�v
d�;�(�*�w�x�À�v
d�3�sftQP�R

/ F���{ R%T MR
F � ILU m14}VqÁ
Â
��� AISM

F u��a6Ã;�Ä
Å3���1���ÆV1j���;%Ç�È
�#É
©CjN��n�R?��V��	��Êk���
��n?R�TkjN��jY�fË
Ì�v�dJ;�.�Í��	 _ÎAn�Ä�Å3��w�xfÀ�v
dJ;
s1tJ¸�¹��#Ï
 �Kf*?RNÐQÈ	ÇQ� { R�TkjN��Ñ���s1t�Ò�0�K�p�|}B�rC��Ó1j%;�Ô�Õ�Ö�ËQ�#Õ× jN��n�R18
:��
c�d
s�t
Ø � ;�s1t�K+Ñ5°+ÙSÎ ��{ R�T���;�8
:��1 �"JÚ�Û�;%Ä�Å.��Ü
i��%�?*�n���VN�#�+n#T ���f�+� u�� AISM

F 3N 
"�Ú�Û�KJÑ`\�i � Î1R�[SÓ�K	PJR18�:
K�� 2 Ý�;Ac�d
L F 3ÞM
O+PSR�T

1 ÝQu Naik [36] ;�e�g�3�h�i�j�8�l�m�c
d
I �?{ RAT Naik [36] u5� Benchmark BT V
nkÓ $�ß
à
&
á * 5 × 5 ;?â�ãSä�|�3ÞåSÝ 3 æ�â�ã+ä�| &�á v
d�3%Ë
Ì7VÞPJR�ç�è�é#=
êë 3 LU m�4 � 4a6ìÒ
0�3�íQ¡�î
ï�¡J£Ãð
ñ�K?[�òól�m�^fK�c
d
ICjÞ��n�R�T ���1�+� u��
Naik ; 1 .�Í1mfô�;�e
g F 3 AISM

F KQ[1RÞw�xfÀ
v�dS;Asft�K�\�i_jA� AISM
F 3�l�m

^fK�c�d
I�PSR�L F 3ÞM
OQPSR�Tõ ; 1 Ý�u�� AISM
F 3�i�n
8 2 oYp1r
cfd�s�t ��{ R%T 2 o9pfrfcfd�s�t7V�u��Al
m
ö÷
F ;%�
�JK�-����S¤fï�øNmfô�ù1ú1û�m1ôJ*���3Nh
ikjÞ���	Ë1Ì
v
d A 3�cfd�s�tÆjÃù
P
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n�è�2











A1 B1

. . .
...

Ap Bp

C1 · · · Cp As












K��
ö���jA���
;%w�xfÀ
v�d�3�c�d
s1t ��� :?R%c
d
L F��?{ R�T ���
�Q� u����A;�L F
K AISM

F 3�\�ikjN����w�x1À�v�d�;Ac
d
s�t�3NM�OQPSR�T

1.3
� 	 
 �
� �

�
�1�Q� u���������� 2 � � � GMRES(m)
F K	Ý
n1�����QK���ÂSR%T	.�K ��� 3 ��K��

nf�0� Ritz UWVYX�Z Ritz U�KQ[�R GMRES(m)
F ;%\�]�^�*�<`=S>#@§B`3ÞM�OQPSR�T�� 4� � u � Sherman-Morrison

F K�[#RÞw
x1À�v
d F (AISM
F

) 3�� �JK ��v
dS;A���1��K	Ý
nf�!�?Â�R%T�� 5 � � u�� Naik [36] ;�e
g F K�"$#W6ìl
m�cfd�I�3�M�OQP+R�T$��;�%3���
6 ��K���n1��� AISM

F 3�i�n
8 2 oYp1rfcfd�s�t�K	Ý
n1�!�?ÂSR%T!&�%�K�� 7 � � ��'�(
V*) � 3+�?ÂJR�T
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GMRES(m)

2 (1.1) 3N4a6Ã8f:�;-,/. F ; 1 Ý�V1jÞ���$��8fy�z�U+Ú%Û�;�4 F V1jÞ���Q|�<Nã�ø�l
m/0J¹ F uS[�6 ¥�1 �JR�T GMRES

F u��
;+[JÓÞ*A4 F ; 1 Ý ��{ R�T�|�<�ã�øÞl�m/0�¹
u��32����Ã��8�v�d A ∈ Rn×n VÃp�|}B�r r0 ∈ Rn K & jN���f.�;+[+Ó�K�©�4k�%�SR�l�m0J¹
;J��V ��{ R�T

Km(A, r0) = span{r0, Ar0, . . . , A
(m−1)r0} � m = 1, 2, . . . , n. (2.1)

GMRES
F uS��;�|�<�ã�øÞl�m/0�¹1�k�!w�x
4�3�5/6�; 2 7�r ë 38&:9�K	P�R�[+Ó�K �

:�RNt F���{ R�T�w�x�4Su�|�<�ã�øÞl�m/0S¹
;�³�´;"�<�K?[
���#ö;�����+R�T3=�>.�_�A;
|�<Nã
ø�l�m�0J¹�;�?;@S³�´/"�<Su��BA 2.1 K C?P�[QÓN*:Df@B7�r�EGF F [1] KQ[�òIH:���
�+R%T
pS|CB�r1d (v1, v2, . . . , vm) u���H���j%8�|�<Nã
ø�l
m�0�¹ Km(A, r0) ; ?;@�³�´/"< �Q{ RATJ�18�����;�?:@�³A´�"B< {v1, v2, . . . , vm} u��KD
@G7�rBEKF�;�?:@�³A´:":<7V
Ñ�L � �
��n+R�T�M.�?=�N�ï1@ Hm(i, j) ≡ hi,j V�PSR�V7� Hm ∈ Rm×m u��Q��O�ä8P�£Np
r�¤�v�dWV�*QR . v�d Vm = (v1, v2, . . . , vm) ∈ Rn×m ;�d�p�|}B�rSu���|�<�ã�øÞl�m;0�¹
Km(A, r0) ; ?;@S³�´/";<+*�; � ��vfd Vm u�?;@S³�´
v
d ��{ R%T�v
d Hm V9v
d Vm u��
.�;
Ö�Ë�3�QJ8#PAT

AVm = VmHm + hm+1,mvm+1e
H
m

= Vm+1H̄m (2.2)

8;R�jr� H̄m ∈ R(m+1)×m u��?��O_äSP�£Npfr�¤�v�d Hm ;�&�%J;�¾fvJ;/T�K��fv�pJ|WB
r (0 . . . 0 hm+1,m) 3�US��8�v
d �Q{ R�T em ∈ Rn u5� m VÆ¼�;�²�WQ� 1 ;X� à pJ|ÆB�r��{ R�T���� � ��2 (2.2) K�Y��k� V H

m 3SZ\[�RJV
Hm = V H

m AVm (2.3)

V�*QR�T�|�<�ã�øNl�m;0�¹ Km(A, r0) �k�Y� GMRES
F ;�w�x
4 xm u�.�;S[SÓ�KAsftSP

R?��V�K1*�R�T
xm = x0 + Vmym, ym = min

y
‖ γe1 − H̄my ‖2 (2.4)
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1 : Start with A and r0

2 : v1 = r0

‖r0‖

3 : for j = 1, 2, . . . , m

4 : v̄ = Avj

5 : for i = 1, 2, . . . , j

6 : hi,j = vH
i v̄

7 : v̄ = v̄ − hi,jvi

8 : end for

9 : hj+1,j =‖ v̄ ‖2

10: vj+1 = v̄
hj+1,j

11: end for

A 2.1 Df@B7%r�E�F F
8;R�jr� x0 u�^
��p�|}B r �?{ ò � γ =‖ r0 ‖2 � e1 ∈ Rn u 1 VW¼�;%²�W�� 1 ;�� à p�|
B�r ��{ R%T�=:>�� Givens _-`�3�h
i�jN����v�d Hm 3#³�´�v
d}VN��a á v
d�K%m
4�PSR
��V%K+[1�A��� ym 3

� :?R?��V%Kf*�R�T��A;1¸�;�5;6�; 2 7�r ë u
‖ rm ‖2=‖ b − Axm ‖2= hm+1,m|e

T
mym| (2.5)

V�*�R�TGA 2.2 K GMRES
F ;:D�r\b�<dc ë 38C?PAT GMRES

F K�Ö�PSR e/f�K	Ý�n1��u��
Saad � [42] 3Sg�hJ;S�?V`T

GMRES
F KQ[f���"�#� � ^
K�u%Gji n _�;�,:. � 4�3 � :�R+��VÞ�#Ð+È �?{ R�Tkj��

jr� GMRES
F u $�&
' v�d�3�k ÓN8
:5� CG

F ;J[SÓ%K-�B�+* 3 l�¹�m�I
2 �Xn Î+oSP
��V5� � ÎA*fn#T�,�.p_%ÌQ�!qS��R�8�r
K��1p+|}B~r1d (v1, v2, . . . , vm) ;�s�tts�= Bó�AG
6Ã*�R�TkjN��Ñ���O_ä8P�£Npfr�¤�v�d H̄m 3�u�ÕCj��;�W6)±f²S� { R�T���;S��V�u���s�tv ��[�rA�/w�x v ;A�?�_� e�i�^ ��{ RJV�u�yQ�
*
n#T��Q� � �Q³�´?p�|CB�r+;�&
 � Ì
3 m(� n)

� K�ð�z�jA���f;�V	Î	;%w
x�4�38{�8f*!^��
w
x�4WVfjN��.�;�,;.�3Nv7Ó�<`=
>�@ B~D�; GMRES(m)

F ��[�6 ¥B1 �JRAT���;BD�r|b�<}c ë 3�A 2.3
� C+PAT m uk<5=

>	@7Bb���}V8L � �+R%T � � � u��}<q=+>#@7B)*�j�; GMRES
F 3 GMRES

F V8L/~#T��
8��7<Ã=+>#@§B ����3#y�©�PSR GMRES(m)

F 3�����^�* GMRES(m)
F V�L;~#T
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1. choose an initial guess x0

2. set r0 = b − Ax0, γ =‖ r0 ‖2

3. v1 = r0/γ

4. for n = 1, 2, . . .

5. v̂ = Avn

6. for i = 1, 2, . . . , n

7. hi,n = (v̂, vi)

8. v̂ = v̂ − hi,nvi

9. end

10. hn+1,n =‖ v̂ ‖2

11. vn+1 = v̂/hn+1,n

12. y = miny ‖ γe1 − Hny ‖2

13. xn = x0 + Vmy, rn = b − Axn

14. if rn < ε then

15. stop iteration

16. endif

17. end

A 2.2 GMRES
F

1. choose an initial guess x0

2. set r0 = b − Ax0, γ =‖ r0 ‖2

3. v1 = r0/γ

4. for n = 1, 2, . . . , m

5. v̂ = Avn

6. for i = 1, 2, . . . , n

7. hi,n = (v̂, vi)

8. v̂ = v̂ − hi,nvi

9. end

10. hn+1,n =‖ v̂ ‖2

11. vn+1 = v̂/hn+1,n

12. y = miny ‖ γe1 − Hny ‖2

13. xn = x0 + Vmy, rn = b − Axn

14. if rn < ε then

15. stop iteration

16. endif

17. end

19. set r0 = rm

20. go to 2

A 2.3 GMRES(m)
F
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Ritz � Ritz � � � GMRES(m)�

GMRES
F VqÁ
Â
��� GMRES(m)

F u�² � P+RN��w;x v ���+*_69�1P:���%e�iS^#*�h
�
35z
PATfj5��j ����; ¶#· Ç+u�< =?>�@WBE��� m KS��Î��������8�$�S�d������� GMRES(m)���t�d���������;�

m  3¡ �!¢G��£�¤ �$¥�¦�§�¨�©��Bª�«-��¬���� �d���X�����/��­ ¨/®¯ �B��°�±/°3¬�² � [14, 13, 31, 39, 32, 21] ³µ´;¶·�-�:§�¸$�X¹�º3»:¼ � «�ªX½ m
­ ¨;®¯ �S¾�¿p¬!À �  �°�Á�´/¶·����§�¸�¬/¸X�

Ritz ÂÃ«ÅÄ/Æ Ritz Â� �Ç/È �SÉ�ÊGË�Ì Â�Í�Î�����°XÏ!º Ritz Ð�Ñ �ÓÒ «ÅÄ�Æ Ritz Ð�Ñ �Ò  !º3Ô�Õ:Ç/È A
��É�Ê�Ë-Ì ÐpÑ �ÖÒ ÍBÎ:�-� É;× º3Ô�Õ�Ç/È ��É�Ê�Ë-Ì Â�º É:ÊpË-Ì ÐÑ �ÖÒ\­�Ø:Ù·Ú §�º GMRES

����Û/ÜtÝ-ÒBÞ��!ß�à�á�­�â!ã ¯ � ä�å�¬�À � ¹�´;¶·���:§¸�� �8æBç;è�º MORGAN(m,k)
�

[29, 30] º DEFLATED-GMRES(m,k)
�

[16] ¬Jéê¹:Î�� �
MORGAN(m,k)

�  -º �ë�B�!�ì� ¯ �-í���ºdî�ï � Ñ �µð�ñêò/ó3ô$õXö�÷ùø�ú Â � û ��¸ kü ��É�ÊGË�Ì Â�� ú�ý ¯ � É/Ê$Ë�Ì Ð�Ñ �ÓÒ�­ º}þ � Ñ �+ð/ñ}ò;ó3ôGõ ��ÿ���Ð�Ñ � Ò « Ú§���� ¯ ��� � Í�Î/��� DEFLATED-GMRES(m,k)
�  -º �Å�B���ì� ¯ ��í:��º k

ü �
RitzÐpÑ ��Ò\­	� ©�º�
���
 ­ Ç���� � Í�Î����GÏ/Á Ú º�ªS� ÷�� � �  �º �ê���X�����;� m«������ ��� k

­�� ® ¯ �	���$¹:Î�� ��¬���º Moriya
÷

[31]  �º���� ÷ [39, 13] ¹�´�¶ Ú Ï
ORTHOMIN(k)

�G� ¿ ý�� ¬ �*�B�!�ì� ² �G�! ç��8ÿ#"�¸3§�º DEFLATED-GMRES(m)�p�j�}���X� �Ó�;��­%$'&(� �-¨�® ¯ �	� �|­ ´;¶ Ú Ï��)+*�, ÍG �º+-�.�� � «'/j¦�§�º Ritz Â «êÄ;Æ Ritz Â ­10 ¦�§�º �}�p�3� ����� m
­

&2� ��3KçG� �}�p�3� � ² ��­ ´:¶ ¯ ����4(5!º GMRES(m)
�J�·�µ�p�3� � ¯ � ��6278�9 ­

Ritz Âì«ëÄ;Æ Ritz Â ­	0 ¦-§X¨/® ¯ �-�Jª � � �|­	0 ��«êº�:�; � ¬ GMRES(m)� «=<?>:§3º �d����� ���/� m
­A@ ® ¯ ��¡ �!¢G��B�C ¹ED#F�� ��º�G����p¬�H�IKJ���
­!L F ¯ �$ªB«+Í ß/à �1���K¬!M���N õ ¹EOKPGÍRQ��$ªB«µ¹ �?S �������°ET�º�U 3.1 V$Í$ �º Ritz Â «*Ä;Æ Ritz ÂK��W:¸�§�XY>p�-�?U 3.2 V$Í$ �º Ritz Âì«dÄÆ Ritz Â « GMRES

�J��Û;Ü·Ý�ÒBÞ$��ß/à�á « �#Z ÔK��W�¸;§!X[>�º Ritz Â�«dÄ;Æ RitzÂ ­E E\ÃÚ Ï GMRES(m)
��� ¿ ý]� ¬ �d�$����� ² �\­ ´/¶ ¯ ����U 3.3 VBÍ� !º Õ�Â�^
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¤ �oW;¸�§EX#>�ºGª ���d������� ² ����Ì�p;á|­�q ¯ �1U 3.4 VBÍ� -º )�rK� °�«S©J«�s *­ XY>K���
3.1 Ritz

t uwv x
Ritz

t
y+z

1(Sleijpen
÷

[46]) {�| ò�ó/ôpõ W ⊂ Cn � ú Ú §
x ∈ W, x 6= 0, (Ax − µx) ⊥ W (3.1)­A} Ï ¯ Ð�Ñ �ÖÒ x

­ Ç/È A
��ò�ó/ôpõ

W � ú ¯ � Ritz Ð�Ñ �ÖÒ «A~?��º �K� � � µ
­

Ritz ÐpÑ � Ò x � ú ¯ � Ritz Âì« ¯ �-�ª � ®��J�1�J¦ §3º�Ô�Õ�Ç/È A
� Ñ �8ð;ñ+ò�ó�ô�õ Km(A, r0) � ú ¯ � Ritz Â µ « RitzÐpÑ � Ò x

­	� ©B�Bª$« ­! ç$���
(Ax − µx) ⊥ Km(A, r0) ⇔ V H

m (AVmym − µVmym) = 0 (3.2)

Ï;Á Ú º
x = Vmym º x ∈ Km(A, r0) º ym ∈ Rm �

ª;ª Í�º Vm  �� (2.2)
�

Vm «ê��� ¯ ����� (3.2) ��� (2.3)
­��?� ¯ �p«

Hmym = µym (3.3)

« ¬G�����t¦�§�ºJÑ � ð�ñ�òBó;ôKõ Km(A, r0)
öÃ÷���� Á Ritz ÐJÑ � Ò x = Vmym � úý ¯ � Ritz Â� -Ç/È Hm

��Ë-Ì ÂBÍBÎ:����Ð�Ñ ��Ò ym  -Ç/È Hm

��Ë-Ì Ð�Ñ ��Ò ÍBÎ:���
WG°2� º�þK� �-û�� ¸!Ç�È Hm

�3Ë-Ì Â��1� ­	��� ª�« �$¥X¦�§Xº�Ç/È A
�

Ritz Â « RitzÐ�Ñ ��Ò  �� ÷ ���Bª�« ��¬���� )�*�, Í� �º Ritz Ð�Ñ ��ÒK­A0K� ¬�¸ � Í Ritz Â�Á?� ­
M�� ¯ �Bè���¸X�y+z

2(Sleijpen
÷

[46]) {�| ò�ó/ôpõ W ⊂ Cn � ú Ú §
x ∈ W, x 6= 0, (A−1x − µx) ⊥ W (3.4)­A} Ï ¯ Ð�Ñ �ÖÒ x

­ Ç;È A
��ò�ó/ô�õ

W � ú ¯ � Ä/Æ Ritz ÐKÑ ��Ò «	~?��º �#� � �
µ̄ = 1/µ

­ Ä�Æ Ritz ÐpÑ ��Ò x � ú ¯ � Ä;Æ Ritz Âì« ¯ �-�)+*�, ÍG �º�Ä:Æ Ritz ÐKÑ �ÖÒ\­10+� ¬�¸ � Í�º�Ä�Æ Ritz Â � M��|��WB¸/§ ���? ç�-��Ä�Æ Ritz Â ­	� ©B��í$�!º A−1
� M�� ­�� ����Ï/©:�!º+��. � ®�
 ­�0�Ù ¯����
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y# 
1(Sleijpen

÷
[46]) v1, . . . , vm

­
m þK�[¡ ò�ó�ô�õ Vm ¡�¢?£�H�I/ÿ?� « ¯%���?¤ �

��¥ µ̄  �Ç;È A ¡ ò�ó/ô�õ Wm = AVm ¦ ú ¯�� Ä;Æ Ritz ÂBÍBÎ � ªB«� 
Ax − µ̄x⊥AVm, x ∈ Vm, x 6= 0 (3.5)

¹�§�¨ ¯%� ªB«;«A©�Â$Í�Î ����ª�« ¦ W:¸�§B �º ,+¬ [46]
­A­�® Ú §+¯ Ú ¸ �)�*�, Í� �º\ª�¡�®�
 ¦ ÿ["�¸�§ ò:ó�ô�õ AKm(A, r0) ¦ ú ¯%� A ¡-Ä/Æ Ritz Â ­ M��¯%�1� °�T�Ñ]° ð;ñ+ò�ó�ô�õ Km(A, r0)

öj÷ ºXÐ�Ñ²± Ò x = Vmym

­e�[� Í3º1� (3.5) ¦ �� ¯�� «
(Ax − µ̄x) ⊥ AKm(A, r0)

⇔ (AVm)H(AVmym − µ̄Vmym) = 0

«�¬ ��� ��÷ ¦ º�� (2.2)
­�Ø:Ù ¯�� «

H̄H
m H̄mym = µ̄HH

mym (3.6)

«�¬ ��� � (3.6) ¦�³ ö·÷ H−H
m

­�´ � � «}º�þ�� ­ � ���
H−H

m H̄H
m H̄mym = µ̄ym (3.7)

µ º H−H
m H̄H

m H̄m

­�¶ 
 ¯�� «êº
H−H

m H̄H
m H̄m = Hm + h2

m+1,mfmeH
m (3.8)

«S¬ �1� Ï/Á Ú º fm = H−H
m em Í�Î �1� ª/ª�Í3ºXÇ/È Hm + h2

m+1,mfmeH
m ¡ Ë-Ì Âp !ºXÇÈ A ¡ ôpõ AKm(A, r0) ¦ ú ¯�� Ä�Æ Ritz ÂGÍBÎ � ª$«+¹ �:ö ��� °�Ï�º fm

­ M�� ¯��Ï�© ¦  !º H−H
m

­ M�� ¯%� ���$¹�Î � ¹Xº�ª�¡�M��¸· ¤ ±   A−1 ¡�M���· ¤ ±}¥��}  � ö
¦�¹ ¸#¡XÍ�º )K*�, ÍB !ºtªE¡-²Kº ­�Ø:ÙjÚ §�º�Ä;Æ Ritz Â ­A� © � ªB« ¦ ¯��1�

3.2 Ritz
t uwv x

Ritz
t » ¼ ½¿¾ À Á Â Ã²Ä Å Æ Ç

) VBÍ� !º�°�T!º Ritz Â «ëÄ/Æ Ritz Â « GMRES º�¡ ß�à «A¡ Z Ô ¦ W�¸�§EX+> �1�KÈ
¡-þ ¦ º Ritz Â «*Ä;Æ Ritz Â ¦ ¥ � GMRES º�¡�¿ ý(� ¬É° ¤�Ê ¥�±Ó²�º ­ ´;¶ ¯%���

Ritz acb GMRES j%koË�Ìcb1k#ÍAÎ
U 3.1 V/Í/  º Ritz ÂB  Hm ¡ ËSÌ Â;Í/Î � ª/«3« ºIÄXÆ Ritz Â�  Hm = Hm+h2

m+1,mfmeH
m

¡ Ë�Ì ÂBÍBÎ � ªB« ¦ W�¸�§!XY>�Ï � G�3�¬$Ñ2° ð�ñ8ò:ó�ôKõ ¹�� ÷�Ï Ï�ÐKÑ ¦  �º+W�°
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�ÓÒ Ú[� ��ç�Ï�Ð�Ñ²± Ò ¹�î/ï�¡�Ñ]° ð;ñ+ò�ó�ô�õ ¡�H�I/ÿ?��¡�{�|�s�ÑBÍ�Î � Ð�Ñ ¦  !ºÔ
2.1 ¦ q ¯%Õ ¥ Ý ÒKÖ[× º�¡���º öj÷ hm+1,m = 0   « ÷}ö «S¬ �1� 4R5-º Ritz Â «ëÄ/Æ

Ritz Â� EØ�Ù ¦�Ú � ¯%� ª�« ¦ ¬ �1�#È �êÍ� �¬�¸�Ð�Ñ�º Ritz Â «ëÄ/Æ Ritz Â�¡ Ü ¦ W�¸§�º ‖ h2
m+1,mfmeH

m ‖
­! ç�è�¥�¸ � ª�ª�Í�º fm = H−H

m em ¬�¡3Í3º�þ���¹�§�¨ ¯��1�
‖ fm ‖ = ‖ H−H

m em ‖

≤ 1/σmin(Hm)

Ï/Á Ú º σmin(Hm)   Hm ¡ ¾ û ¬�Û�Ü;ÂBÍ�Î �1��Ý ¦ º Ritz Â «ÅÄ/Æ Ritz Â�¡ Ü ¡�-�Þ� 
h2

m+1,m

σmin(Hm)
(3.9)

«8¬ � [18]
� ��¦S§Xº Ritz Â «ÅÄ�Æ Ritz Â[¡ Ü ¹Eß2Q!� Ï è�º |hm+1,m| ¡ Â�¹Eß�Q-¸ ö º;°Ï;  σmin(Hm) ¡�Â$¹ û¸� ¸JªB« ¦ ¬ ��� � (2.5)

ö·÷ º |hm+1,m| ¡�Â$¹oßÉQ�� Ï è�º Û/ÜÝ ÒBÞ
‖ rm ‖ ¡�ÂG¹oßàQ!¸Kª$«+¹ �:ö ��� σmin(Hm) ¡�ÂB¹ û¸� � Ï è�º�� (2.4) ¡ ym ¡

M��K �á�©oâ Ü ¦Aã?ä �1Ï�å ¯ ¸pªB« ¦ ¬ ��� ª Ï   GMRES º�¡ Û/Ü�Ý Ò�Þ ¹oæ�ç ¯��
Ð�Ñ « Ú � ¯%�1� 4]5�º Ritz Â «ëÄ/Æ Ritz Â�¡ Ü ¹!ß¸Qo� Ï è!º GMRES º�¡ Û�ÜjÝ�Ò�Þ¹oæ�ç ¯�� ª�« ­eèRépÚ §�¸ ��� ¥3¦�§3º Ritz Â «ëÄ�Æ Ritz Â�¡ Ü$öÃ÷ º GMRES º�¡ ÛÜtÝ Ò$Þ ¡ ß�à�­Aê�ë ¯%� ªB«+¹�ÍRQ ���
-o.  �ì ¦ ÿ[":¸/§ GMRES(m) º�¡�¿ ý]� ¬í° ¤�Ê ¥î±Ó²?º ­ ´;¶ ¯����
Ritz a(g#h�i�ï�ð(ñ�òôó�õ%ö�÷wøª�¡���ºBÍ� �ºoù�ú ¯%� Ï�� ¦ º Ritz ÂüûëÄ/Æ Ritz Â�¡ Ü�ý M��Yþ �1� ³ Ú È ¡ Ü ¹ Ú
W�
%¡Eù?ú ¦ �Y� � ÜÉÿ � ßÉQ�� Ï è�º GMRES º�¡ Û/ÜtÝ Ò � ¡ ß�à ¹�� ��� ���	��
�#� û  �
 ����È�������������� � ¡�æ?ç ý�� � ����� ¦ ����� ¡! (°�"�#%$�&�')(�*,+-�.�/ ý103254 ��È Ï%ý%6�7�8 û 4%9 � Ò 41:  <;%"�#='�( ý?>�@ þBA�CEDBFHG � ;JI ÊEKL ý1MON � û�P � AQC È N � ��: ÐKÑ � ;RI ÊSK LUTWV P 0�2¸ý1X�M þ)A�C �ZY ÿ�N[� ;
I	\ K L ý1M]N � û ����^�_�` �Ea ú ýEbEc �Hd1��e�f P _�` �E0�2)g ( 
Eh�iB�<d A �j 
�k�lnm�o A�C ��p 4 ��q�r PBsSt 9vu � Ritz

8 jxwWy
Ritz

8 Y��z
�{ w P cW|}4%9�~� j �  );�"�#?$W&�')( Y�����
 *v�,G�� d � �!t 9H� � ;RI�\ K L 4 � :��z�E�,� � A�C��� ;���� YQ��� *}+?� 
 A j ��� ��;�I�\ K L�� k��%�W�B� A _�`�
B� A�C	� o P ������n �¡ j 4[9 �S�v¢ ;RI	\ K L£� k��%�W�!� A � j � �)d A�CS¤�¥ � u �S��¢ ;�I)\ KL¦� k§�
1 P � A�CzF �Z� Ritz

8 jRw�y
Ritz

8 Y��)Y 0S2 P�D :�9 � ¤W¥ � u �E� � Ritz8 j � � w�y Ritz
8 Y��HYQ¨�© 8 �1ªv«�� A�C¬�­�® PE¯<F V ¯)° KB���!±	²%³v´ Pzs�t 9Wµ�¶¸·%¹ ¡[º �H» M�¼ H̄m

j
Hm

� 0�2 �
A�C � PQ¯ M�¼ Hm = Hm + h2

m+1,mfmeH
m

� 0S2 � A�C ��p 4 ¯ fm = H−H
m em

j � A�Cz�
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Y�Ì ¯ M�¼ Hm

j
Hm

Y�� �	Í�Î 8 µmax

j
µ̄max

�%Ï	� 9 ¯ZÐ�Ñ Y�� Dcur = |µmax − µ̄max|� 0S2 � A�C �W4SÒ Y 8!ÓSÔ Y a�Õ P�Ö!×WA � Dpre s)GØ� d × o!Ù ¯ -W.�/ xm

� 2§Úz4 ¯Û � � 6 k -W.�/ x0

j 4%9 ;RI�\ K L � A�CQ¤W¥!Ü u ¯ Ritz
8 � �EÝ 4 � GMRES(m) Þ�

RITZ-GMRES Þ j?ß�à ¯�� Y 2 Þ �3á 3.1 P1â � .
��p 4 ¯ mmax(� n)

u3ã KZä Ó3å �
� A � ��;=I	\ K L£� k Üzæ,Gç¯ imax

u � � aWÕ	èQé Ü!æBA�C<F �vá 3.1 P u ¯ MW¼ Y�êë�ì ��íBî 4[9�: AQCï3ð ® � GMRES(m) Þ jJñ�ò A j ¯ Ritz
8 � �ZÝ 4�ó RITZ-GMRES ÞvÜ u ¯ M�¼ Hm��ô�õB� A ó�ö YZô�õ ��� Ó _�` j �!A�C ó p 4 ¯ `WÏ¸m�o A ô�õ ��� u  §;1"W#%$v&�'

( Y��!�zp ×�P�÷�ø � A Y Ü�¯�ù�úBP u æ�FnG q�r P��n+%� : Cû�2 � YZü *5+ ñ�ý � A j ¯ RITZ-GMRES ÞzÜ u fm = H−H
m em

��Ï ö �v× o�Ù �¸+
� : C	� o PE¯ M�¼ Hm

j
Hm

Y�� �HÍZÎ 8 ¯�D	F¸G � � Ritz
8 j � � w�y Ritz

8 ��Ï
ö ��× oBÙ �n+[� : C 4 * 4 ¯SþHÿ���� ò ó s N PE¯ M�¼ Hm

j
Hm

Y��v� u  §;1"W#[$
&�')( Y��v��p ×�PQ÷�ø � A�C�ù�úBP u�� G�� N�M�¼)u � o ÿ��x� d � � Y P u �n+1� :
(mmax

�	��
 � : )
Y Ü�¯
� M�¼ j ÍZÎ 8 �	� :�� I L Ü 0S2 Ü d A�CÒ�Ò ÜS¯ fm = H−H
m em

Y 032 P u ¯ CLAPACK[2]
Y��BK�� ¡

dgesv
�[ª�« 4�ó C dgesvu�����M�¼ ��� é j � A���� 1

����´
��� / ���� �! �zK"� ¡ Ü�æ�A�C���� 1
����´
�)Y��

é�M�¼ � M�¼
Hm P å � 4[9 ¯ ��´��HY�#%$���&Q�!��Y"')( MW¼ P å �!� A j ¯ Ï ö + o

A / u � éWM�¼ Hm

Y � M�¼ j �!A�C M�¼ Hm

j
Hm

Y ÍQÎ 8 ¯WDzF�G Ritz
8 jJw�y

Ritz8 Y 0�2 PZ¯ CLAPACK
Y���K
� ¡

dgeev
��« :vó C

3.3
* + , -

¤/.zÜ u ¯ é�8 ù10 � j Ö 4[9 ¯
243 4�ó ;�I	\ K L65 Þ Y Î%7 � �98%:!� A Ò j P �
A�C 0�24; Y�<4= u ê�ô�Y � Y!��ª�«?> ¯ é�8 ù40 u�@ êWYBA4C Ü M t ó C
D�E�F

: DELL PowerEdge 1750

OS: Red Hat Linux 9.0

CPU: 3.00 GHz ×1 G ¡9H � (R) Xeon(R)

I�JLK
: 4GB

M
N/O
P1Q1R
: ‖ rm ‖2 / ‖ r0 ‖2≤ 1.0 × 10−12

S4T ¿VU�WYX[Z : x0 = (0, 0, . . . , 0)T
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1: Choose an intial guess x0, set i = 1, mmin = 1, mpre = −1,

2: Start

3: Set m = 1, r0 = b − Ax0, β =‖ r0 ‖2, v1 = r0/β

4: While m ≤ mmax

5: v̄ = Avm

6: For i = 1, 2, . . . , m − 1

7: H̄(i, m) = vH v̄

8: v̄ = v̄ − H̄(i, m)vi

9: End for

10: H̄(m + 1, m) =‖ v̄ ‖2

11: vm+1 = v̄
H̄(m+1,m)

13: Set H(i, j) = H̄(i, j),i, j = 1, . . . , m

14: Compute fm = H−Hem and H = H + h2
m+1,mfmeH

m

15: Compute eigenvalues µl of H and eigenvalues µ̄l of H

16: Set Dcur = |µmax − µ̄max|

17: If i > imax

18: y = miny ‖ βe1 − H̄y ‖2

19: xm = x0 + Vmy, rm = b − Axm

20: Stop iteration

21: If i > 1

22: If (Dcur > Dpre and m >= mmin) or m == mmax

23: y = miny ‖ βe1 − H̄y ‖2

24: xm = x0 + Vmy, rm = b − Axm

25: If ‖ rm ‖2< ε Stop iteration

26: Set x0 = xm, Dpre = Dcur

27: Go to start

28: Set Dpre = Dcur, m = m + 1, i = i + 1

29: End while

á
3.1 Ritz

8 � ��Ý > ó RITZ-GMRES(mmax) Þ
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\�])^1_a`cb
: 20000

d1e�fhgci4j�k
: C l%m

D�E�n4o
:
�4 1!

¤�pBÜ�2�3 > órqts \cuwv 5 Þ Y Î)7 � � â � ó�ö4x ¯ ï3ð ® � GMRES(m) Þ j Y ñ�ý�)y{z x1é4| ù)0 �	} t ó�~�ó p�> ¯ ï�ð ® � GMRES(m) Þ � GMRES(m) Ü�� ô�> ¯�¤�)� Ü�2%3 > ó RITZ-GMRES Þ � RITZ-GMRES Ü�� ô��V� ~h�Só ¯ � � Ritz
| �

µmax

Üc� ôL> ¯ � � w�y Ritz
| �

µ̄max Üc� ôv��� ~
RITZ-GMRES Þ Y�� � q�s \
uYv � k mmax

�
50
xEå �w> ó�~

GMRES(m) Þ Y q�s
\"u�v � k m

�
m =10 ¯ 20 ¯ 30 ¯ 40 ¯ 50

x�å ��> ó�~�� ù)0 x Ö1�
�S¯ RITZ-GMRES ÞY ùBú Y q�s \"u�v � k)Y�� � | j��
� | (
¢ é1��@ ê

3 �L� ���	�1�1� )
�9����> ¯z� oj �)�4� � q�s \�u�v � k��� �¡ ï�ð ® � GMRES(m) Þ j�¢ZñSý �{} t óc~

GMRES Þ ¢ aWÕ	èQé�x ¡ �%� u ¯)°�u¤£ �B±	²%³�´ ¢�¥6¦ Õ�x ¡¨§ 1
è j é 
 óc~ �

� g1©hx ¡ ��� u Clock() ª é Ü Ï ö�ó�| �{«h'
( Üc� > óc~
[
b ¿%¬ 1] ­ �%®%¯ Ω = [0, 1]× [0, 1]

x Ö!× � 2
�W��°¨±	²/³%´%µ4��´)� ¢ C1¶ |�·�¸

¹cº 
V�
[25]
~

−uxx(x, y) − uyy(x, y) + D((y − 1/2)ux(x, y) + (x − 1/3)(x − 2/3)uy(x, y))) = G(x, y),

u(x, y)|∂Ω = 1 + xy.

» ¢ �1¼�� ¹
5
� y�z1½1µ �h¾ ¹B¿ �4�cÀ4Á�Â >�Ã)Ä ¢�ÅVÆ u(x, y) = 1 + xy Ç9È �VÉ�Êx�Ë%Ì

G(x, y)
¹{Í�Î �cÏ |%Ð%Ñ ¹ }rÒ
Ó ~ »4»{Ô Ã%Õ�Ö ��© ¢�× À ¹ h = 1/513

x >�Ó ~
ØwÙÛÚ Ó�Ü4Ý ¥ßÞ1à ¼�á ¢BÞhâ�ã

262, 144 Ç	È � ~¨� ÓcÃ Dh = 2−3, 2−4, 2−5, 2−6, 2−7
¢

5äæå Ô Ï |�Ð%Ñ ¹ }�ÒcÓ ~ Ï |4ç 1
¢Bè�é ¹ � 3.1

x{ê¤ë�ì"í
Dh
¢Bîaï"ð1ñ)ò Ã�ó1ô�õ Çö�÷ ó¨ø1ù ÆcúLûÛü�ý Ò�Ó û ö ï)þcÿ ¹�� ñ�ò���� ì��

3.1
ö

( Ï î )
ã Ã ú	��

��� Ï Ô������� ¹�� Ó�� È ý Ò�Ó��	� ö�� ½ ��!�" ö$# ¿�% Ï î Ô ��� ì�

3.1
ï É � Ç Ã GMRES(10)

ô�Ã
GMRES(20)

ô Ç GMRES(30)
ô ã Ã�& ò ö

Dh
ï

%(' ò
ú���
��)� Ï Ô ��� ' È ý Ò�Ó ì GMRES(40)
ô ã

Dh = 2−5 ö ø+*�, �	� ' Ó ì
GMRES(50)

ô ã
Dh = 2−5, 2−6, 2−7 ö ø ï ��� ' Ó ì » Ú ï %-' ò Ã RITZ-GMRES

ô ã
& ò ö�.�/�0 Ô ��� ' Ó ì ' ý�û Ã�1�2aøhù ã

GMRES(m)
ô ö ��� ' Ó3��� Ç54	6 ò1ðÉ87�9hµ�: þ Ô ��� ì

GMRES
ô Ô ã Ã); / ��!�<>=@?1¼ ö�A�B Â 1�2 ï Ã úLû ÷ ó¨ø1ù ¹�C�D Ç ë � ì 7 ö1�2�ø�ù ã�E)FHG�IKJ µ�L�ù ö Þ1â¤ï�M�N ë � ìHO
P�Q ö Ï î Ð�Ñ Ô ã Ã RITZ-GMRES

ô
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�
3.1 Ï î ç 1

ö è�é d
T:
÷ ó�ø1ù

( e )
Ã

I:

���� Ï�f

Dh 2−3 2−4 2−5 2−6 2−7

Method I T I T I T I T I T

GMRES(10) (-5.19) 2039 (-5.35) 2035 (-5.51) 2042 (-5.44) 2041 (-4.85) 2037

GMRES(20) (-6.35) 3090 (-6.66) 3084 (-7.60) 3091 (-7.68) 3081 (-6.50) 3083

GMRES(30) (-8.66) 4138 (-9.63) 4133 (-9.08) 4135 (-10.11) 4126 (-8.47) 4131

GMRES(40) (-10.52) 5189 (-11.49) 5190 18235 4741 (-11.30) 5189 (-11.09) 5185

GMRES(50) (-11.98) 6252 (-10.06) 6243 11911 3711 14709 4592 19340 6030

RITZ-GMRES 19305 1976 19225 2693 18693 1187 10170 1187 9267 1163

( gih ) jlknmpopqsrutvgxwnyszs{p|~}����i�l���u�n���������p�~���i���v�i���sg�h�wi���

�
3.2 Ï î ç 1: RITZ-GMRES

ô ö F 0>�X/��x���
m

Dh 2−3 2−4 2−5 2−6 2−7

m ������h 4.77 4.92 5.02 5.85 5.65

m �vm�oph 25 27 29 31 28

ö ú
� F 0_�8/¡�x��� d£¢�¤ å E¥F@G
IKJ�¦ L�ù ö ú
�%Þ/â f ¹ 50
ï ' Ó Æ Ã Ð+§ ö F 0

�X/��u���aö ú��1î Ç©¨�ª î ¹ � 3.2
Ô êVë�ì

�
3.2
ý Ù

RITZ-GMRES
ô ö

1
� ö 
��¨ï C�D È 1�2aøhù Æ GMRES(31)

ô�É¨å¬« Èñ » Ç Æ�­1ý�� ì F 0_�8/¡�x����ö ¨�ª î�ã 6
: þ Ô �	� ì »�»9Ô Ã

Dh = 2−4
¹K® å©¯	°

Ô Ã
RITZ-GMRES

ô ö Ð+§ ö F 0_�8/¡�±��� ¹�²
3.2
Ô ê¤ë�ì » ö ���1Ã Ð+§ ö ú
� F 0

�X/��u�
� ã
27
Ã ¨�ª îaã$³ 5 È ö Ô Ã RITZ-GMRES

ô Ç GMRES(5)
ô/Ã

GMRES(27)ô Ç ö 4�´ ¹�µ Ò
Ó ì RITZ-GMRES
ô Ç GMRES(5)

ô/Ã
GMRES(27)

ô ö 

��� Ï ï %ë � � ½ ��!�" ö ��� ö$¶ Ö · ²
3.3
Ô ê ' Ã�1�2aø1ù ï % ë � � ½ ��!+" ö ��� ö�¶ Ö

· ²
3.4
Ô ê�ëcì ²

3.3 Ç ² 3.4
ý Ù Ã

RITZ-GMRES
ô ã

GMRES(5)
ô	¸

GMRES(27)ô Ç¹4
6 ò Ã ��� Æ
º¼» � Ú ò%ñ���½ Ç Æ�­1ý+� ì ½ Ú�Ù ö è�é�ã¼¾ 3.2 ¿ Ô�À 6 Ó�Á�Â¥·Ã	Ä ,{Ã ú��
Ritz

î Ç ú���Å
Æ Ritz
î ·8ÇXÈ ' Ó F 0>�X/��±É ô ö¼Ê�Ë	Ì · ê ' ò/ñ�� ì

½�½ Ô Ã
Ritz

î Ç Å�Æ Ritz
î ö ½ Ç � ½¥�K!
" ö �a� Ç ö�Í Ü Ì · ê/ë Ó Î ï Ã Dh = 2−4ïcð , �

6897
�_Î ö 
�� · ® å©¯�° ò Ã

Ritz
î Ç Å�Æ Ritz

î ö ½ ïa¢1ñ�ò Ç¼Ï ë � ì
6897�ÐÎ ö 

��Ñ�Ò ö ú	�

Ritz
î Ç ú	�	Å�Æ Ritz

î ö ½Ó· ²
3.5
Ô ê�ë�ì

x Ô ã�
��>� Ï Ã y

Ô ã9ú
� Ritz
î Ç ú
�
Å�Æ Ritz

î ö ½ Ô �	� ì Ó�* ' Ã
y Ô ö �%ê�Õ�Ö · [0

Ã
0.1]
ï ' Ó ì

²
3.5
ý Ù Ã

6890
�¥Î¹
���ý Ù

6898
�¥Î ö 
��aï"ý , ò Ã

RITZ-GMRES
ô ö ú��

Ritz
î

Ç ú	�	Å�Æ Ritz
î ö ½ Æ

GMRES(5)
ô�¸

GMRES(27)
ô�É¨åØ×Ó� ñ¥½ Ç Æ�­hý�� ì ½ öø�Ã ²

3.3
ý Ù

RITZ-GMRES
ô ö$� ½Ù��!�" ö ��� ã

GMRES(5)
ô	¸

GMRES(27)
ô ö



R
3 S Ritz T(UKVXW Ritz TZY�[�\ GMRES(m) ]_^a`�b
c 18

0

5

10

15

20

25

30

0 500 1000 1500 2000 2500

Re
st

ar
t  

Cy
cle

Restart

²
3.2 Ï î ç 1: RITZ-GMRES

ô ö F 0��X/��±�
�
(Dh = 2−4)

1e-12

1e-10

1e-08

1e-06

1e-04

1e-02

1e-00

0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

Re
sid

ua
l N

or
m

Iterations

RITZ-GMRES

GMRES(27)

GMRES(5)

²
3.3 Ï î ç 1:

� ½ �3!�"
vs.

���� Ï (Dh = 2−4)

1e-12

1e-10

1e-08

1e-06

1e-04

1e-02

1e-00

0 200 400 600 800 1000 1200 1400

Re
sid

ua
l N

or
m

Time(sec)

RITZ-GMRES

GMRES(27)

GMRES(5)

²
3.4 Ï î ç 1:

� ½ �3!�"
vs.
÷ óaø1ù

(Dh = 2−4)



R
3 S Ritz T(UKVXW Ritz TZY�[�\ GMRES(m) ]_^a`�b
c 19

0

0.02

0.04

0.06

0.08

0.1

6890 6891 6892 6893 6894 6895 6896 6897 6898

Di
ffe

re
nc

e

Iterations

GMRES(5)
GMRES(27)

RITZ-GMRES

²
3.5 Ï î ç 1: RITZ-GMRES

ô ö
|µmax − µ̄max|

ö ¦	Ú
(Dh = 2−4)

�
3.3 Ï î ç 2

ö è%é d
T:
÷ óaø1ù

( e )
Ã

I Û 
��_� Ï�f
Method I T

GMRES(10) — —

GMRES(20) 7868 84

GMRES(30) 7588 102

GMRES(40) 5614 92

GMRES(50) 3187 61

RITZ-GMRES 5951 36

—: mpopqprxtvgxwnyszÝÜ����u�Þ���s�

� ½ ��!+" ö ��� Éaå¬ß Ú ò/ñ+��½ Ç Æ�­hý_� ì ½ Ú ã¼¾ 3.2 ¿ Ô8À 6 Ó3Á�Â Ç5àXá ë � ìâZãBÃ
Ritz

î Ç Å
Æ Ritz
î ö$ä Æ × � ñ ø
Ã

GMRES
ô ö ��� Æaå�ñ ì

¤ Ó�Ã ²
3.5
ý Ù Ã

6890
��Îæ
��/ý Ù

6898
��Î ö 
���ï�ý , ò Ã

RITZ-GMRES
ô ö ú��

Ritz
î Ç ú���Å�Æ Ritz

î ö�ä Æ�ç « '¹è , ��½ Ç Æ�­%ý+� ì 7 Ú ï %Ó' ò Ã RITZ-GMRESô ö$�
ä ��!�" ûKé
Åaï ��� ' ò/ñ+�+½ Ç Æ ² 3.3
ý Ùæê�ë Ô)ì � ì�í ï Ã

6897
�ZÎ ö 


� ï
ðhñ%ò
1
� ö 
�� *�, Ô Ã

RITZ-GMRES
ô ö���ä ��!+" ö�#�î % Ï î¨ã −8.39

ý Ù
−8.71

¤ Ô ��ïVï¼ç « ' ò/ñ+� ì ½ Ú û
3.2 ¿ Ô8À 6 Ó3Á	Â Çðà�á ë � ì âZãBÃ Ritz

î ÇÅ
Æ
Ritz

î ö¼ä Æ × �¥ñ È � ø"Ã GMRES
ô ö ��� ûóò ñðô � ì

[ õ�T�ö 2] Matrix Market[28]
ï�ð4ñ
ò$÷
ø � Ú ò4ñ�� Ð�ù %�ú�û à µ�ü

MEMPLUS
·

Ç�ý � ì
MEMPLUS

ãBÞ/â
17758 þ 126150 ÿ ö ù�� G D�� ·�� ¢�� ô	� µ�ü�
 ��� .

µ
ü



R
3 S Ritz T(UKVXW Ritz TZY�[�\ GMRES(m) ]_^a`�b
c 20

0

2

4

6

8

10

12

14

16

0 200 400 600 800 1000 1200 1400 1600 1800

Re
st

ar
t  

Cy
cle

Restart

²
3.6 � î ç 2: RITZ-GMRES

ô ö F 0��X/��±�
�

1e-12

1e-10

1e-08

1e-06

1e-04

1e-02

1e-00

0 2000 4000 6000 8000 10000 12000 14000 16000 18000 20000

Re
sid

ua
l N

or
m

Iterations

RITZ-GMRES

GMRES(4)

GMRES(16)

²
3.7 � î ç 2:

��ä �3!�"
vs.

���� �

MEMPLUS
·�Ü4Ý

1
Þ1à�
 á ö�� � µ
ü�� ë � ì Ü4Ý 1

Þ1à�
 á ö	��� û
Matrix Marketï�ð/ñ%ò�÷	ø � Ú òhñ+� < /+� ·�� î ë � ì

� î ��� ö è�é · � 3.3
ï ê¤ë�ì � î ç 1

��� ¶ ï þ ÷ ó�ø4ù�� ú�û�üVý�� ��û ö ï þ þÿ · � ñ%ò���� ì��
3.3
ý Ù þ RITZ-GMRES

ô ö 1
2aø1ù�� úLûÛü�ý!�"��½ � � ­/ý_� ì
RITZ-GMRES

ô ö � § ö F 0>�X/ �x���¨ö ú��hî � ¨�ª î¨ã 16
�

3.21

 �+� ì ¢�¤ å þ

RITZ-GMRES
ô ö à � ö 
�� ï)ð/ñ%ò C�D ô"#�$&%�' � 1
2aø/ù�� GMRES(16)

ô)(�å
û «�ô ñ ì

RITZ-GMRES
ô ö � § ö F 0>�X/��x�
� · ²

3.6

 ê�ë�ì

RITZ-GMRES
ô �

GMRES(4)
ô þ GMRES(16)

ô ö 

��� � ï % ë � ��ä ��!�" ö �� ö�¶+* · ²
3.7
ï ê ' þ 1�2¤ø%ù ï % ë � ��ä �@!
" ö ��� ö3¶+* · ² 3.8


 ê�ë�ì ²
3.7�3²

3.8
ý),

RITZ-GMRES
ô�� ò�ñ ��� · ' ò/ñ+��½ � ã.-/,�ý 
 ��� ì



R
3 S Ritz T(UKVXW Ritz TZY�[�\ GMRES(m) ]_^a`�b
c 21

1e-12

1e-10

1e-08

1e-06

1e-04

1e-02

1e-00

0 20 40 60 80 100 120

Re
sid

ua
l N

or
m

Time(sec)

RITZ-GMRES

GMRES(16)

GMRES(4)

²
3.8 � î ç 2:

��ä �3!�"
vs.
÷ óaø1ù

ú�Ò�ï þ ú
� Ritz
î � ú��
Å�Æ

Ritz
î ö�ä � ��ä ��!�" ö ��� � ö
Í�0
Ì · ê¤ë�ì

2257�¥Î ö 
�� Ä21 ö í 
�� ö ú��
Ritz

î � ú��
Å�Æ
Ritz

î ö¼ä · ²
3.9

 ê�ë�ì

x Ô43 
��� ��þ y Ô43 ú
� Ritz
î � ú
�
Å�Æ

Ritz
î ö3ä 
 ��� ì � * ' þ y Ô ö �%ê�Õ�Ö · [0 þ 0.1]ï ' � ì ²

3.9
ý5, þ 2249

�¥Î ö 
���ý5,
2257

�)Î ö 
��aï"ý , ò þ RITZ-GMRES
ô ö

ú��
Ritz

î � ú���Å
Æ
Ritz

î ö3ä 3 GMRES(4)
ô	¸

GMRES(16)
ô5(76¬×Ù� ñ)½ � � ­

ý_� ì ½ ö ø þ RITZ-GMRES
ô ö$�
ä ��!�" ö ��� 3aþ GMRES(4)

ô�¸
GMRES(16)

ô
(!6 ß98 ò1ñ��+½ � � ²

3.7
ý5, ê�ë 
 ì � ì ½ 8 3�þ ú
� Ritz

î � ú
��Å�Æ
Ritz

î ö3ä
�X× � ñ ø þ GMRES

ô ö ��� � åañ>½ � · ê ' ò/ñ�� ì
¤�� þ ² 3.9

ý), þ 2249
�ZÎ ö 
	�Vý�,

2257
�ÙÎ ö 
�� ï)ý , ò þ RITZ-GMRES

ô
ö ú
�

Ritz
î � ú
�
Å�Æ

Ritz
î ö3ä � ç « '©è , ��½ � ûH­1ý_� ì ½ 8 ï %-' ò þ RITZ-

GMRES
ô ö���ä �H!	" û5é�Å�ï �X� ' ò4ñ���½ � � ²

3.7
ý:, ê�ë 
 ì � ìKí ï þ 2257

�
Î ö 
���ïcð4ñ�ò þ RITZ-GMRES

ô ö���ä �@!	" ö�#�î % � î 3 −7.77
ý/,

−7.94
¤ 
 �

ï¤ï3ç « ' ò1ñ�� ì ½ 8 3�þ ú
� Ritz
î � ú
�
Å�Æ

Ritz
î ö3ä �8×Ù�)ñóô � ø þ GMRESô ö$�
ä ��!�" ö ��� � ò ñðô ��½ � · ê ' òhñ+� ì

3.4
; < = > ?A@

GMRES(m)
ô 3 ù %�ú�
 þ û.B ô ��C2� µ�ü · � � ��' ò � ¢ 02D 1 E�F 
2G ·�H�ñ �I ö�Ê�Ë ô�óhô ö

1
¢ 
 ��� ì ' ý ' þ 7 ö ��� 3 F 0)�X/ ����� m

ï¼� ì ñ M	N ë � ì
ú�J ô

m
·LK I � ö 3	M ' ñ)½ ��
 ��� ìO�P�Q 
 3$þ � � µ�ü A

ö 1�NPO Ê î 
 �	�
Ritz

î � Å�Æ
Ritz

îaï�Q Î ' þ J.R4S ô F0_�8/¡��É ôZ· ÷�T ' � ì
GMRES

ô ï"ð1ñ�ò þ Ritz
î � Å�Æ

Ritz
î 3	U ñ�V 0 � 
 W I



R
3 S Ritz T(UKVXW Ritz TZY�[�\ GMRES(m) ]_^a`�b
c 22

0

0.02

0.04

0.06

0.08

0.1

2249 2250 2251 2252 2253 2254 2255 2256 2257 2258

Di
ffe

re
nc

e

Iterations

GMRES(4)
GMRES(16)

RITZ-GMRES

²
3.9 � î�X 2: RITZ-GMRES

ô ö
|µmax − µ̄max|

ö ¦	Ú
, 8 � ì ' ý û

GMRES
ô ö ��� 3 ½ 8 , 2

¢ ö î�ý),ZY�[ 
 ì � ì%ë ô ­ ã þ Ritz
î �

Å�Æ
Ritz

î ö�ä � � ì ,�8�\ þ GMRES
ô ö¼��ä ��!�" ö ��� 3�] ñ5ô � ì ½ 8 ï % ' ò þ

GMRES
ô ö¼��ä �3!�" ö ��� �+^�, 8�\ þ Ritz

î � Å�Æ
Ritz

î ö¼ä �8×Ù�)ñðô � ì�O É
ô 3�þ GMRES(m)

ô ö._ 
"`&aPb�W I , 8 �
Ritz c � Å�Æ Ritz c ·�d î 'fe þ F 0��8/�hg � � i7j�k"l ·�K�m '�e&n�o�p ½�qÓF 0���/��±É.r q Ê
Ë�Ì ·fs g � I þ O mut �5vw � x �±��y ·z��{2|�} S ô

GMRES(m)
r � q	~��/� _L� b þL��c �2� �f�!��� pL�!� C����� F 
2G4q��.� c���� q����.����,Z��, 8 o F 
2G4q �.c ��� b ( o�� þ GMRES(m)r � ~&� e þ+� T t �5v w�� x����.r � d&�)t�� GMRES(m)

r b 3��2E q��� f¡ d�¢�£¤ o	p

•
v w�� x���¥�y

m
��¦ m g o § x ¨ q�©�ª:�f«.¬�­7® o

• ¯�°�± ¡�²�³.´�µ:� ¶ ¬�­4® ��· n"¸�¹ £ �»º½¼ o�¾P¿ À £�¤ o

• Á�Â £�Ã9Ä ­ ¤ o
Å � �+Æ q/v w�� x��Ç�2r�È	É ´"µ�ÊË®�Ì GMRES(m) Í�Î�ÏZÐ � ­�®�Ñ�Ò DEFL-ATED-

GMRES(m, k) Í!Î	����Ó t�� v w�� xÔ�Õ� Í � Á�Â t ��Ö Ì�×2Ø À ��Ù�Ú t�� Ò Ö Ì	Û�Ü
Î {&Ý�Þ È �+ß�à [50]

�fá.â!Ì Æ�ã Ò



4
ä å æ ç

è
1 é Ì 1.1 ê ­"ë�� � ��  Î��"ì (1.1) Î�� �.í4Ì É ´�µ:���Ô  Æ�ã	Î ��î Þ �"ï�ðñ £�ò Å Ñ Å ­�Ì�ó.ô�õ�ö:�L¬�÷5ø�ù!Ñ Æ9ã £ ­4®2Ñ	Ò É ´�µ Î È �2ú É ´�µ ãüû É ´�µ£�¤ Ñ�Ò ú É ´�µ ã È �"ì (1.1)

Ì�ý�ö.��í
A
Ì ú.þ �)º É ´�µ&��í M

��ÿ�� Þ






AMy = b

x = My

ÌP��  Î ý�ö.��í�Ì����:��� Þ ï9ð ñ �	��
���Ñ � Í ­ ¤ Ñ�Ò û É ´�µ È ý2ö&��í A
Ì û

þ �)º É ´�µ&��í/��ÿ
�.Ñ � Í ­ ¤ Ñ	Ò
MAx = Mb

Å � ����þ �)º ÿ
�9Ñ É ´�µ Ï ¤ Ñ	Ò ú É ´�µ È ��������� ��� Ì��/�	���.¡ Ý&��� ������! ¼PÑ	Ò#"%$ ß ­ Ï��2ú É ´�µ:�	& � ��Ñ�ÒÉ ´�µ&�.í
M
È � AM

£
A
�('*)%+�ö £#, ø Ý Ï Ì��.-0/2Ò21�3�4 Î È � AM

£�Ä�5
��í

In ÎLï Ý76   £98 Å � Ý Ò;:Ëî Þ � A
Ì ï.ð�< ��íË� É ´2µ.��í Î �PÑ � Í £ � �*� ¼PÑ�Ò Å � � AM

Ì�=	×2� £?>�¢ �5º ��¼ ��@ ÎBA�C �PÑ.D7E Î�ÏF� Ý ¸2¹ £ ��º ¼PÑ�Ò
Æ Ì���  Î ÷P¡ Ý )7+2ö ãG� Ý =	×2� �2H Ì 6 � � É ´2µ.��í M

£�Ã.Ä Î ò�� ºü¼PÑ Æ9ã
ãJI Ý�K�L � ­ Á�Â ­4®+Ñ Æ�ã+Ï�°�± )%+�Ì 1 M ­ ¤ Ñ�ÒÉ ´2µ.��í

M
ÌN-�O Î?M Ý2Þ ��P7C ­ È�Q(R ¡ É ´2µ £ ��Ó ø�¼ Þ.Ý Ñ�Ò9" é ­ È �9PC�SUT�ã ¡Pî Þ&Ý Ñ ILU

� ñ � MR Í»ãGV.ï.�.Ó ø	¼ Þ9Ý Ñ Sherman-Morrison W�ì � �Ý�Þ �2ï.ð�< ��í/�B��
���Ñ AISM Í4Î;M Ý2Þ ë��!Ñ	Ò



X
4 Y Z�[7\�]7^`_!a�bN]7^0c�dfe!g 24

4.1 ILU h i j k lnm o p q r s tvu p w o x
4.1.1 ILU y{z |~}����{���������

ILU � ñ È ¯!��� LU � ñ Ì Æ�ã ­ ¤ Ñ [10]
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Lṽ = v (4.1)
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DSX , Ý;Y?Z�[ � L�\ E Î�ÞBß�]Ï Ý?^ ó1T D ñ0Ý�×�_ n
Û

m `1\ .baÇÎ�Þ�c Ý òÉð Þ�ß �&� Ôd
 v
T

ṽ
T

w
c:7M9 ç L�\E Î T

l egfNÝ PE h l eifNÝ;Y�Z8[ � Bkjml ð ÞBß:n PE
Û�o L�Ý jml ð Þ ṽ

T
w Ý l egfÝ�Y?Z&[ �Qp�qfî�ïÇð Þ9ß�Ú2Ú ` T � (4.1)

B à0áB÷ â�ã%ä Ýfå#æ â2ã ` ṽ
B ÿsrut;v Bw .yx8z é(T =2ñ�N?O ç , õ�é ]	{ ð Þ�ß l e|fBÝ PE h j}l ð Þ ṽ ÝG~8� ṽi Ý î�ï � B� �`Ý	�
� çG��� ð Þ�ß

ṽi =
1

Li,i

(vi −
(l−1)m
∑

j=1

Li,jṽj −
i−1∑

j=(l−1)m+1

Li,jṽj),

i = (l − 1)m + 1, . . . , lm (4.3)

� Ý��`Ý:���`Ý () Ý;��Ý:� 2 � B î#ïÇð Þ ^ ó ç T ṽj, (j = 1, . . . , (l − 1)m)
B�� Ý PE �

3���� � ^ c Ý B�� � ß î�ï ò�� � B<�?� ç D � � ò ç � è�é�TJ� L��J�*=2ñ î�ï h*�	�ò ����� � � � T n PE h o L&� jml ð � vj

B ð þ é;î�ï � é ��3 T � � PE
ç:� � ð �ò�T;  ��� PE ��¡"¢Q£?¤JhM¥¦ry�8�J�Q` T n PE h o L&� jml ð � ṽj

B
m̃(≤ m)

X , �§ B î�ï �<¨ T&© �Mª�« B   �8� PE ¬ � � ð � � ò c �&�?`8­��M��® �;�1T m̃
B

2
ò ð

� ò�TG¯�° ¬ 1 egf�� PE h ṽ1, ṽ2

B î#ï �6¨ Tfî;ï � ^�ª�« B<� � PE ¬ � � ð �G� � �±
² ` 2 egf�³?´�� PE µ ṽ1, ṽ2

B<��¶ ¨ T jml ð � ṽi

Bk·�¸ ð �G� 7 £;¬ PE1 µ ṽ3, ṽ4

� î�ï B ð � � ò h�`�¹J���
4.2 MR

º

MR » (
¯�¼�½�¾ » ) µ T Grote 3 [19]

ò
Huckel [23] ¬S� ¶ ¨M¿�À E�Á ^�Â�Ã(Ä D ñ B îï�ð ��Å�»8`8­ . T ���2ÿ�» B�Æ�Ç �6¨JÈ�É(Ê D ñ B î�ï�ð � ì(Ë �J� ï »&� 1

, `�­;����?� ` T;�&�gÌ 
 ej, mj

B ©1Á
ÍQÁ?R(Î D ñ I, Â;Ã�Ä D ñ M � j eÏfG�9ñ �&�gÌ 

`8­�� òFð ��� MR »�µ ¯;Ð ´�Ñ*» BGÇ õ ¨

m
(k)
j = m

(k−1)
j + α

(k)
j r

(k)
j , j = 1, 2, . . . , n (4.4)
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ò �?���S�y�GÒJ>J�&¬;� ¶ ¨ Â�ÃQÄ D ñ M � j e/f<�Nñ ���/Ì 
 B îfï!ð �<�:^ p � T m
(k)
j

µ ¯;Ð ´;Ñ*»�� k Ó�fG�M�?��¬QÔ q � mj

B Ë � T
r

(k)
j = ej − Am

(k)
j `8­���� α

(k)
j µ n÷�Õ [*Ö(¬QÔ õ ¨ T(¯;¼ 2 ×�Ø�Ù

min
m

(k)
j

‖ej − Am
(k)
j ‖2

2, j = 1, 2, . . . , n (4.5)

B ÿsr � ò ¬Bø ó �:�
MR »&¬1Ô õ ¨ µ T Â�Ã(Ä D ñ M ��ñ �	�iÌ 
 BkÚ rÜÛ(Ý"¬QÞ � �J�Q` T n ß	��Ò�>(�

(4.4) h n PE ¬ V?W ¬�\ . l 3 Á�T�à � PE
ò Ú rÜÛ�Ým¬:áJâ�`�¹(���Q` T =�ñ?>�¬ � �¨ õ �:� - ^ T MR »S`Já�â EGÁ ^GÂ�Ã�Ä D ñ B È�É�Ê D ñ ò �<¨ T �?�?»�¬ � Ç;ã � ò

¹ T È�É(Ê D ñ òä���gÌ 
��:å c6æ � � D ñ òk�&�gÌ 
�å&¬:ç�è ã �(�(` T � � � L��M=ñ�N?O c��äé ã õ c �J`�­����
ILU L2ÿ òyê þ ¨ T MR »&�*á(â ö9÷ëÌ µ�ì õ ��á(â�í B�î � �(^ ó � F�H h õ r , �¿?À E�Á ¨ õ � [23, 24, 37] � mj �Gï�ð?~��&¬�� �<¨ µ T	© �:ñ?ò?óSh�­8�*ôQó�� . ¼CEõ t8v�µ aõ.uö&¨ � � ò ¬	� ¶ ¨ T M �:÷"�*ø;ù BGú , � ©QÁ �43 T MR »"�
û � ��� T,�-}. ¯�Ð ´;Ñ*»&�M�?� BGü�ý �?Ó�þ imax `*ÿ}¢ a �S���<¬�� ý8ã � ��� ¬��8�:�

4.3 Sherman-Morrison
� � � � �
	 � � 
 � º

(AISM
º

)

Bru � [8] ¬S� ¶ ¨M¿�À�� Á ^ AISM »	µ T � � Sherman-Morrison ����� Æ;Ç�� ¨ T��� �GÂ�Ã(Ä � � �����8��Å?»S`8­8���
[Sherman-Morrison  "! ] #%$�� Á ^'&)( � � B ∈ Rn×n

�+*%, Ì.-
x ∈ Rn, y ∈ Rn

¬�ò � ¨0/}c � r = 1 + yT B−1x 6= 0 ��� / � � A = B + xyT
c &1( � � `8­32 / © �GÄ� � µ

A−1 = B−1 − r−1B−1xyT B−1 (4.6)� �8�:� 2��� ` / *%, Ì.- {xk}
n
k=1 ∈ Rn

/
{yk}

n
k=1 ∈ Rn

� � �
A0 ∈ Rn×n µ / � ����4�^ ã c

� � ã �G�
A = A0 +

n∑

k=1

xky
T
k (4.7)

� (4.7) ¬(Ô15 ¨ Ak = A0 +
∑k

i=1 xiy
T
i

�'6 r � / Ak+1 = Ak + xk+1y
T
k+1

/
An = A

� �
��� c � xk, yk

�
Ak h Sherman-Morrison �0���87)9:��4&^ ã �:�<; / � (4.6) � n Ó>=Ç;ã � � /0? þ � � A �GÄ � � µ � ��`Já�â�`�¹J� ��� ¬������ AISM »&µ � Á ¬8@BA"5
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¨�/ Â�Ã(Ä � � ��á�â ã ���
A−1 = A−1

n = A−1
0 −

n∑

k=1

r−1
k A−1

k−1xky
T
k A−1

k−1U p � /
rk = 1 + yT

k A−1
k−1xk V ­���� xXW ���ZY Ê ã � �

A−1
0 − A−1 =

n∑

k=1

r−1
k A−1

k−1xky
T
k A−1

k−1 (4.8)

� �8�:� �?� V / � (4.8) �����[� � � � ��¬'\/¹^]P$S� � / � �"�����<¬��S���
A−1

0 − A−1 = ΦΩ−1ΨT (4.9)U)_ � /
Φ = [A−1

0 x1, A−1
1 x2, . . ., A−1

n−1xn]
/

Ω−1 = diag[r−1
1 , r−1

2 , . . ., r−1
n ]
/

Ψ = [yT
1 A−1

0 ,

yT
2 A−1

1 , . . ., yT
nA−1

n−1] V ­S�:� � � Φ
�

Ψ ��á(â ã ��¬?µ / A−1
k �Gá�â � / úa`
ã �'b?~c ­��:� � � � / ¸ U � *P, Ì.- uk, vk �

uk := xk −
k−1∑

i=1

vT
i A−1

0 xk

ri

ui, vk := yk −
k−1∑

i=1

yT
k A−1

0 ui

ri

vi� 5��1�
��¬ ý0d
ã Á ; / � � cfe Ý ã �G�
A−1

k−1xk = A−1
0 uk, (4.10)

yT
k A−1

k−1 = vT
k A−1

0 , (4.11)

rk = 1 + yT
k A−1

0 uk = 1 + vT
k A−1

0 xk. (4.12)

�?� V / � (4.10)
� � (4.11) �Z� (4.9) ¬�gah ã � �

A−1
0 − A−1 = A−1

0 UΩ−1V T A−1
0 (4.13)� �8�:� Ua_ � / U = [u1, u2, . . . , un]

/
V = [v1, v2, . . . , vn] V ­8���� �G¬ / Bru � [8] µ / A0

/
xk

/
yk ¬�i15 ¨�/�j �Bk%l6�>man[� ¿�À � ¨ 5S�:�

A0 = sIn, (s > 0), xk = ek, yk = (ak − ak
0)

T .UG_ � /
In ∈ Rn×n µSo ÎG� � V ­�2 / ek ∈ Rn µ In � k prq�� � *%, Ìs- V ­;�G� ak

�
ak

0 µ � � A
�

A0 � k ptq�� � *P, Ìu- V ­�����vav V / A0

/
xk

/
yk �^� (4.13) ¬�gahã � � /fj � c�w � Á%x v � ¬0y x>z

A−1 = s−1In − s−2UΩ−1V T (4.14)
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1: for k = 1, . . . , n do

2: xk = ek, yk = (ak − sek)
T ,

3: uk = xk, vk = yk

4: for i = 1, . . . , k − 1

5: uk = uk −
(vi)k

sri
ui

6: vk = vk −
yT

k
ui

sri
vi

7: end for

8: for i = 1, . . . , n

9: if |(uk)i| < tolU dropoff (uk)i

10: if |(vk)i| < tolV dropoff (vk)i

11: end for

12: rk = 1 + (vk)k/s

13: end for{
4.1 AISM |Gâ;»} U /

uk

/
vk µ /fj �L|BkBl�¬0y x>z

uk = xk −
k−1∑

i=1

(vi)k

sri

ui, vk = yk −
k−1∑

i=1

yT
k ui

sri

vi (4.15)

v�|~k~l�¬ A0

/
xk

/
yk �^m���; / A−1

0

�
uk

/
vk

cX� o~�'�%��� ÁBx _a� V y�� / � � U|>&1(?ø�� ú"� V�� x v � �Gy x�z � �>� / s ∈/ σ(A) y[� / � � V ��&"( V�� x>z U"_� /
σ(A) � � � A |��0� ,t� -f�1� V�� x>z yf� / v<���<|��G���a� ��� � / Bru � [8]���a� �Z�f��� 5 z } U / U

�
V |8�Py��a������ ~¡ x U �"� /S¢B£B¤Z¥"¦ |'§¨2ª© � |«0¬ � � l­b ¥ c � x>z�®�¯ � /0j �L|Bk~l<�Gy x>z

A−1 ≈ s−1In − s−2UΩ−1V T . (4.16)

vav V / AISM °P|8±1°:� }%² � x ²³/
{

4.1 |BkBl'�0y x>z� (4.15) ´3� / uk

²
vk �'µ�±�¡ x U �)� / vi

/
ui

/
ri (i = 1, . . . , k − 1) �<b ¥¶² ¡ x8z¡�y�·�¸ / *P,t� -r¹ l � ��º ` � ? c � x | V /a» � µG±��>¼ � 5 z vS| U � / AISM°P� » � µ�±���½B¾ �>V1� x c / ±"°P|8¿)À�Á�y » �aÂ �'Ã%Ä V�� x>z
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AISM Å
�G}1Æ0} y>Ç1ÈGÉ"Ê��~k>��; / MR ° ²³Ë � � / AISM °���ÌÍ�^|>Î1Ï /aÐ «a¬ ² �'�|>�~Ä cfÑGÒ ��� 5 x ² 50·)� � 5 x [34]

z � ´ � /G? Ç � � | j1Ó cXÔ � 5�Î"Ï /PÕ |Ö"×0Ø � � �'µ�±~¡ x U �"� /0Ù Ô yGÚ)Û�� ¥ ¡ xXÜ1Ý � c � ; � ; � x8z � ´�� / µ�±Þ"ß �f�)5 � *P,r� -�¹ l � |�º ` � ? c `aàr��� 5 x U � /G» �aÂ �a��½B¾ �>V�� x v² c�á0â � � � 5 x8z v�|~k~l+y8¼)ã���ä�å�¡ x U �)� /8æGç V � Naik [36] |'è0érê U Éë °:ì'í"î3ê � Ð «0¬"ïað |Sµ�±[ìZ¿"À:Á0� » ð Â ¡ x v ² ìXñ)ò x�z }�ó�ô0õ 5.1 ö�÷
Naik | » ð0ø °P�Xi)ù ��ú � x8z j � ô Naik |üû j"Ó À�ý�|8É ë ì8î�ù � ô AISM °B|'¿À » ð Â ìZèaéB¡ x>z õ 5.3 ö�|8Ç"ÈaÉ)Ê�ìZþ¶ê � ô AISM °P| Ð «G¬ ° ² ê � |��~Ä ²èaé~¡ x ¿"À » ð Â |>ÿ��)�L�fi"ù � ñ��~¡ x>z���� � ô0õ 5.4 ö�÷ ôfæ)ç | }P²	� ��iù �Sú � x>z
5.1 Naik 
 � � 
 �

Naik [36] |����P÷�� ô À����������:| » ð µa±����[�f��ù � ô Benchmark BT
² ù �¢"!�#�$�% y 5 × 5 |'& ¤)(+* ì� -, 3 .�& ¤)(�*/$�% ï"ð ì100Ç ² ¡ x32�465 ��7�8Pì

LU À�9�÷�9 � Þaß;:+<>=�?�@+=-ACBED �;F-Gu¿)ÀPÁ�� » ð Â6H � � ù"I/J 2K4L5 �E7�8�M
0GÇ ï)ð � ô 3 N Ó MPO�Q"À�R ßES M/�"T"È)UPV%´ W ÿ-X�Y)À"°[Z\F ¯ ��] W^�'^-_�M0÷� I3JÀ��`�P�a�b�)M » ð µX±K�E�[Z���c�IPd Ý�e M/f PE g;M�ýLh � Z�,aù � ô Naik � 3 ,�M
RG°�ì�ñ)ò�^�J Õ �aW�� 1 N Ó À0ý (1D unipartitioning)

ô
2 N Ó À0ý (2D unipartitioning)²

3 N Ó À�ý (3D unipartitioning) ÷ � I/J-i��aWjM>À�ý~÷+kKl�ì Õ �'mS� 1 RB¾ ô 2 RB¾ ô
3 R�¾�Z�Àaý~¡-I\i ² Z�n;IPJoi8� W 3 þpGqM�Ra°`Z)F[G Àaý H �\^Pk�l6MPf�r�s"ã)t'Z�;c�I	9:ì LU À�9[Z'F ¯ ��u � I/J æ �K�B÷1� ô 1 N Ó À�ý[v�c1ì'î�ù � ô AISM °)M'¿À » ð Â ì ï �jMf÷ ô i�i'÷�� ô 1 N Ó À0ý`v�c�Z�,"ù � ôEw"x Z ú'y I3J

1 N Ó À0ý ²	z�ô kKl�ì�{ 5.1 M>F>�jZ 1 R�¾�MK|�Z8À�ý~¡\I	RG°�÷;}�I/J�À�ý H �;^'¿
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PE 1

PE 2

...

PE p

{ 5.1 1 N Ó À0ý
À�k�l`M>Ç3ì p

² ¡-I ²+ô i ���3M�k�lLZP�~¡-I3rEs1ã`M�9 z i ���3M PE(PEi) ÷�9���i² ZEn>I3Joi�M�{�Z��\c�Ij�L� z º����P0�ì��tê � ù'I�J\}"I PE Z3�~¡)I1r�s"ã-M����zSô � ÀoF[GCt�MPk�lLZ/��¡)I1r�s"ã-MP�K�[ì	����¡)I'i ² ÷ z[�/� ��u � I'i ² : ÷[�
I3J��Bò�� ô PE2 Z3��¡\I/rKs"ã-Z��;c�I	9:ì u � IK^ � Z ô PE1 Z3��¡\I1rKs1ã)MP9�ì
����ê1naù ² ô��-� I'i ² : ÷[��nGù�J;���[Z ô PEp Z/��¡)I	rEs1ã-Z��'c�I19:ì u � I
^ � Z ô PEi

ô
(i = 1, . . . , p − 1) ZP��¡)I1rEs1ã)MP9:ìj����¡)I1� ¥ : };I3J

5.2 AISM � 
 �   � � ¡æ ö"÷ z�ô�¢ ö)÷ ú�y ^ Naik [36] M 1 N�£�¤fý�¥Pì<î"ù�¦ ô AISM ¥)M	§E¤�¨ ðE© ì«ªE¬­ I/J;® ó�ôSõ 5.2.1 ¯Gö�÷ ô d"° e M3f PE g"M'ý6h�¦;Z+,)ùK¦ ú;y ô;± M/N[Z ô�õ 5.2.2

¯aö�÷ ô AISM ¥-M/§"¤�¨ ð�²K³ Z�,"ùE¦ ú'y IPJ
5.2.1 ´¶µ�·¹¸»º½¼¿¾

AISM ¥�÷�À�ÁKÂ ïGð ì ²�³ ­ I�Ã;Z	Ä'Å)I ïGð ì Naik
: ñaòE¦)ù;I 1 N�£K¤Gý�¥�ì�íîaÆj¦ ô 1 R)Ç�Z�M�|�¤0ý ­ I3J�¤0ý ­ I3R)Ç�Z�,1ùE¦ ô AISM ¥�÷ z�ô U È V

z ð'É *
ÊÌËoÍ È/Z ²K³ H Å)IKM0÷ ô ð;É * ÊÌË ì1¤Gý'Î ó�ôEÏ R)Ç0÷;M�¤0ý[ì ï �ÐJEÑ¿ÒP¦ ô ïð

U
ô

V
ô

Ω M ð�É * ÊÓË ì�{ 5.2 M>F;�jZ ô/Ï g 1 R\ÇEMK|�Z/f PE Z	ÔEÕ`Z	¤K� H Î\I/J
{ 5.1 È1���[Z ô {�Z��'c�Ij�L� zPÖ �[×P06Ø��»Æj¦1ù'I3J",\®oGÚÙEf�Û É * ÊÌË Ø ²E³­ I�Ã\Z�Ù � ¤aF`GP_jÜ)M PE Z3� ­ I1Û É * ÊÚË M����oØ	Ý;Þ ­ I�M�ßEÙ�à"�6Ø	áâ�ã�ä : };I/Jå�æ6ç Z�ÙEá�Û U ,V ,Ω M3Û É * ÊÌË ØE{ 5.3 M\F\�	ZPÙEf PE Z3¤�è ­ I3J i �»�/M PE
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PE 1 PE 2 PE p

{ 5.2 á�Û[M 1 N"£K¤Eè
U = {us[1], . . . , ue[1]

︸ ︷︷ ︸

PE1

, us[2], . . . , ue[2]
︸ ︷︷ ︸

PE2

, . . . . . . , us[p], . . . , ue[p]
︸ ︷︷ ︸

PEp

}

V = {vs[1], . . . , ve[1]
︸ ︷︷ ︸

PE1

, vs[2], . . . , ve[2]
︸ ︷︷ ︸

PE2

, . . . . . . , vs[p], . . . , ve[p]
︸ ︷︷ ︸

PEp

}

Ω = {rs[1], . . . , re[1]
︸ ︷︷ ︸

PE1

, rs[2], . . . , re[2]
︸ ︷︷ ︸

PE2

, . . . . . . , rs[p], . . . , re[p]
︸ ︷︷ ︸

PEp

}

{ 5.3 á�Û U, V, Ω M PE g>M1è¿h+¦
:

s[i] é�W e[i] ®�ß"M É * ÊÓË M ²�³ Øqê6h ­ I1J�®�^PÙ3á�Û Ω
z3$E% áKÛ;ß"}�I�^Kë�Ù $% ä"ì MK|>Ø	f PE Z3¤Kè ­ IPJí Û s[i],e[i],(i = 1, . . . , p) M3î-Z+,�ïK¦�Ù�f PE Z	Ô�Õ`Z/¤Kè ­ I"F>�jZ3ðEñ ­ I/J�ò�óô ß z Ù){ 5.4 M\F)õ1ZPð�ñ ­ IPJ ­ n�ö-÷3ÙEá�Û A M3N"£ n
:

p ß�èpGÐø\Å)Ijù�ú�Ù Éû ÊÓË Øjf PE Z	Ô�Õ`Z/¤Kè ­ I/J n
:

p ß�è�Gbø'Å"nEï3ù�ú�Ù3ü�ý)þ n mod p ÿ)þ PE
z

1 ÿ������)ë��3¤	� ­�

����� Æ Ù n Ù p
z á�Û A þ
�"£�� È���Þ ­�
 PE ���\ß�� 
�� �� �Pá�Û A þ��"£�� n = 128 Ù	��Þ ­�
 PE �
� p = 6 þ/ù�ú"Ù PE1 È PE2 þ���� ­�
 á

Û U þPÛ É û ÊÌË � � 22 �	!#"ÚÙ ± Å�$�%-þ PE & 21 ÿ[þPÛ É û ÊÌË Ø'��� ­�
)( È
�
! 

� á�Û V È Ω þP¤Eè � U È	� *jß)� 

�

5.2.2 AISM + ¸-,#.0/214325(6( ß)��Ù 1 �"£�¤�èoØ3Þ>ï � AISM ¥`þ/§"¤�¨�Û ²E³ ���"ï�¦87)9 
�� ®:��ÙEá�Û U

È V þPÛ É û ÊÚË þ ²K³ ���"ïE¦�; � 

�	< (4.15) é#=CÙ U Ù V þ�Û É û ÊÚË uk Ù vk Ø
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1: if n mod p = 0 then

1: for i = 1, . . . , p

1: s[i] = (n/p) ∗ (i − 1) + 1

1: e[i] = (n/p) ∗ i

1: end for

1: else

1: for i = 1, . . . , (n mod p)

1: s[i] = (n/p + 1) ∗ (i − 1) + 1

1: e[i] = (n/p + 1) ∗ i

1: end for

1: for i = (n mod p) + 1, . . . , n

1: s[i] = e[i − 1] + 1

1: e[i] = s[i] + n/p − 1

1: end for

1: endifI
5.4
í Û s[i] Ù e[i] þPð�ñ (PEi � s[i] JLK�é2= e[i] JLK�®�ß'þ3Û É û ÊÓË þ ²K³ Ø'��� )

²�³ ­�
�� ëM�PÙ vi Ù ui Ù ri (i = 1, . . . , k− 1) þ
N	OF&8P ä È'! 
���(Q( ß�Ù uk È vk þ ²³ ��P ä !�NQO¿Ø PE
Í È
�/¤SR+¦KÙ uk È vk þ ²�³ < (4.15) Ø'TVU:W ­ È«Ù:� < �	! 

�

uk = xk −
e[1]
∑

i=s[1]

(vi)k

sri

ui

︸ ︷︷ ︸

PE1 X�Y[Z]\
−

e[2]
∑

i=s[2]

(vi)k

sri

ui

︸ ︷︷ ︸

PE2 X�Y[Z]\
. . .−

e[l−1]
∑

i=s[l−1]

(vi)k

sri

ui

︸ ︷︷ ︸

PE(l−1) X�Y[Z]\
−

k−1∑

i=s[l]

(qk, ui)

sri

vi

︸ ︷︷ ︸Z]\_^�`badcfehgji
(5.1)

vk = yk −
e[1]
∑

i=s[1]

(qk, ui)

sri

vi

︸ ︷︷ ︸

PE1 X�Y[Z]\
−

e[2]
∑

i=s[2]

(qk, ui)

sri

vi

︸ ︷︷ ︸

PE2 X�Y[Z]\
. . .−

e[l−1]
∑

i=s[l−1]

(qk, ui)

sri

vi

︸ ︷︷ ︸

PE(l−1) X�Y[Zh\
−

k−1∑

i=s[l]

(qk, ui)

sri

vi

︸ ︷︷ ︸Z]\_^�`bakclehgji��� Æ«Ù uk È vk � l JmK1þ PE �_n�o ­�
 È ­�
���< (5.1) ßCp ­ q õj�PÙ PEl $�%)þ PE

�
n�o ­�
 É û ÊÌË þCNQO�Ø	Ý"Þ ­�
 Ã���Ù ± þ PE é2=	þ/à�r6Ø	á¶õkP ä &)� 

�Fs *
PEl �Cn�o ­S
 É û ÊÌË þ:N�OoØ/Ý"Þ ­S
 Ã)�+Ù PE t�þ/à�r¿Ø/á õlP ä ��!�ï �Eå�æ¿ç
��Ù�¨�Û ²�³ Øjá�!¿õCÃF�PÙ>®C� uk È vk �3ý�u�î6Ø	ð�ñ ­�

� ± þ
v�Ù PE1 éw=kP ä !
NQO¿Øjx�r Æ«Ù uk È vk Ø'y�z ­�

� �\®{"ÚÙ < (5.1) þ
|Q} 2 JLK1þ/§�¤¿Ø ²K³ ­�
�� ±
þ��~��Ù PE2 éw=fP ä !:N�O�Øjx�r Æ Ù < (5.1) þC|�} 3 J�K3þP§�¤¿Ø ²E³ ­�
���( þ q
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õj�PÙ ²�³ È àMrLØ'�Q� �/á>ï+Ù3üMv��PÙ PE(p− 1) éV=kP ä !�N�O¿Ø'x�r Æ«Ù uk È vk Ø
y�z ­�

� (�( ß�Ù:x�r ­�
 P ä &6!2�h! 
 þ�ß�Ù uk È vk þ < (5.1) þ�|Q}[þ1ü�v)þ1§�¤
È«Ù Ω þC��� ä"ì rk = 1 + (vk)k/s Ø ²K³ ­�

� ò;ó ô ß)�+Ù ( þ3§"¤-þ ²K³ Ø�ü6� ²K³Èh�»õ �(�( ß�Ù p = 4 Ø����)Æ�¦�Ù�¨EÛ ²�³ þ��Q���8��ï�¦C7�9 
������)� Ù/àMr\þ1ü�¯6���;ß
� 
��M��� û Gi Øj� < ß�ñQ� ­�

�

Gi := {ui, vi, ri}

Ñ¿ÒP¦�Ù l J�K�þ PE � Gi, (s[l] ≤ i ≤ e[l]) þ ²�³ È���raØ��2� ­~
8� Gk þ ²�³ ���
G1, . . . , Gk−1 &�P ä È�! 

� §�¤�¨�Û ²K³ ��$6�"þ q õj�3á�ö�Å 

� ®C��Ù PE1 ß���Ù ���� û

Gi, (s[1] ≤ i ≤ e[1]) Ø ²K³ ­�

� ²E³ &	�"ö`Ò � =«Ù Gi, (s[1] ≤ i ≤ e[1]) Ø PE2 Ù
PE3 Ù PE4 ����r ­)
�� ���/Ù PE2 Ù PE3 Ù PE4 ß6�/Ù PE1 é�=�xQroÆ �M����� û Gi, (s[1] ≤

i ≤ e[1]) Ø��;Ò ¦+Ù�� ¤>þj�S� ­�
	�	�Q� û Øhy	z ­)
��	( þ�����ß+Ù PE2 ���>þ PE é-=�x
r ­�
 P ä &Q!{�f! 
 þPß�Ù � °8� Ë þ_N:O`Ø���Ò«¦�Ù��S� ­�
	���Q� û Gi, (s[2] ≤ i ≤ e[2])

þ/üM� ²�³ Ø1á>ï�Ù ²�³��Q  Ø PE3 Ù PE4 �
��r ­�
�� ± þ
v�Ù PE3 Ù PE4 ��Ù PE2 é2=
xMr Æ � Gi, (s[2] ≤ i ≤ e[2]) Ø��LÒ
¡KÙ:��� ­�
������ û Ø'y�z ­�

� (M( ß�Ù PE3 ���
þ PE éV=dx�r ­)
 P ä &M!-��! 
 þ+ß�Ù��~� ­F
��Q�6� û Gi, (s[3] ≤ i ≤ e[3]) þ	ü�� ²�³
Ø'Æ«Ù ²�³M�Q  Ø PE4 �
�Qr ­)
�� üMv��PÙ PE4 � PE3 é-=dx�r Æ � Gi, (s[3] ≤ i ≤ e[3])

Øj�)Ò_¡�Ùj�{� ­�
Q���6� û Ø�y�z ­�
_� ± þ
v�Ùj�{� ­F
��Q�6� û þ1ü�� ²�³ Ø�á�õ � �
®�"ÚÙ l JLK/þ PE ß���Ù6$���þ q õ'!
¢�£)&�á�ö�Å 
��

• PE1 é2= Gi, (s[1] ≤ i ≤ e[1]) Øjx�r
• xMr¹Æ � Gi, (s[1] ≤ i ≤ e[1]) Ø��¿Ò�¡�Ù��-� ­�
������ û Ø'y�z
• . . .

• PE(l − 1) é2= Gi, (s[l − 1] ≤ i ≤ e[l − 1]) Øjx�r
• xMr¹Æ � Gi, (s[l − 1] ≤ i ≤ e[l − 1]) Ø��¿Ò�¡�Ù	��� ­�
��M��� û Ø'y�z
• ��� ­�
��M��� û þ/üM� ²K³ Ø	á õ

( þ q õ��PÙ ²�³ È à6rLØ'�Q�~�/á�õ ( È_� q Ò
¡�Ù AISM ¤)þ_¥M¦�§�Û�¨LØ'©�ª)« 
�� p

ÿ-þ PE Ø���õ ù�ú-þ1à6rm¬h­�®`þ
¯Q°�± I 5.5 ß:pF« �)���S²]³FI 5.5 þ q õ'!�´�µF&:¥
¦M§Q¶�¨;ß)� 
�� ë ³ «�9M¡;þ PE �8«�96¡"þ	·Q¸ ��¹:º §�¶��
»�£ º U 
 ¬_�	¼V=j!Eï �
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PE ½¿¾ÁÀÃÂ 1 ½¿¾ÁÀÄÂ 2 ½[¾ÁÀÄÂ i ½¿¾ÁÀÄÂ p

1 Gs[1], . . ., Ge[1] ÅÆ[Ç¿ÈÊÉÌËÎÍ[ÏlÐÒÑ
PE2, . . ., p ÓÃÔ[Õ

Ö ÓØ× Ð Ö[Ù Ö ÓÚ× Ð Ö[Ù Ö ÓØ× Ð Ö[Ù

2
Ö ÓÚ× Ð Ö[Ù PE1 Û�ÜÞÝßÕ ÐÄà

Gs[1], . . ., Ge[1]Å[á ÙÌâßãdä¿åçæ
Gi Å ÍÃÏ�ÐèÑ PE3,

. . ., p ÓÄÔ[Õ

Ö ÓÚ× Ð Ö[Ù Ö ÓØ× Ð Ö[Ù

...
...

...
...

...

p
Ö ÓÚ× Ð Ö[Ù PE1 Û�ÜÞÝßÕ ÐÄà

Gs[1], . . ., Ge[1] Åá ÙÊâéãêäÃåØæ GiÅìë¿í
PEi ÛdÜÒÝÌÕ Ðéà
Gs[i], . . ., Ge[i] Åá ÙÎâÃãêäÃåîæ GiÅìë[í

PEp − 1 Û�ÜïÝßÕÐéà
Gs[p−1], . . .,

Ge[p−1] Å¿á ÙîâãØäðåñæ
Gi Å ÍÄÏ

I
5.5 ¥6¦�§�¶M­Q®

� �6ò ³ ·�¸ �C¹ 1
º � ³ PE1

²'ó »�£ ² !Eï ��ô:õMó = ³ ·�¸ �C¹ 2 $Mö ³ PE1 �C»�£² !w��! 

�2²jó�²�³�÷ � ó þ PE &:¥M¦~ø����C§�¶S��»�£�« 
)( ¬'&:ùFú º � 
��(�(�º�³)I
5.5 þ qFû !�¥M¦�§�¶�¨��Q� ³ 1 �"þQü�ý�&�� 
��)ô:õ � ³ PEi &C�{�:« 
����� û ±�«�9�¡	­�® ² !Mþ-¬ ³ �[þ PE �C��r º U8!Mþ �Mÿ�³ �[þ PE þ��L÷���tQ&��4�

! 
�� PE þ������Mt�±
	���« 
��Qÿ � ³�
 PE &��f¦)þ_����« 
�������� ±:þw�f� ó�³ ��Mò
m̃ ÿ~±�­�® ²�� v ³ «������)þ PE �
�Qr�« 
�( ¬�±C; � 
��S(�û « 
�( ¬_� q�� ¡ ³

�[þ PE þ������6t)±�	�� º U 
�� ���V" ³ «�9�¡;þ:­Q®�&����#=�!�þ û ����� � º �-þ
PE �_�QrM« 
_�F( þ"!$#)þ"%�rM« 
 ¯�°{± I 5.6

º p�« ���Q��²�³�
 PE þ��~�
« 
Q�	���� þ3ÿQ��& m̃
º�& "(' õ !�þ�!)# ³ ü6v[þ*%6r����{�C« 
��M�)��� þPÿQ� mod m̃ ÿ)þ ��)��� ±��Qr�« 
�� � �Mò �{��« 
����)��� þ3ÿ	�F& 501

º
m̃ = 100 !{= ³ %Mr��*+�¥ º

6 ,CP.- º � 

� ü�ý-þ 5 ,�þ�%Mr º Gk ± 100 ÿ��M��� PE ����r�« 

� ü6v-þ 6 ,{K/þ
%6r ºQ³�/ " þ 1 ÿ � R�±���r�« 
)( ¬_�Q! 

�I

5.5
º p ²�� §Q¶M´	µ ¬ s ¯�� ³FI 5.6 þC´Qµ10 ³ «�9M¡"þ PE &�«Q9�¡"þ	·Q¸ �C¹Cº

§�¶S��»M£ º U 
 ¬_�Q¼�=�!�þ �V²jó�²]³2
 PE � ³ ����« 
 «Q9�¡;þ �������Cº ��!2� ³
m̃ ÿ`þ ������� þC­�®�&���� ��� v ³ «3�4�[þ PE �:��r�« 
F( ¬�� q.� ¡ ³ �-þ PE þ
�5���MtF±
	)� º U 

��6)728�º � ³)I 5.6

º p ²�� §�¶�´Qµ-±'©$9�« 
�� l JLK�: PE :
´Qµ � I 5.7 : q�û �	! 

�)���S²]³ PE :���± p ¬ ²�³ l JLK*: PE � s[l]

ó = e[l] � º :
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PE ½[¾ÁÀÄÂ 1 ½[¾ ÀÄÂ 2 ½¿¾ÁÀÄÂ 3 ½¿¾ÁÀÄÂ 4 . . .

1 G1, . . . ,Gm̃ ÅÆ[Ç¿ÈÊÉ Ó Í[ÏlÐ Ñ
PE2, . . ., p ÓðÔ[Õ

Gm̃+1, . . . , G2m̃Å ÆÚÇÚÈñÉ Ó ÍÌÏÐïÑ
PE2, . . ., p ÓÔÎÕ

G2m̃+1, . . . , G3m̃Å ÆñÇØÈßÉ Ó ÍÚÏÐÒÑ
PE2, . . ., p ÓÔ[Õ

G3m̃+1, . . . ,G4m̃Å ÆÚÇÌÈñÉ Ó ÍñÏÐÒÑ
PE2, . . ., p ÓÔ[Õ

. . .

2
Ö ÓØ× Ð ÖÊÙ G1, . . . , Gm̃ ÅñáÙÄâìãØäìåßæ

Gi Åë[í
Gm̃+1, . . . ,G2m̃Å[á ÙØâ¿ãkä[å�æ
Gi ÅìëÎí

G2m̃ + 1, . . . , G3m̃Å[á ÙÌâßãdäßåÁæ
Gi Åìë¿í

. . .

3
Ö ÓØ× Ð ÖÊÙ G1, . . . , Gm̃ ÅñáÙÄâìãØäìåßæ

Gi Åë[í
Gm̃+1, . . . ,G2m̃Å[á ÙØâ¿ãkä[å�æ
Gi ÅìëÎí

G2m̃+1, . . . ,G3m̃Å[á ÙÌâßãdäßåÁæ
Gi Åìë¿í

. . .

..

.
..
.

..

.
..
.

..

.
..
.

p
Ö ÓØ× Ð ÖÊÙ G1, . . . , Gm̃ ÅñáÙÄâìãØäìåßæ

Gi Åë[í
Gm̃+1, . . . ,G2m̃Å[á ÙØâ¿ãkä[å�æ
Gi ÅìëÎí

G2m̃+1, . . . ,G3m̃Å[á ÙÌâßãdäßåÁæ
Gi Åìë¿í

. . .

I
5.6 ­	®�:�� � º %Mr�« 
 ¥6¦M§�¶�­	®

¶�; �=<?> ±'�{�C« 
�� s[l] ¬ e[l] � I 5.4 : q�û ��@BADC õ ¡6þ 
���( :�®6¤��	·=E � F
§�¶ º 0]©$9�&:ù�ú º � 
 : ºQ³V( : I :�G�H <?> ��� PE ¬ ¹M��I ·�J�KL:�M�ª-±�NFþ
¡6þ 
��I

5.7 : 1 OmK ó = 3 O#K�� º � ³ l JmK�: PE :
��� ² ¡�þ 
 ¶�; �P<Q> uk, vk :�R
u�S�±�@BA ² ¡6þ 
�� 4 OLK ó = 11 OLK�� º � ³2
 PE &2�T: PE

ó =f­Q®~�CP.- ¬�! 

uj, vj, rj ±jxMr ² ¡ ó = ³2
 PE :
���C« 
 uk, vk ±'y�z ² ¡�þ 
���(�õ =":�¥M¦T:C­
® º � ³ 1 J K�: PE ±2UMþ ��
 PE �Cx�r�&BVXW ² !6þ-¬ 7 O K�::x6r5:�Y�Z º � ��[\�] !_^�` 12 O K ó = 20 O K�� º � 
 PE :�aV�:«�^ uk, vk ¬ rk :�b)�6­�®V±*O � ¡
þ�^�` ( :�¥M¦T:�­	® º�c PE t º %6r�«�^�P.-F&XdQþ ³��.e � > ] ­�®F«_^ ( ¬ ] d�^�`( :�¥�¦�:C­Q® c8³�< (5.1) :�|�}�:�b�v�:�f K ]�g h «�^�` 21 OLK ó = 23 OLK�� º�c�³
uk, vk, rk & ô8õ�i:õ m̃ j�k�R.:�­	®F&8�X��^�¬ ³ «P� (jõ =":�l e G�±j��: PE

] �Qr² ¡Mþ�^*`�m.k ²]³ ��: PE :�x�r~±n��m�o ] ³ 12 O ]�p � ¡ ³�q : m̃ j�: uk, vk, rk ±
­	®F«L^�`�¥6¦M§�¶M¨ ² m AISM ¤T:C��� ]�r þ�¡ c:³�8�s [34] ±"t$u ² ¡�v ² þ�`
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1: for k = s[l] to e[l] do

2: xk = ek, yk = (ak − sek)
T , uk = xk, vk = yk

3: endfor

4: for i = 1 to l − 1 do

5: for k = s[i] to e[i] do

6: if mod(k, m̃) = 1 then

7: Receive uj, vj, rj, (j = k, . . . , k + m̃ − 1) from PEi

8: endif

9: uk = uk − {(vi)k / (sri)}ui, vk = vk − {(qk, ui) / (sri)}vi

10: endfor

11: endfor

12: for k = s[l] to e[l] do

13: for i = s[l] to k − 1 do

14: uk = uk − {(vi)k / (sri)}ui, vk = vk − {(qk, ui) / (sri)}vi

15: endfor

16: for i = 1 to i = n do

17: if |(uk)i| < tolU dropoff |(uk)i|

18: if |(vk)i| < tolV dropoff |(vk)i|

19: endfor

20: rk = 1 + (vk)k/s

21: if mod(k, m̃) = 0 then

22: Send ui, vi, ri(i = k − m̃ + 1, . . . , k) to PEl+1, . . . , PEp

23: endif

24: endfor

I
5.7 AISM ¤L:_¥�¦M§�¶�¨L:
®M¤ (l JLK�: PE 0 ² � c�¹���I ·�:�!)# )
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5.3
w x y z

6B{ SQ©B| cC³ 3 }B:�~ e3F º��2�m² m PC
�.� ·_GQ±n��NM«_^�`L� õ�� :�~ e3F4cB�L�<
��e���º��)�#² m�` { S�©$|T:��$� c��)� :�� û ] d�^�`

�����
: IBM Xseries 346 (× 3)

PE: Pentium Xeon 3.6GHz (× 2)

���=���)�
: 1 ~ e�F ]�rT� 1GB

OS: Linux Fedora Core 4

�)���X�_ 
: gcc 4.0.0 ( ¡ ¹.¢D£�¤
¥ 'Td ² )

¦B§  ��_¨�  �
: LAM/MPI 7.1.1 [35]

6)©Fº OX� õ m { SBªB|T:�«"¬ c��X� :­� û ] d ��® þ�^�`
1. AISM ¯ ] ��^�°Q´Qµ5:�±2² º2³ %)´�, {Dµ"¶�· C*¸ ®.³ bB¹Td�º$» ����{ m̃

µn¼
A�½�^�` ILU ¾B¿ ]�À�Á ^nb�¹Ld m̃ :�S�0�Â�Ã ] ¼ AX½�^�`

2. AISM ¯ ]"Ä_Å ^*O$Æ U, V :�Ç_È_»nÉXÊ { µ ±BË�½�^�`
3. PE } { µ 1

³
2
³

4
³

6 }�Ì ¶$·�Í ¸ ®�³ ° ©�Î�Ï�Ð m AISM ¯�Ñ"Ò�¾$Ó.Æ ·�µ ªBÔ=Õ
m5Ì � Ñ�Ó$Æ$Ö µ ±BËX½L^�`

4. AISM ¯ Î ±2²PÕ�m*×)Ø2Ù)ÚBÆ µ °2Û.Ü�Ú�ÆPÌ.Õ ®2Ý�Þ)ß Ì � Ñ GMRES(m) ¯ [42]

Ñ�àBá ~*â�ãXÑ�ä.åTÑ�æ�ç µ Ú3èêé
ª$|.ëíì (3)

µ�î�Þ2®2³ ½ Ð�® Ñ�ªB|Tï 6 }$Ñ PE
Î ÚXð Å ß éLñ ß�³ ª$|$ë�ì (4) Ñ�àBá

~*âXãXÑ�ä2åTÑ�æBçLï ³ AISM ¯�ò���ó�°2Û.Ü�Ú$ÆíÌ MR ¯�ô)Õ_õöï ILU ¾$¿Lò­�2ó�°.Û
Ü�ÚBÆ µ GMRES(m) ¯ [42] ò"¹ Ý Õ ®�³X÷ Å�ø�Å Ñ�°2Û�Ü�ÚBÆPÌ2Õ ® Ñ*ù�ú µ*û�ü Õ ß é{)ý$þ Ì2Õ ®�ÿ���� è�����Ñ	� { Ú$ÆLï ³ ª {�

� Ç��
�BÚ�Æ Î�� ó�é���

1 �
�����TÑ�����×�Ø.¿ µ È�»	� �"! â�Ì2Õ ³ GMRES(m) ¯�Ñ�ä2å�#%$�&
' µ ���
Ñ_�_è*ò)(�$�½�ó�é

‖ri‖2 / ‖b‖2 < 1.0 × 10−12 (5.2)

ß
* Õ ³ ri ï GMRES(m) ¯LÑ i +5ì�Ñ-,
.Tò À�Á ó�àBá/�0�1! â Î�� ó�é
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=
5.1
{)ýBþ

1: AISM ¯LÑ ¥ +?>B´�½_ó�º$» � � { m̃ Ì ±2²�@%A�Ñ�B)�
(a). tolU, tolV = 0.1CEDGFIH

1 2 4 8 16 32 64 128

m̃ 6144 3072 1536 768 384 192 96 48JLKGMON
( P ) 84.0 63.0 59.0 58.0 57.0 57.0 57.0 56.0

(b). tolU, tolV = 0.01CEDGFIH
1 2 4 8 16 32 64 128

m̃ 6144 3072 1536 768 384 192 96 48JLKGMON
( P ) 591.0 460.0 405.0 392.0 390.0 389.0 389.0 384.0

=
5.2
{XýBþ

1: ILU(2) ¯TÑ ¥ +?>B´�½_ó$º$» � � { m̃ Ì ±2²�@%A)Ñ%B)�
CODGFIH

1 2 4 8 16 32 64 128

m̃ 6144 3072 1536 768 384 192 96 48JQKGMON
( P ) 0.42 0.41 0.41 0.42 0.42 0.44 0.46 0.52

AISM ¯Lò Ä­Å ó*Ú$Æ U
³

V Ñ�Ç�È�»nÉXÊ�Ñ	R ��S_®�µ Ú3èUT ý tolU, tolV ï 0.1 ôXÕ
õöï 0.01 Ñ ý�µ � Ý Õ ß é�ñ ß�³�V%WX� s ò ��Þ2®�³ Bru

�
[8] òYX/Z Þ�ß s = 1.5 ‖A‖∞

Ñ	[Tò ³ 1.5 ‖A‖∞ ×101
³

1.5 ‖A‖∞ ×102 Ì 1.5 ‖A‖∞ ×103
µY\)Ý Õ ®2³ s Ñ ¶�· ò_�

ó^])Ö0_�`;a2àBáD~�â�ãXÑ�ä.å/b­Ñ�c
d µ ±$Ë=Õ ß éD��� Î2³�e%f ` s̃ = s / (1.5 ‖A‖∞)µ $�gíÕ ³ s̃
µ�Ý�Þ2®

s
µn¶$·DÍ ¸Ló�é

MR ¯Lò.ï ³ Ç­È­»�É)Ê­ÑYR �hS­®_µ ÚíèiT ý5µ tol Ì2Õ ³ 0.1 ô�Õ­õöï 0.01 Ñ ý5µ^\�Ý
Õ ß é MR ¯�Ñ),�.�Ñ)��� ý ÌYjXó"ÚBÆLò.ï?kml$ÚBÆ I

µ � Ý Õ ³ « Ò%,�. + { imax ï 1
 �
3 Ñ ý5µY\�Ý Õ ß é ILU ¾B¿ Î ï ³9n�o â/p ¤�µrq õts Í j Þ ILU(0) Ì ³ Ç­È­»�É)Ê

Ñ)uwv/pyx ò ÷ Å�ø�Å 1
³ ñ ß ï 2 zLÑ*ÉXÊLÑ n�o â9p|{ µ sX½ ILU(1)

³
ILU(2) Ñ 3 }�~

Ñ	�$¯�ò/�|~t���)Ú�ÆLÑ	�%� q LU ¾$¿ µ Ú�� ß é
ñ ß�³w���/� Ñ)���?��ò �)Þ � ³ MR �Lò �2ó)�.Û.Ü)Ú)ÆLÑ-��� Î ï��
�BÛ.Ü)Ú$ÆLÑ�Æ

���"! â µ^� PE ò�����ò����-� ß é ILU ¾B¿Lò/��ó��2Û2Ü�ÚBÆ Î ï-��ÚBÆ L Ì U Ñ�Úw�
�1!Qâ µ º$»��?�*¾���Õ^� � PE òY�%�5ò�¾��­½Ló/��Ì�òLÕ ß é AISM ��ï����LÑ-� 5.2.1� � Î���Ï Õ ß)� � Î ���?�_ó/��Ì�òLÕ ß é

[ �� �¡ 1] ¢��
£�¤ Θ = [0, 1]2 ò À�Á ó-¥�¦XÑ �­è�j-§�¨$¾��%���TÑ�©�ª ý �	��«?¬­ ó [44] é
−

∂

∂x
[{exp (−xy)}ux] −

∂

∂y
[{exp (xy)}uy] + 10.0(ux + uy) − 60.0u = f(x, y)

u(x, y)|∂Θ = 1 + xy
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5.3 � ý$þ 1: AISM �Tò/��ó)�BÛ.Ü)Ú$Æ�Ñ�Ç�È ®nÉXÊ��

tolU s̃

tolV 100 101 102 103

U V U V U V U V

0.1 138004 155308 138004 943205 138004 3171837 138004 7027265

0.01 1051329 13164320 1051329 35531595 1051329 66748783 1051329 103157063

ß
* Õ¯� f(x, y) ï)°
±B¿/² u(x, y) = 1 + xy Ì�j�ów�_ènò	³
$w´�ó�é���Ñ	§�¨
µ��%����«
5 ¶|·Y¸.á
µ Î-¹ �%º1Õ ß é?»�¼%¶;�Tï 192× 192

Îw� ó�é-½¾�����?¿ÁÀ Å ß Ñ ��� 1 �
�
���TÑ���Â­ï 36,864

Îw� ó�é ��� 1 �
�����TÑ)����ÚBÆ A ï 5 Ã%��ÄBÚBÆ Îw� ~Å� � ��ÄÆ µLÑ ý ï;´ Ð �?Ç¾j9�	� Þ ó�éÈ ��ò-�0É
®��?�^� m̃ «�Ê%º Í�Ë � AISM ��ò9�|~�×)Ø2ÙXÚ
ÌLÑ-���|@%A/«Y�.Ë=Õ ß é÷ Ñ)Í�Î�« = 5.1 ò�Ï/´�é m̃ ² � Í�Þ Ì?Ð^� PE Ñ)Ñ¾Ò�@
A�«rÓ%Ô Î Ð�ó-²m�-}
Õ +��1ô×ÖØ ´�ó9��Ì�ò�j�ó�é�½��	��� m̃ « � Í õ�Õ^�5ô�� AISM �LÑ-���|@%A�²;Ù�ÚwÛ-Ü Î Ð2óTÌ
ï�Ý�À�j Þ é = 5.1 �|~ÞT ý ² tolU, tolV = 0.1 Ì tolU, tolV = 0.01 Ñ Þ Ú%ß�Ñ�à�á=ô��
}�Õ�+	��² 128 +�Ñ�Ì;Ð�� � ñâ~ m̃ = 48 Ñ5Ì�Ð�� AISM ��ò9��ó	�BÛ.Ü)Ú%ÌTÑ-���0@�A
ï-ãmä
å j 
 � ß é%æ	çLò­Õ��m� ILU µ�è�é-� (4.1) êë� (4.2) ì	�m��ò 
�
 ó�@
A�«���íî ß é ÷ ì)Í�Î�« = 5.2 ò�Ï/´�é = 5.2


 ÀÞ�?}%Õ +�� ² 4 +?� � ñ�~ m̃ = 1536 ì¾ê?Ð��
�0@%A)ï È � ò�j9� ß �wêr².ð 
 ó�é��-ìYï%ð�«�Â�ò-�.à.áâñ*â�ãwì�äBå$æ$ç�«�ò3èë� ý
ð%ó é�ï?� AISM �Áê ILU(2) �|ì;ã9+�é�>
Õ�´Tó
É%® �?���5ï?� ÷ ß ø ß m̃ = 48, 1536

ì ý « \�Ý î ß é
�Tò	� s ì ý «�Ê�º�ô Ë � AISM � 
 Àõ¿ÁÀ×ß ß ò�Ì U, V ìYö9÷/®�ø�ùm��«^��í î � ÷
ì	Í�Î�« = 5.3 ò�Ï9´�é = 5.3


 À×� V ìYö ÷ ®^ø�ù�ï s ò ûBþ î �?Ö%ú9´�óYû�_�²müýÀ
ß ß é?þLò?� s ² 3 ÿ�� è�êëö9÷9®�øwùm�Tï È Ø é�� 10 � ì�á/²���Àiß���é?½ ���m� U, V

ò)Ù�ø¾j
	���
rì������ s ì Ø Ð
ô������/´��/�wê������ ��!��?� s ì)Ê�º��9�"��#
Ì�$
Î&%/ì�'�(�«*),+�����-��-� s̃ = 100, 101 ì". ��/ «10�~32,4;�m� PE 5Y��« 1 6âÀ 6 !-é
Ê%º�ô Ë ���75���$%Î�«Y��í î ���7�98 î �m}�Õ�:	� ² 128 :�ê*�
���7;<��É
®���=r� ì>

m̃ «<?9@ î ���A
5.4 ì?��í�Í�Î76 Ài� PE « 6 5�B,C î ��ê�Ðmì95)��$�Î�� 4 5
!?é9ì ê;Ð"���,+w���D ¦ î ��E
�
F	ì�ì-��� 5.6 �G�������m� H�I�ì 90% J�K�ì<L�K7M�2/«^¿N���wê¯²�é0Ð����

!��-� s̃ = 10.0 ì�à%á�� s̃ = 1.0 ì�ê?Ð��O�9+��m� PE � ² 4 5�ê 6 5
ì ê?Ð���L�K�� P�Q
M�2 î �&E
� ����ß
�?� V ì�ö ÷9®^ø�ù�� ²-Ö%ú î ����-;��RwÕ��ýê3��+%�m���9� ²�S9TU �YÖ ­ �9��-�é
V
� �
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5.4 ` > � 1: s ì)Ê�º���a"�"5�`�$%Î
%9ì�'�( (tolU, tolV = 0.01)

PE b s̃

100 101

1 1.0 1.0

2 1.9 1.9

4 3.8 3.9

6 5.6 5.8

A
5.5 ` > � 1: c�dGe9f�êhg�i�: ` (time: c"dGe�f ( j ), iter: g9i�:O` )

kmlonqpsr tqusvswsxoykzlon|{~}o� {��m�
GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iter���
0.0 – – – – – –

AISM
y

(tolU = tolV = 0.1, s̃ = 100) 56.0 – – 514.0 12125 289.0 5839

AISM
y

(tolU, tolV = 0.1, s̃ = 101) 142.0 158.0 338 164.0 453 165.0 473

AISM
y

(tolU, tolV = 0.01, s̃ = 100) 384.0 452.0 1160 420.0 565 409.0 382

AISM
y

(tolU, tolV = 0.01, s̃ = 101) 1461.0 1470.0 57 1468.0 39 1467.0 33

ILU(0)
y

0.21 – – – – 171.0 3066

ILU(1)
y

0.31 – – 63.0 1044 78.0 1313

ILU(2)
y

0.41 – – 38.0 625 41.0 588

MR
y

(tol = 0.1, imax = 3) 173.0 – – – – – –

MR
y

(tol = 0.1, imax = 2) 100.0 – – – – – –

MR
y

(tol = 0.1, imax = 1) 45.0 – – – – – –

MR
y

(tol = 0.01, imax = 3) 189.0 – – – – – –

MR
y

(tol = 0.01, imax = 2) 103.0 – – – – – –

MR
y

(tol = 0.01, imax = 1) 45.0 – – – – 214.0 6021

–: 2 �q�����z�~�s�������s�z�z� ���m���z���q�
imax: MR

y�{�wsx�� b

 �¡ �*¢ 6 5�ì PE £1C9E�¤�¢ AISM ¥�¢ ILU ¦mèâê MR ¥
é�§&-��<¨�©�H�ò�ª�£ GMRES(m)

¥N��«�C î ¢�¬�­�®�­9ì�¨9©�H�ò,ªýê î ¤�ìO¯�°�£ ��±³²O��� A 5.5 �9� GMRES(m) ¥´Oµ�¶¸·*¹�º�»�¼
(5.2)

´O½�¾�¿ @�À�ÁÂ£ÄÃGÅ�Æ�!�Ç ´ c�d�e9fÉÈÊg9i7: `Â£ÌËÍ²*¤�E�� �
Å�8G²Î¢ 2 ª�Ï�����¨�©�H�Ð9ª ´ c"d�e,f
£1Ñ�Ò�Æ7��� GMRES(m) ¥ ´ c"d�e9f,����¢�¨
©�H,Ð�ª ´ c�dGe�f »�Ó !�­�¤,E�� �

MR ¥���a��O¨�©�H&Ð�ªÉ£Ä«
CÔ²OÅ�Õ,Ö&¢ µ�¶¸·�¹�º £ 2 e�f"×�Ø�� ½�¾ÚÙ�Û ��Ü
È »
Ç�Ý�Å ´ ��¢ tol = 0.1 69Þ imax = 1

´ È�Ý ´ GMRES(40) ¥�8�ß�Ç
V�à"Å��¸Ü ´ ¨�©�H
Ð�ª ´ c"d�Ç,��¢ imax £1á9â Ù*Û ¤NF1¨�©�H�Ð�ª ´<ã�ä K » 2 »æåèç ¢ µ�¶Â·*¹&º,´O½�¾
£�é�ê Ù*Û ��Ü
È » ÇNÝ���6Gà�Å�� ILU ¦�ë���a�� ¨�©�H¸£Ì«&C,Æ���È AISM ¥É£Ì«�CÚ²
ÅìÈ�Ý,a�í|¢�î�E�e�f�Ç�¨�©�H,Ð9ªÉ£Ä§�-
��Ü
È » Ç�Ý�� � µ9¶¸·<¹
º&´�½�¾�»�ïñð ���
.&ò / FOV&� ��óÂà�¤"¢¸Ü ´ ` > ��6 å ¢ ILU ¦9ë » AISM ¥æaGíô¨�©�H,Ð9ªÍÈ�²Ä¤"õ
­
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A
5.6 ` > � 2: AISM ¥ ´
ö9÷�ø =Ì`ùÈ3c"dGe�f ´,ú û

(a-1). ecl32, tolU, tolV = 0.1üqý � b 1 2 4 8 16 32 64 128

m̃ 8666 4333 2167 1084 542 271 136 68�m� �q� ( þ ) 310.0 230.0 216.0 210.0 207.0 206.0 209.0 209.0

(a-2). ecl32, tolU, tolV = 0.01üqý � b 1 2 4 8 16 32 64 128

m̃ 8666 4333 2167 1084 542 271 136 68�m� �q� ( þ ) 1606.0 1287.0 1144.0 1075.0 1047.0 1038.0 1042.0 1049.0

(b-1). af23560, tolU, tolV = 0.1üqý � b 1 2 4 8 16 32 64 128

m̃ 3927 1964 982 491 246 123 62 31�m� �q� ( þ ) 1835.0 1465.0 1284.0 1185.0 1175.0 1223.0 1228.0 1234.0

ÅO¯�°G£�ÿ��7ÆG��Ü�È » V��O�Ú²<6¸²1¢ GMRES(m) ¥ ´�� /�� ò��	��
 »
�æÙ E¸È ½9¾
ÇNÝ ç ¢��9@9¯ì���Nß,��Ü
È » V�à�Å���¬�­���T�²*¤�¢ AISM ¥ì�7a"� Ð9ª ´ ¨�©�H¸£*«
CÚ² Å<Õ&Ö,¢ GMRES(20) ¥ ´ 1 .,ò / £���E�¤�¢�Æ�+&¤ ´ Õ,Ö�Ç µ�¶æ·<¹
º � ½�¾ ² Å��
AISM ¥���a"��¨�©�H&Ð�ª ´ c�dÉ��e,f » 696���F ´�´ ¢�� ð ´ Õ,Ö�Ç�¢ µ�¶æ·<¹�º ���
@�²Ä¤ ½�¾ ²<¤,E��O��óÂàO¤"¢ AISM ¥�Ç"c�d ² Å�¨9©�H,Ð,ª ´ Õ&Ö&¢ µ�¶¸· ¹
º&´�½�¾´ ��@9¯ »
�
��ï E¸ÈÄE���� �Ù
å ��¢ A 5.4

´ a&;1� PE 5<`ì£���� ÙÌÛ ¤�¢ AISM ¥��&a�� ã�ä�� Ð"ª�¨�©�Hì£ÌC,E�Å
GMRES(40) ¥ ´ c�d
e�f9£Ìc��æ²è¤�¢1¬ ´ 51`�$��N£���@Â²*Å<�ÌÅ"8�²h¢ tolU, tolV = 0.01

69Þ s̃ = 100 È Æ7� �7¬ ´! �&¢�5<`9$��G� A 5.4
´

s̃ = 100 ´ Õ&Ö³È !�à�Å ð�"$#� �
ÈÄ�
à�Å���ÜÌ­
��¢ GMRES(40) ¥ ´ c�d�e9f 409 j ´ ;&%�¢"¨�©�H�Ð�ª ´ c"d�e�f » 384

j
Ç&Væí|¢�'9c"d�e9f ´ 90% ×,2�£�²<-&�"Å�-�¢ "�#( �����
à�ÅNÈ*)+�
�
Ü&È » ÇGÝ"���
[ ,�-/. 2] Florida Sparse Matrix Collection [47]

´�0 ò �21 ò / �,V��OÐ,ª “ecl32”,

“af23560” £ û `,Ð�ªÍÈÎÆ7�43�5 1 6+7�J ¼ £2)+�
����8�9�ë ´&:<;&» Æ�+�¤ 1.0 ÈÄ�&�&a
;*�&3�5 1 6�79J ¼N´�=�> 1 =?� ¹ b £<?�@�² Å���Ð9ª “ecl32”, “af23560”

´ 6/@"` ÈBAC ÷&:D; `FE,¬�­7®"­ “ecl32”
»

51993, 347097 Ç�VÔí|¢ “af23560”
»

23560, 460456 Ç�V
� ��A C ÷G:/; E�` > � 1 Ç�Hæà�Å�F ´ a�íJI�K�LNMPORQ Ù ­�¤/SUT!V
`<W�X 2

´Oû `,Ð�ª�ÇDE�¢�6/@�` n
»ZY�ç ²�[ PE \ ` p = 6 Ç2] í_^�­`TGÈ&E
a åGb

S�VGÜ ´ Õ�Ö�¢2c PE
´&dfe Æ`T*ª 1Rg � ¹ E+h 5.4

´ ajiGMPk�l&Æ`TPV �Um M!n�o&Æ`T ö÷�ø g ` m̃ M�Þ�S"¤"¢!p 5.2.2
��q Ç�rDs�Å�ajiGMO¢!c PE

´&dNe Æ`T ö�÷�ø g ´Pt ` » m̃

Ç�] íu^�­ b S�Õ,Ö,¢  ,¡ ´!v o�E dwe Æ�T ö9÷�ø g ´2t ` mod m̃
tG´&ö�÷�ø g £&n+o

ÆRT�Ü&È!M b T!V�×<x ´ Ü&È�£zyN{Z��¤ AISM ¥ÍÈ ILU(2) ¥ ´   « b
ö�÷7ø g ` m̃
´ c
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�
5.7 `/W+X 2: ILU(2) ¥ ´,ö9÷�ø g ` È3c"dGe�f ´�ú û

(a). ecl32üsý � b 1 2 4 8 16 32 64 128

m̃ 8666 4333 2167 1084 542 271 136 68�z� �q� ( þ ) 2.17 2.14 2.14 2.13 2.14 2.17 2.23 2.34

(b). af23560üsý � b 1 2 4 8 16 32 64 128

m̃ 3927 1964 982 491 246 123 62 31�z� �q� ( þ ) 2.12 2.12 2.11 2.10 2.10 2.10 2.12 2.20

�
5.8 `<W+X 2: AISM ¥$M�a�T ¨�©��,Ð9ª ´ A C ÷G:/; `

(a). ecl32

tolU s̃

tolV 100 101 102 103

U V U V U V U V

0.1 204069 2255976 204069 3762618 204069 5604401 204069 7775226

0.01 1535930 11331526 1535930 17858501 1535930 25564994 1535930 33866053

(b). af23560

tolU s̃

tolV 100 101 102 103

U V U V U V U V

0.1 551740 32207303 551740 61057101 551740 93002049 551740 124318919

�  �¸£"¬�­�®�­ � 5.6 È � 5.7 M<Ë�Æ�V
“ecl32”

´ Õ
Ö$M�E�¢ AISM ¥�ÇDE tolU, tolV = 0.1 È tolU, tolV = 0.01
´ S ç ­ ´ Õ

Ö�[ v o m ` » 32
m ¢&Þ�{¸í m̃ = 271

´ È�Ý<c�dNe,f »   � È b à�Å�V ILU(2) ¥�ÇjE
m̃ = 1084

´ È�Ý   � È b à�ÅZV “af23560”
´ Õ
Ö$M+E�¢ AISM ¥$E tolU, tolV = 0.01

´
È�ÝÄ¢ 2 e�f�×���MO¨�©
��Ð�ª ´ c"d »��<�Ôå4b�� à�Å » ¢ tolU, tolV = 0.1

� Þ m̃ = 246´ È�Ý�M!�"d�e�f+E   � È b à�Å�V ILU(2) ¥ ´ �"d�e9f »   � È b à�Å ´ E�¢ m̃ = 123
´

È�Ý<Ç/��à�Å2V<ó�à*¤"¢ µ�¶Â·Ì¹&º�´O½"¾+����´&��� Ç"¢ AISM ¥�MD�ZT*¨�©���Ð�ªì£z�DS
TGÈ�Ý�E�¢ “ecl32”

´ Õ,Ö,¢ AISM ¥NM m̃ = 271 £z���Ú²Î¢ ILU ¦9ë�M m̃ = 1084 £&���Ú²
Å�V “af23560”

´ Õ�Ö,¢ AISM ¥ È ILU ¦9ë$M�¢7¬�­7®�­ m̃ = 246 ¢ m̃ = 123 M��+l�² Å�V
6NM�¢¸Ü*­ å 2 Þ ´ Ð,ª$M�Þ/S�¤�¢
��W<X 1

"2� M s
´ WÉ£G�<� Ù<Û ¤�¢ U, V

´ A C÷G:/; �¸£&����²�Å�V7Å+�N² ¢ “af23560”
´

tolU, tolV = 0.01 Ç/E�¢ 2 ����×$�OÇ��
� »�<� ² b�� à�Å ´ Ç
���  � ´2� r¸£z�j��ÆRT�V
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�
5.9 �<W+X 2: “af23560”

´
s
´ ���$Mj�
T
\P��¢��D£ ´P¤+¥ (tolU, tolV = 0.1)

PE ¦ s̃

100 101

1 1.0 1.0

2 1.7 1.9

4 2.8 3.0

6 3.8 4.0

�
5.8
�¸å ¢NÜÄ­ åÄ´ X�M�§<S
¨N[ s M�©
XÔ²4¨ V

´ A C ÷4:<; � » á9â�Æ`Tzª`« » �
T
Ü&È »
�<� TPV “af23560” Ç/E s̃ = 103 ´ È�Ý s̃ = 100 ´ È�Ý ´�¬ 4 ­ ´ A C ÷z:<; � »® å°¯ Å2V�Ü�Ü*ÇZ±&A C ÷4:�;N² 8 ³j´µ�J¶!­�·�¸`¶!¹�º � ��»
¼�Ç �
½�¾ Å�ÈÎÆjT�ÈB± V

¶!A C ÷z:U;f²!�+½ Æ$T�Å+¿DM2± Y+: È b T �+½/À�Á E 8 × 124318919 = 994551352 ± ¬
994MB È b TPV�Â
�/W ��� Ç/E2± 3 Þ/¶UÃ�òµÄ ² ��� ¾ ¨�SDT
¶�Ç�± 1 Ã�òÅÄJ��ÅÚí V �
ß ²z�
½ Æ`T"Å�¿+M�± ¬ 331MB Æ�¸R¶ ��½�Ç
ÈjÉ2Y
: È b TPV�Ü�¶7Ü,È ² )�Ê/ËjTRÌ°± YÍ ¾ [ s

²GÎ�Ï$Ð Ì!TUÑDÌ É�Ò ¢ÅÌzÓ�awÔ b S�VfÑ+ÑzÕ
± s̃
É

100, 101 ¶FÌ Ï ¶�\!��¢�Ö² �
5.9 M&×jË�V

Ñ�¶!X/Õ ® Ô ¯DØ \z��¢+Ö�Ó2±P��W�X 1 ��ÙuÚ b S�[�¶�¶2± 6 \!�+� ¾PØ Ì Ï 4 ­
ÛRS!Ü
¸R«�x É�Ý�ÞàßP¯jØ V/á`{wÙâ±��<ã�¶ 2/3 Æ+¸�¶�äjå É ® Ô ¯UØ V${ Ø ± s̃ = 10.0 ¶&æ/ç
Ó s̃ = 1.0 ¶NÌ Ï M�©�s<¨�±j\P��¢<Ö$Ó!Ú ¾zè�é�ß!¯ ¨<SUTPVwÑ ¯ Ó�±Z��W�X 1 ÌGê � M�±
V ¶PëRì`íGî<ï
� É�ð�ñ?¾!Ø�Ø ¿Z± v o Á Ì°©<s<¨��
� Á`É�ò+óFô�õ&ð$ö<Ø+Ø ¿
ÕD�D÷!øù�ú õ ± 6 \�¶ PE

² �Dû
¨�± AISM ü�± ILU ý�þ?Ì MR üR¶2ÿ��
�����?Ì ¾ ¨/¶PäUå ²
©�� ¾�Ø ø�� 5.10

õ Ó “ecl32” Ì “af23560”
²	� �
���µÌ Ë�÷
��� 1 �
�+Æ��F¶!Û��<þ É�����
����� ²
��Ø Ë��2ÕD¶ GMRES(m) üR¶ �������fÌ"!�#%$!� ² ×jË�ø

“ecl32” ¶&æ�ç õ Ó�± MR ü õ
& ÷&ÿ���'�Ó ��� ¾)(+*-,2Ø ø ILU ý�þ õ
& ÷Pÿ���'UÕ/Ó2±
“ecl32”

õ
ILU(0) ü ²
.0/ ¾�Ø GMRES(40) ü$¶�æDçN¶�1�2�3�Ã	4%5DÓ ��� ¾2Ø ø AISM

üUÕ���� ¾!Ø ÿ���'
��� ² � / Ë�÷�Ì(±+ÿ���'
����¶ �
� õ ��� É76%*8,ZØ%9 ¶+¶�±-:+;
tolU, tolV ¶<; ² 0.01

õ � � ¾&Ø Ì Ï ±ZË�=�¨/¶ GMRES(m) üRÓ ��� ¾PØ ø GMRES(m)

ü�¶>2�3 Ã)4-5U¶ ��� ¶@? � ä ²7A ÊDË$÷�Ì(± AISM ü õ%& ÷!ÿ���'
���$¶ ���CB7DFE ÉG�H Ì (I, ¨ 9 AISM ü ²	/ ûU÷)J�; É-K ÷RÌGû ö ÷!ø
� õ ± “af23560” ¶�æ/ç õ Ó�±�:�; É 0.01 ÕUÓ ��L É 2 M�N�OQP õ>RIS Ô Í ±+ÿ���' ²

GMRES(m) ü õ).
/�¾)(�*%,�Ø�É ±�:+; É 0.1 ¶FÌ ÏZõ Ó�Ë�=�T/¶ GMRES(m) üjÕ+2�3
Ã)4-5<¶ ��� ²
U�V Ë`÷jÑDÌ É Õ Ï�Ø ø%W ¯jõ<X�¾ T
± ILU ý+þ?Ì MR ü ²Y.-/ Ë`÷zæ<ç
Ó ��� Ë`÷UÑDÌ&Ó (�*Z,ZØ ø�[ , T
±àÑ2¶ &%\&õ ë`ì`íGî<ï�¶�ý�] É�^ � ô	_�`�a�(�b<cõ<Xed T�f ILU ý+þ õ0& ÷!ÿ���'���� & Ù 9 AISM ü õ0& ÷GÛ���g����ih
j \ �Ik Ò�l Õ
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� 5.10 v�;�w 2: ��LZM�NfÌx!�#Z$<v (time: ��LZM�N ( y ), iter: !�#�$<v )

(a). ecl32 z|{~}���� �����~�����z�{~}����~� ���|�
GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iter���
0.0 – – – – – –

AISM

�
(tolU, tolV = 0.1, s̃ = 100) 208.0 – – – – – –

AISM

�
(tolU, tolV = 0.1, s̃ = 101) 290.0 – – – – – –

AISM

�
(tolU, tolV = 0.01, s̃ = 100) 1038.0 1128.0 790 1090.0 408 1065.0 231

AISM

�
(tolU, tolV = 0.01, s̃ = 101) 1455.0 1570.0 819 1519.0 415 1485.0 221

ILU(0)

�
0.48 – – – – 1188.0 22553

ILU(1)

�
1.14 – – – – – –

ILU(2)

�
2.13 – – – – – –

MR

�
(tol = 0.1, imax = 3) 402.0 – – – – – –

MR

�
(tol = 0.1, imax = 2) 238.0 – – – – – –

MR

�
(tol = 0.1, imax = 1) 99.0 – – – – – –

MR

�
(tol = 0.01, imax = 3) 544.0 – – – – – –

MR

�
(tol = 0.01, imax = 2) 277.0 – – – – – –

MR

�
(tol = 0.01, imax = 1) 99.0 – – – – – –

(b). af23560 z|{~}���� �����~�����z�{~}����~� ���|�
GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iter���
0.0 – – – – – –

AISM

�
(tolU, tolV = 0.1, s̃ = 100) 1175.0 1344.0 759 1328.0 621 1302.0 549

AISM

�
(tolU, tolV = 0.1, s̃ = 101) 2304.0 2562.0 740 2526 649 2478.0 544

ILU(0)

�
0.62 – – – – – –

ILU(1)

�
1.31 – – – – – –

ILU(2)

�
2.10 – – – – – –

MR

�
(tol = 0.1, imax = 3) 180.0 – – – – – –

MR

�
(tol = 0.1, imax = 2) 111.0 – – – – – –

MR

�
(tol = 0.1, imax = 1) 48.0 – – – – – –

MR

�
(tol = 0.01, imax = 3) 254.0 – – – – – –

MR

�
(tol = 0.01, imax = 2) 126.0 – – – – – –

MR

�
(tol = 0.01, imax = 1) 48.0 – – – – – –

–: 2 ���|����� ��������� ���� ¢¡�£�¤�¥
imax: MR

�������§¦�¨
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� 5.11 v
;�w 3: AISM üZ©-ª+í%«@¬­vµÌ®��LZM�N�©�¯ �
(a). tolU, tolV = 0.1°�± ¦�¨

1 2 4 8 16 32 64 128

m̃ 40000 20000 10000 5000 2500 1250 625 313��� ��� ( ² ) 1512.0 1146.0 1055.0 1034.0 1030.0 1027.0 1027.0 1028.0

(b). tolU, tolV = 0.01°�± ¦�¨
1 2 4 8 16 32 64 128

m̃ 40000 20000 10000 5000 2500 1250 625 313��� ��� ( ² ) 1513.0 1146.0 1056.0 1034.0 1031.0 1027.0 1026.0 1027.0

� 5.12 v�;�w 3: ILU(2) ü8©
ª+í%«@¬­vÅÌ³��LZM�N�©�¯ �
°�± ¦´¨

1 2 4 8 16 32 64 128

m̃ 40000 20000 10000 5000 2500 1250 625 313��� �~� ( ² ) 0.78 0.76 0.77 0.79 0.88 1.07 1.49 2.85

K ÷�Ì A+ö Ô¶µR÷!ø
[ ·�¸�¹ 3] AISM ü0©�äUå%h
º�=R÷ Ø�»�õ f ILU ý�þ õ). Ë`÷¼�Q© &0\­( ª�í0« ¬ X�½

���
A = diag [A1, A2, . . . , Añ] ∈ Rn×n (5.3)

h � vÅÌ�ËR÷¼��� 1 ����¾��¿h A�ö ÷ [20] ø Ø�À8d f n = 240, 000 f ñ = 120, 000 f
Aj =




λre,j λim,j

−λim,j λre,j



 ∈ R2×2, j = 0, 1, . . . , ñ

Õ K ÷Pø)Á�Â�þ%©&î�ï`Ó>f [0, 1] ©)Ã�Ä�©	Å�vjÕ7Æ � dxÇ�È b h
É � dzØ ø λim,j Ó [−1, 1]

©	ÃZÄ
©	Å�v`Õ�É � d f λre,j Ó [10−3, 10−2] ©	ÃZÄ�©>Å�v¿h
Ê /Ëd�Ø ø
Ñ@©	v
;�wQ© � v
����Ó>Ì�Í X�½ ���jÕ K Ù�fQÎ�Ï<4%Ð8Ñ¶Ò�Óih¼Ô?Ñ ß Í õ LU ý<þDË

÷jÑUÌYk7Õ`å<Õ K ÷ [49] ø�[ , T�fwÑ7© &�\Y( � v���� õ ILU ý�þ¿h
� \ Ì®f�Ö�× LU ý
þ õ�( Ù�f�ÿ���'����Øh .
/ Ë`÷@M ÙDÕ�þ-k7ÚØ��÷Pø�á0�fÙ�f GMRES(m) üjÓ 1 $�©<!�#
ÕZþÛh
Ú » ÷UÑ/Ì­k�Õ Ï ÷!ø�Ü�v�;�w�Ó7f Ñ>© b<c hYÝ Ù®Þ
ß+T�f ILU ý�þ õ). ËR÷ b<cõ<Xed T�f AISM üZ©�äjå�h¼º
=�÷�ø
� Í f�à8©>v�;�w$ê á
f ù-â õ)ã-ä $<vËh¼å�æ ß<ç T�f 6 è�© PE Õ AISM üêé ILU ý

þ õ0& ÷Pÿ���'����8© ��LZM�NIh	� Þed!Ø ø�W�©>ë�ÖihY� 5.11 éC� 5.12
õ ×0ì2ø

AISM üDÕ/Ó m̃ = 625 ©Qé Ï f ILU ý�þDÕ/Ó m̃ = 20000 ©Qé Ï�õ ��L�M�N�k ù�í õ�(
,î ©�ï�f�2�3¿ð)4-5-© ����ñ JZ©>ò�óQô+õ�ö�T 9 ª�÷�«7¬­vøé d TØù
µeú¼©>;Ûh / ö î7û
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� 5.13 v�;�w 3: AISM ü8ô &�ý ÿ���'����Z©	þ�ÿ0÷�����v
tolU s̃

tolV 100 101 102 103

U V U V U V U V

0.1 359937 479930 359937 479931 359937 479931 359937 479931

0.01 359990 479984 359990 479984 359990 479984 359990 479984

� 5.14 v�;�w 3: AISM üZô &�ý ÿ���'����Z© ��LQ©����	��Þ (tolU, tolV = 0.01)

PE

¨
s̃

100 101

1 1.00 1.00

2 1.39 1.39

4 2.38 2.39

6 3.12 3.14

�Ûô f�
�© 2 �I©	v
;�w é�
 áQô f s h
å�æ�� ç f+þZÿ�÷�����v¿h<��� d î+û W�©7ë��
h­� 5.13 ô��Iì û ù<©)v�;�w-ï�� f s hYå�æ�� ç T 9 V ©)þ0ÿ0÷�����vQô���� ( å�æ	���
ú¶µ (�*�, î û
� î f<v�;�w 1 é 2 é�
>á�©����-ï PE è)vihYå�æ�� ç T�f AISM üZô &+ý 
! �'#"���©

��LZM�NIh	��� d î7û W�©7ë��ihY� 5.14 ô��0ì û � 5.14
* ú®f¿ù7©>wIï�� 6 è�© PE ï 3$ O
Þ
©����	��Þ�k&%êú®µ î ù-éYk S�*%ý û

� 5.15 v�;�w 3: ��LZM�NÛéx!�#Z$<v (time: ��LZM�N ( y ), iter: !�#�$<v )z�{~}���� �����~�����z�{~}¢���~� ���|�
GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iter���
0.0 1891.0 24083 2065.0 23455 2216.0 23131

AISM

�
(tolU, tolV = 0.1, s̃ = 100) 1027.0 1035.0 24 1034.0 24 1034.0 24

AISM

�
(tolU, tolV = 0.1, s̃ = 101) 1026.0 1027.0 9 1027.0 9 1027.0 9

AISM

�
(tolU, tolV = 0.01, s̃ = 100) 1026.0 1034.0 24 1034.0 24 1035.0 24

AISM

�
(tolU, tolV = 0.01, s̃ = 101) 1027.0 1028.0 9 1028.0 9 1028.0 9

ILU(0)

�
0.76 1.0 1 1.0 1 1.0 1

ILU(1)

�
0.76 1.0 1 1.0 1 1.0 1

ILU(2)

�
0.76 1.0 1 1.0 1 1.0 1

MR

�
(tol = 0.1, imax = 1) 636.0 – – – – – –

MR

�
(tol = 0.01, imax = 1) 636.0 – – – – – –

MR

�
(tol = 0.1, imax = 2) 1271.0 – – – – – –

MR

�
(tol = 0.01, imax = 2) 1274.0 – – – – – –

–: 2 ���|��� � �������~� ���� �¡|£�¤�¥
imax: MR

�����~�¢¦�¨
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(a). ')(+*-,/. vs. 021�354 (b). '6(7*-,/. vs. 8:9�;=<
>

5.8 v�;�w 3: GMRES(40) ü8©>2�3¿ð<4-5
© ��� ì ý á@?If A: 
@ �' (Ød , B: MR ü
(tol = 0.01, imax = 1), C: AISM ü (tolU, tolV = 0.01, s̃ = 1.0)

A�B ô f GMRES(m) üZ©>2�3Cð)4-5�k ��� ì ý � ïIô�� d î ��L8M�NÛé"!�#Z$<v¿hDC
5.15 ô��%ì û
ù>©)v�;�w	�
Î�Ï
4IÐZÑ"Ò�ÓØhYÔ ù!��EIô LU F�G-ïIH ý ©+ï�f GMRES(m) ü-ï�� 1 $

©>!�#Iï7G0k7ÚÛ� ý û ù © &0\Y( ILU F�GZô)þ�JQô . ì ý+b<c ô+õ�ö�T 9 f&
@ �'Ch�" S( ö GMRES(m) ü�K MR ü¿h / ö îML�N ô ^ =�T�f AISM ü¿h / ö îML�N 2�3Cð)405
©O@P k�Q+R��	µ î@û�SUT h 0.1 V ú 0.01 ô	å�æ d TXWYf�
@ @Y�"�ZZ©+[�L8M�N#��\�]�
_^
ï K�` î û ù¼µ�� f+aIb ý S7T h
É@c d î ôdWeV�V S ú:E f+C 5.13 ï+� d îdf \ ô>f&
! 
Y�"�Z8©<þ%ÿ%÷�����vZk�\�]�
_^>ô�b ` î�î » ï KIý é�g�h¿ú¶µ ý ûji�î f s © T h¼å�æ
� ç TkW­f)þ0ÿ-÷��#��v0k å�æ d b&V ` î ù
é5VCú"f s © T �Ml!Z l �Zôem�nÛh/o	h@b&V `î ù-éYk S V ý û@p�q ðer�s
© O�P ô�¯ d�t �@f�
@ @Yjb d ï_W O@P ì ý k�f	u�©Mv#w	x
v%kUy��Qô�b `+t ö ý ûji�î f MR üQô f ý 
@ �Y�"�ZÛh�z�{ d�t W p�q ð�r�s
© O@P h
Q|R%ì ý ù0é���ïjHME>f�V�h `Mt O�P he}�æ�� ç�t ö ý û�~�� f AISM ü0ï&"#Z8©|
@ �Y
h�"�� L#N fU
! !Y#"�Z�©M[&� À�� ï 20 F!���6V�V `�t ö ý W>©�© f7v�w�x	vj�+
! !YIbd © L#N ©�� 1000 F�© 1 ô!b `�t ö ý î » f|��[&�	�����|
! !Yih�"���b�ö L#N�fI�=� b
ö û	i�î fiù>©	v T wIï�� s h¼å�æ�� ç8ý é2v�w	x<vj�<å�� ý k�f![!�I����ô���H7b<å�æ
�@�¿ú µ�b!V ` î7û>

5.8 ô GMRES(40) üZ© p�q ð�r�s-© O@P ì ý á@?¿he�0ì û > 5.8
fj� f�
@ @Y¿h�"

��b�� t W p�q ð�r�s��7[!�I����ô���� t ~ cZ©M���Iï O�P � t ö ý û AISM ü8ô f ý 

 @Y��/z�{�ì ý é:� p�q ð�r�s��|�U�X�!� 1000 �X�/��� î �+�dVËú6���8ô 1.0 × 10−12  
� i ï�¡�¢�� t ö ý û � i�� ��
� @Y�"#Zj�+[!� ( � 1000 � ) £U¤�� ` î B � 24 x#�Mv#w
x�¥%ï�¦�§­ô O�P � î7ûji�î � MR üQô f ý 
� @Y���z�{�� î�L�N ��
@ @Y�"�ZI�+[!�	£
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C 5.16 ± PE �M²#³@´�µ·¶�¸�� î þ%ÿ0÷����@¥
(a). ¹»º»¼ 1, tolU, tolV = 0.01, s̃ = 100

PE ½¿¾ ÀÂÁÄÃÆÅ ÇÉÈÄÊÌË ÍÉÎ»ÏÑÐ ÒÔÓÄÐ Õ»ÖØ× (%)ÙÛÚÝÜßÞÌà ¹ ÊÌË ÊÌË
0 2125451 36.0 14.0 334.0 9.0

1 2433024 101.0 18.0 265.0 26.0

2 2452044 156.0 33.0 195.0 41.0

3 2363144 212.0 49.0 123.0 56.0

4 2445060 266.0 64.0 54.0 70.0

5 2396926 324.0 60.0 0.0 85.0

(b). ¹ÌºØ¼ 2, af23560 á»â tolU, tolV = 0.1, s̃ = 100

PE ½¿¾ ÀÂÁÄÃÆÅ ÇÉÈÄÊÌË ÍÉÎ»ÏÑÐ ÒÔÓÄÐ Õ»ÖØ× (%)ÙÛÚÝÜßÞÌà ¹ ÊÌË ÊÌË
0 2057346 40.0 6.0 1129.0 3.0

1 7026059 242.0 15.0 918.0 21.0

2 11468891 589.0 77.0 509.0 50.0

3 8740500 856.0 210.0 109.0 73.0

4 2627566 771.0 401.0 23.0 56.0

5 838681 752.0 413.0 0.0 66.0

(c). ¹ÌºØ¼ 3, tolU, tolV = 0.01, s̃ = 100

PE ½¿¾ ÀÂÁÄÃÆÅ ÇÉÈÄÊÌË ÍÉÎ»ÏÑÐ ÒÔÓÄÐ Õ»ÖØ× (%)ÙÛÚÝÜßÞÌà ¹ ÊÌË ÊÌË
0 139996 11.0 78.0 937.0 1.0

1 139997 180.0 95.0 751.0 17.0

2 139993 342.0 122.0 562.0 33.0

3 139999 484.0 167.0 375.0 47.0

4 139995 628.0 213.0 185.0 62.0

5 139994 768.0 258.0 0.0 75.0Õ»ÖÉ× = Ç¿ÈÄÊÌË / ( ÇØÈÝÊÌË + ÍØÎØÏÑÐ ÊÌË + ÒÆÓÑÐ ÊÌË )
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¤�ã���ä 900 � B �&å/æ@Vçå p@q�è r�s�£7���Ié�ê � �2ëIì�äU£@� 1500 �   �dV�å·í�î��
ä�ä�ìU��ï@ð@Yk��ñ�òd£+ódô�b!V ` ä_µ:õ�h�öM÷

[ øeù@ú�ûI«|ü!ý ] þ�þeÿU��¥ T������ ����¥�ñ�òX���
	�¦�ö&ä@ì|�+± PE ��²�³!´�µ ¶
¸���ä���
������!¥���� 5.16 é��d¦M÷dä��j� �_þ�þ+�������I�!�#�Xµ��|�
 "!U���d��#�$
± PE £%�������Ié�����ä!�@����&�'�ÿ�(�ö�÷�)Uä�� 1 *,+e� PE -%.�� PE £�/�0Ié�1��324 ���5��¦	ö�)|ÿ������� 6!U���879#")7ô t ædö�÷;:�<k�@�#��µ��7�@± PE ��¶�¸+¦Iö='
���M¦�>�?�@�ã���äBA��DCI� PE �E'�F�£&¤�ã�¦Iö�)7ÿ��� "!!�#�#�jþ�µ�ÿ3(�öM÷@²�³�´
�=Gj�=Hké�IDJ�?K'DFML�ô	ö�÷

²�³�´ = 'KFON�P / ( '�F�N�P + �D���I��N�P + :B<I��N�P )

)!äBQER�¸�S�ä��;
������&¥ µ��EQU± PE £ER�¸�S�ä�T5U 4,VXW uk µ vk é=#Y)|ô�?�æ#ä�;
;�����!¥k��&�'�ZI��þ�µ/ÿ3(�ö�÷
� 5.16 [�å\QU¥5Z � 1 �M± PE �+²�³@´Y�BQD]j� 2 ^déB��>�?E_Iæ�µ�æa`|þ�µ/£Kbc[�J
ä7÷U¥3Z � 2 ÿ3�%Q�± PE �E'�FdSMä��;
����c�!¥_�Bb�eO�Ef�g�h�ÿ3(cJUäU÷�þ�ô��%QDi
¥�j�Td£7¥�Z � 1 µ 3 éB��>3?�k"l�f�g�h�mBn�o_éDm�J�?�æ�ö!ä�ì@ÿ3(�öM÷Op���ä�ì%Q@¥
Z � 2 ÿ5�M± PE �B'DFqS�ä��;
������!¥ké���rYsB^Ot�£5(MuvQ PE �+²�³!´,7)¥�Z � 1 I
uxwd¡"SMäkµ�y�z�å:ô	ö�÷�)!äEQ|¥�Z � 3 ��¥�Z � 2 {"|}�;
����5�&¥k��rYsB^8tE��mM~�Q
¥�Z � 1 :��Ié�± PE ÿK�
	6�!é��5��ÿ5(�J7äM÷6S�[6S�QM¥�Z � 1 µ\��>�?7± PE ��'KFqS
ä���
c�����&¥O�=�;mK[cJ+ä�ä!ì#é�QB'KF�£K�
	6����~=¤�ã�S�?6SB)7æEQ�p@�=A	��C	� PE

µ���:E<jé
[�[OJ&äDN�P���¥5Z � 1 I8u�7���~�m�JUä�[�å ÿ3(�öM÷�-5���	þ�µ��EQ!¥�Z �
2 µ 3 £|¥�Z � 1 {"|��E��T@ñ#òd£c�Dm�[OJUä��"�Iµ�y�z�å5ôIö�÷

5.4
� � � � ���

��� ÿc�BQ Naik [36] �����6����æ�?�Q AISM �jécI&ö�ï�ð���j�T µ�S�?����� �¡�j�T"�¢ ì�ö�'�F��5£6��¤5b���T�¥�¦Iö�¦��6��§�¨©SMä|÷�T5U 4qVvW ��± PE é=bDª©S�Q�þeô�å
�%U 4«VXW � m̃ ¬;��­='KF�¦�ö�®	é�¯��Y��jdæ%Q�'KF µ}¯��d����°"��±D²ké�³´u¶µ�¦_þ�µ
é�I8u·¤�b"�KmE��T�¥6��¸;¹aºDSMä|÷8)!äBQ�þE»;I;`�mE�DT�¥jé�I8u}��¼�»�½�®�¾���¿
À
å5ô�ö�÷ ��� »�Á5Z � ÿ5�EQ 6 ��» PE ÿ�Q%/�Â 5.8 ÃO»���Á�ñ�ò�¿%À�Ä:ôcÅ+÷YL;Ä�ÆBQ%§
¨dS=Å�����ÿ�'DFÇ��j�J
Å=�� D¡�j�T�ï@ðD�Y�%Q MR �6����T�¥,S�?K'�FdSBÅ�7B»;I8uB7È�ÉÇÊ W5Ë »BÌDÍ��%ÎBÏdÿ8t!ö�þcºB��Ð�Ñ«S=Å7÷
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AISM
Ò Ó Ô

2 Õ Ö ×

Ø
5
� ÿE§�¨dS�Å Naik [36] »=Ù�Ú6���3Û�Å AISM �O»=¤�b���T�¥O��Ü�ÝYmB��TD���O» 1

^�ÿ3(�öM÷aS�[�S�QßÞà¯���á=Á;¿%��~¶Q
F��O»=Ù�Ú8��pEâc{"|äã�å�æcç�mDÛ
è«º�Ûa`�é�ê�ë
¿c(3ì�í�î�â,Ä�»�éBêÇ�%ÎBÏ�ï�ì�Å�ð�ÆEQ 2 ñ�U W ��T�'�F6Æ AISM �Ç��òc�5ïOìcî�ºB�
y�zcì�í

2 ñ�U W ��T�'DF´º�ç%Q8ó�s�ô�b�ªÇ��õ3�MS�?
i�Á�j�TY»�ö3÷6����T5'DF8¾Ot
Æ=ø�n�ù
S�QD�5T5ú��,��j´`äFc��æ;(;ì%í�ûcQ�j�T A ≡ (aij) ∈ Rn×n º�ü5ý�ï"ì=þ"¾�ó�s3ô3�
G =< V, E > º9ï�ì�í;Å�ÿ8S9Q V = {1, . . . , n} ç3ó�s�ôDÆ��3ï�ì Ê���� »��	��æ�
Mu�Q E

ç
����� {< i, j > | i, j ∈ V, aij 6= 0} »��	�3æ�
5ì�í8ó�s�ô�bDªYÆ;I�J=?�ó�s�ô G ��{��
���YÆ p ¬OÆ�b�ªcï;ì�º\QBÀdÄ â;ì�¤�b"óDs�ô Gi Æ��5ï;ì Ê���� ç��9¤�ëqº�����ëOÆ�bO­Ä9â8ì=í���¤�ë©º=çEQ;{�[�»�¤5bÇó�s�ô Gj (j 6= i, j = 1, . . . , p) Æ��cï8ì �5ë�º�»�P3ÆBQ
�!�"��»Dm�Û Ê#��� æ�
�ì=í���¤5ë�$�%O»=ëOç��	��ëcæ�
�ì�íÇî�î�æ�Q��9¤�ë�Q��	��ëO»
£�&�æ
ø(' �*)
�,+#- ó���j�Û�QDj�T A Æ/.10©S=Û2&�3�Æ"4�J65
j©º T8»�±�7a��j `�º9Q
j�T A ç�8�98»�I;`�m�:	;8»�g�h=<?>�Û*@�A(��B C�DYÆ�E�7�æGF�ì [11] í

P TAP =












A1 B1

. . .
...

Ap Bp

C1 · · · Cp As












(6.1)

Å�ÿH>1I P ç�J�7�C�Dcæ�
5ì�í Ai »�8	K;çML	N6ó=O�ô Gi »��1L�ë�»�Á�ºQP
R?>SI As »�8K;ç�����ëO»"TDÁ�ºSP�Rcï�ì=í
9 (6.1) »�U	C�D�V 8=9"»(W(X�Æ�N�Y5ï�ìcî3º6V�Z�[cì�í

(P T AP )−1 =












A−1
1 E1

. . .
...

A−1
p Ep

S−1























I1

. . .

Ip

F1 · · · Fp Is












(6.2)
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Å�ÿH>SI Ei = −A−1
i BiS

−1, Fi = −CiA
−1
i æ�
lk , S = As −

∑p
i=1 CiA

−1
i Bi ç�m�n �"oqp�-r +ts(-!u æ�
5ì=í Ii º Is ç	v%â*w%â Ai I As ºtx"8�K;»
å
y�C�Dcæ�
3ì=í9 (6.2) æ
C�D (P TAP ) U�C	D�V�z={;ïOì�|�Æ6I
}�~O» A−1

i (i = 1, . . . , p) ç"�OÛ3Æ����
Æ"z
{�æHF�ì�»Kæ
I���D�z
{Yç���¹�æ�
5ì�í���Ä�Æ6IHm	n �6o�p�- r +Ms�-�u »�A ����o
L	N Si = CiA

−1
i Bi I (i = 1, . . . , p) .���Û5Æ��=��> 5�Û�ìK»Kæ�I����%» PE æ#�=�YÆ6z�{;æ

F�ì=í�z
{;ï�ì�|cÆ2IG�2�6I©ñQ� o 1 æ3ç2I=� PE æ Ai »�U	C�D A−1
i Vtz={;ï�ì=í=8"Æ6I

� PE æ�m�n �6oqp�- r + s�-�u »	A �=��o L�N Si = CiA
−1
i Bi Vtz={cï;ì�í�vD»�88Æ"I#�

PE �MÄ CiA
−1
i Bi V��8ð
5=IHm	n �6o�p�- r +ts�-�u S VMz
{cï�ì�í��	�8Æ6Idñ�� o 2 æ

ç2IHm�n �6o�p�- r +ts�-�u »�U�C�D�VMz�{�ïOì=í

6.1 AISM
� � � � �

2 ��� � � � � � �¡  ¢ £ ¤
6.1.1 AISM ¥§¦q¨ ©�ª 2 «=¬®­�¯,°²±,³´
µ æ6¶�·�¸ 2 ¹e� o �=D�z
{qº"I AISM »�V½¼�¾�¿HÀ�Á�Â6V6Z�[�À�Ã29 (6.2) Ät}	~/Ä
A−1

i Â S−1 V
v�Å�w2Å*ÄMU�C�D�V AISM »�Æ2Ç�È�¿/À/ÂQI P TAP Ä�Ç�È=U�C�DGÉ�8=9qÄ*W
Xtº=Ê�À�Ã

(P TAP )−1 ≈ M =












M1 Ē1

. . .
...

Mp Ēp

Ms























I1

. . .

Ip

F̄1 · · · F̄p Is












(6.3)

¸�Ë�> I Mi ≈ A−1
i I Ms ≈ S̄−1 I Ēi = −MiBiMs I F̄i = −CiMi Æ*Ì*À2Ã�Á	Á"Æ=I S̄ =

As −
∑p

i=1 CiMiBi É�Ç	Èqm�n
Í o�p�- r +ts�-lu Æ�Ì�À�Ã´	Î�µ Æ�¶H·G¸"Ï*Ð�Â�x�Ñ�º�I Mi(i = 1, . . . , p) É6��Ò(º2�	�!º#z�{HÆ!F�À�Ã��GÓ6º�I
S̄i = CiMiBi I (i = 1, . . . , p) Ô1���#Ä PE Æ#���qº"z
{*ÆGF�À�Ã�Õ�Ö�×
º6I/�6�6I�¹Q� o 1

Æ�É6I"� PE Æ AISM »�V ØHÙ�Ú�I Ai ÄMÇ�È
U�C
D Mi Vtz#{�¿(À�Ã�ÛGº"I"� PE Æ�m�n�Íoqp�Ü r�Ý s�Ü!u Ä	A�Í �2o L�N S̄i = CiMiBi Vtz�{�¿(À�Ã�v=Ä�ÛGº"I"� PE �lÓ CiMiBiV�Þ/ß�Ú#I Ç�ÈGm�n2Í oGp�Ü rqÝ s�Ü!u S̄ Vtz#{�¿*ÀtÃt���/º"Iq¹e� o 2 Æ�É"I Ç�ÈGm�n2Ío�p�Ü r�Ý s*Ülu Ä�Ç	È�U	C�D Ms V AISM »�Æ�z
{(¿HÀ�Ã i à?á�Ä PE Æ�Ä"â=ã�É	ä 6.1

Ä/W/XMº�Ê�À"Ã!Á2Ä"{	»GÉ�åæ¹�ç�èé��D*Æ�Ô1ê�ë(ì��(í	Æ�Ì�À�Ä�Æ=I/ä 6.1 Ä(î�ï uðo º
É PE Â r A2ñ�å�ò�óHÄMô�õ�V�¾�Ò=Ú	Ò�À�Ãö Í*î#Ä"÷HJ�º#ø�Ò=Ú=I Ai I Bi I Ci V i à?á�Ä PE º�÷GJq>�I PE Ä�ùqÉ p Â�P�R*¿GÀ�Ã
Ēi I F̄i É�úMû�×
º�É"ü�ý�þMÊ�Ò�Ã(�=¸6I#ÿ����(Æ�É2I�C�D As V�� PE º�÷/J�¿/À�Ã�� PE
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1: compute Mi ≈ A−1
i with AISM method

2: compute S̄i = CiMiBi

3: gather S̄j, (j = 1, . . . , p j 6= i)

4: compute S̄ = As −
p

∑

j=1

S̄j

5: compute Ms ≈ S̄−1 with AISM method

ä 6.1 AISM »�V�¾�Ò�¸ 2 ¹e� o ��D�z={ (i à®á�Ä PE Ô�þ��1É r A�ñ�å	Ä	��
 )

Æ�É6I�����Ä PE �lÓ�
��æþt¸ CiMiBi V���¾lþ½Ú�IMÇ�ÈGm�n6Í oqp�Ü r�Ý s�Ü!u ÂMv=ÄMÇÈ=U	C	D�Vt� PE Æ�z
{?þ1ü�ý�¿HÀ"Ã�Á6ÄHÁ�Â�º(WGk�����z
{,V"¿/À(Á�Â�º=Ê�À�ì
I�z={
þ"¸�Ç�Èqm	n
Í o�p*Ü r!Ý s/Ülu S̄ Â�v�Ä�Ç�È�U�C�D Ms V	�GÄ PE º�����¿GÀ����qÉ�Ê
�SÊ�À"Ã
6.1.2 GMRES(m) ¥��,¯,°��! 

AISM »!V"¾*Ò�¸ 2 ¹S� o ��"	z={/Æ
z�{®þ6¸�Ç�È�U�#$"�V GMRES(m) »GÄ ´ â�ã%#
"?Â1¿HÀ���
HÄ GMRES(m) »HÄ6��"�ê�ëqº�ø	Ò�Ú�Z�[�À�Ã

AISM »�V�¾*Ò�¸ 2 ¹�� o �$"	z�{/Æ ´ â�ã&#$"�V�z={�þ"¸���' i à®á�Ä PE É Ai, Bi,

Ci, As, Mi, S̄, Ms V ü)(�¿(À�Ã�Á Å�º�
�*�+�Ú,' GMRES(m) ºtõ�Å*À"�.- u o x ∈ Rn Ô
(x1, x2, . . . , xp, xs)

T º N0/lþ1' xi Â xs V i àlá�Ä PE º½÷�J6¿�À�Ã�¸#Ë*þ2' x1, x2, . . . , xp, xs ÄÛ�K�É=v6Å�w6Å A1, A2, . . . , Ap, As ÄtÛ�K,ÂeP�R�¿(ÀMÃ��2¸0' Ēi = −MiBiMs ' F̄i = −CiMiÂ1�3- u o Ä04�VMz�{�¿/À�¸�ß�Ä5#�" Mi, Bi, Ms, Ci É"� PE º"ü�ý!�MÅ/À�Ä�Æ,' F̄i Â ĒiV�ú�û�×
º�ü�ý�¿/À	�)�GÉ�Ê�Ò#Ã
#�" P TAP ÂS�6- uðo Ä74HÉ�8 (6.4) Æ
z�{*¿/À�Ã












A1 B1

. . .
...

Ap Bp

C1 · · · Cp As























x1

...

xp

xs












=












A1x1 + B1xs

...

Apxp + Bpxs

∑p
i=1 Cixi + Asxs












=












y1

...

yp

ys












(6.4)

��"	z={qÄ=|*º0'G�2�0' i à®á�Ä PE Æ)' yi Â Cixi V�z�{*¿HÀ"Ã/v�Ä�Û�º0'�z�{?þ"¸ CixiVt� PE º�9���þ:'=� PE Æ�É�'�
$��þ�¸ Cixi VtØ�Ù2Ú,' ys VMz
{*¿/À"Ã=z
{(ì<;�*�Ù#¸��' i à?á�Ä PE É�')=�>��6- uðo y Ä�L	N��6- u o yi, ys V�?(ø�Á�Â�º�Ê�À�Ã�6- uðo x Â y Ä%@�4 α =
∑p

i=1 < xi, yi > + < xs, ys > VBAqß�ÀB��
�'��6�0' i à?á�Ä
PE Æ)' < xi, yi > Vtz
{�¿/À�Ã�v�Ä�Ûqº7'�Ì�À PE ',C([$D 1 à?á�Ä PE Æ < xs, ys > VMz
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{*¿/À"Ã#�	�Gº0'=� PE Æ�Ä6z={�=�>!V�Þ�z�þ�¸7=�>*ì α º=Ê�À"Ã´ â�ã$#�" M Â1�6- uéo Ä74HÉ	8 (6.5) Æ�z
{*¿/À�Ã











M1 Ē1

. . .
...

Mp Ēp

Ms























I1

. . .

Ip

F̄1 · · · F̄p Is























x1

...

xp

xs












=












M1x1 + Ē1zs

...

Mpx1 + Ēpzs

Mszs












, (6.5)

¸�ËGþ:' zs =
∑p

i=1 F̄ixi + xs Ã��)"�z
{qÄ�|*º0'G�"� F̄ixi V PEi Æ��=��º2z
{*¿/À�ÃHv=Ä
��' F̄ixi V�EHÄ PE º7����¿/À"Ã=� PE Æ�É�'�
$��þ�¸ F̄ixi VtØ�Ù"Ú,' zs VMz
{*¿/À"Ã/vÄ�Ì�ÂF'
� PE Æ�É�' Mixi + Ēizs Â Mszs VMz
{(¿(À�Ã

6.2 G H £ I
ÿ	ù�J�ê�K�ÉL' SGI MGÄ	N�(PO<Q Ý�R%S "�T)U�V Origin 2400 WX��¾�þY'�Z&[	Ä5\�]�º

Ú<#!Ù�¸6Ã
PE: MIPS R12000(300MHz) × 16

^<_a`
: 8GB

OS: IRIX 6.5.22

b�c�d�e�f
: gcc version 2.8.1

g�h f�e�i$f `
: MPI-1.2

j$k<l f�m�n)o
: C p�q

r<s)t�u
: v�w$x

ù�J�ê�KGÄ&@Xy/É,Z�[�Ä�z�{tº�Ê*Ù"Ú	Ò�À�Ã
1. pmetis [26] W�¾�Ò
Ú3|)}�~X��/�WB#(ÒL'��
ù�#$"�W�8 (6.1) Ä�z.{½Ê	���/Ä%���*ç�-
#�"Gº����(¿/À�Ã(¸�ËHþ:' p Ä7JPW 1 ' 2 ' 4 ' . . . ' 16 Â1¿/À�Ã

2.
S "�ê�ë�W�#(Ò<' PE ��ù�W 1 ' 2 ' 4 ' . . . ' 16 ��Â=þY',��x3�)�.W�T���¿/À�Ã

3. 16 �=Ä PE WM¾�Ò
Ú,' AISM »�Æ<T,U�þ�¸MÇ�È,�$#�"�W ´ â
ã$#�"�Â
þ½Ú�¾�Ò�¸qÂ��
Ä GMRES(m) » [42] Ä7�����	�%�	Ä0�)�GÄ0���PWB#!{
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ô 6.1 |�}$~B�)/qÄ0=�>
p Ai ¦¨§ª© As ¦¨§«©
2 18239/18239 386

4 9033/9024/9014/9013 780

6 5986/5892/5986/5992/5819/5975 1214

8 4384/4457/4365/4465/4439/4380/4448/4360 1566

10 3486/3557/3505/3446/3513/3456/3562/3478/ 1914

3411/3536

12 2864/2960/2898/2941/2852/2910/2846/2908/ 2064

2926/2948/2843/2904

14 2431/2522/2473/2489/2470/2467/2406/2514/ 2362

2412/2466/2444/2516/2415/2477

16 2173/2110/2198/2157/2155/2110/2202/2159/ 2460

2156/2182/2083/2095/2168/2199/2169/2088

¸=Ë/þ¬'1ê)K�­�á (2) Æ�É7'Y��¾�¿*À PE �tù�Â�®6¯ p Ä�J°WY?�ø6ê�K�­�á (1) Ä�=,>�W½Ø�¾
þ	±6Ã�²,±0'�ê�K)­�á (3) Ä5�)�������	Ä5�)�/É0'5³ 5.3 ´/ÄMù�J=ê�K?Â�®"Ñ6µ7' Sherman-

Morrison ¶°µ&z,·5¸
â=ã$#�"º¹ MR ¶,Ô�þ��F» ILU ��¼6µ.z,·	¸�â
ã�#�"PW GMRES(m)

¶ [42, 44] µ	½.¾æþMÚ)'3¿LÀ3Á<À�ÂL¸�â�ã�#�"ÃÂ7Ä(í6W5Å)Æ®þ0±LÇ GMRES(m) ¶ÃÂ Ý å
îLÈÊÉÌË)Í.» 20 ' 30 ' 40 µ5Î�ÏæþÐ'XÑ�Ò�ÓMù6» Krylov Ô$�,Õ�Ö�ÂMÛ�×$Ø 1 Ù0Ú�Û�Ü.·Xx3µ
1 ÓP¹�Ý6Þ&·7Ç�T�U6ß$Ö$µ,Ù�à)á%»�' MPI Wtime() â�Ý�ãLAÃä$±7J�WXå�æ)ç&ã�è�é&Ü3·7Ç
���ê�7�&�.ÂL��������µ�â°ë�á.»,ì<í�î 1 ï%ð$ñ$ò�ÂLó$Í$ô�õ�¼�WLö6�L÷°øÊÉù�ú¹�ëBì

GMRES(m) ¶6Â0�)��û�Ï)\$]PW
‖rk‖2

‖b‖2
≤ 1.0 × 10−12 (6.6)

¹ÐÎ�Ï&Ü3·0Ç.±$üÃë�ì<ý�þ�Ñ$Ò6Ó5Ý 20000 Z°ÿ0ãL\�] (6.6) W��Ã±������LÀ	�0Ñ$ÒPW�

�� ä�µ<Ü�·5Ç��� ã,ì AISM ¶6Â��°}�O�È�� s »�ì Bru � [8] µ��	�Ã� s = 1.5× ‖A‖∞ Â7JPW���¾ ë
±�ÇÃ²)±�ì���� U ì V Â��3ö������3Â! #"%$�á6W��!{'&<JÃ»Lì tolU = tolV = 0.1 ¹YÜ6·5Ç
ô�õ)(�*,È0�,+�-�.
/XO�-�É�Â0T)U�µ<Ù�à�á%»Lì0��ö����1�6Â� #"2$�á0354°»6��7���à<Ç

MR ¶3Â0Ñ�Ò3Â7ó�Í�Jú¹8��·8���6µ�»Læ,ç9��� I W;:�<ºëYì � ÂL¸�354�T�U$¶6Â0Ñ�Ò3Ó
ÝêW imax ¹�ë 1 =>� 3 Â0J�W���¾aë5±LÇ MR ¶°µ�»Lì0��?1���3Â6 @"2$6á6W�� {A&<J�W
tol ¹)ë:ì 0.1 B$ëDCY» 0.01 Â7JPW8��¾ ë5±0Ç

ILU ��¼&ã�»�ì6~FE��	GH-,WJI#CLK
MN��à ILU(0) ¹Ðì��F?��1�3Â!O1PDGRQ2µ�¿LÀ&ÁLÀ 1

�)à°ë	» 2 S�Â8����Â�~�EX��GH-�T�K�Ü ILU(1) ì ILU(2) Â 3 UWVFÂ5ð�¶6µ&zHV ¸53549�F�
T8X5YÊë	±�Ç,Ý1Z�[Ê¹)ë�á�\#V2] {;^!_°Â5�)Ý����6»!`�Ý	=$Ù��1a�bú¹�ë	±�Ç
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è 6.2 AISM ¶6Â�f�gDhFi
p jlknmpo
2 4.46

4 18.36

6 39.93

8 65.44

10 89.18

12 112.90

14 123.76

16 136.72

è 6.3 AISM ¶6ÂN3�46ß$Ö�Â&ÿ8q
p TMi

TCiMiBi
TMs

Tpre

2 829.29 21.47 0.22 850.19

4 193.76 14.16 0.83 206.91

6 83.25 13.27 2.00 95.15

8 45.47 10.57 3.40 58.06

10 28.84 9.94 5.28 42.60

12 19.68 8.62 6.10 33.65

14 14.14 8.55 8.10 30.70

16 10.67 7.99 8.67 27.78

[ r5sFt ] u$ðFv5w Ω = [0, 1]× [0, 1] µ�x���·Bï6Â	y	zJ�N{F|F}�ð�ñ�òÃÂ!~9�FZD^�_
T� Þ��7Ç
−uxx − uyy + D{(y −

1

2
)ux + (x −

1

3
)(x −

2

3
)uy} − 43π2u = G(x, y)

u(x, y)|∂Ω = 1 + xy.

� üÃëFì0��� G(x, y) �6�H�6�%Ø u = 1 + xy �F����yDz��!��Ï&Ü����5v�w Ω T��5���)Ý
192× 192 ���� WV ì 5 ���8����}�ãN�F�9��ÜD�D������� � í�î 1 ï)ð�ñ�ò��	ï$×	� 36, 864

�����6� Dh �6Z�T 2−7 �6�F �Ü��6� � üÃëYì h �	¡9¢N£5¤$ã�¥¦V h = 1/193 ã�¥��!�§6¨ ì�©�ª�«;}5¬���­�®)T:è 6.1 �Xé&Ü6�!¯ 2 �±°A=²� ì pmetis ��©0ª�«�Te³F´�µF¶���}
¬ºë�á$à�� � �YØ�}�=�· � � § � ì p ��Ú�Û���Ù�� Ai ��ï1¸1¹�ºF» ëFì As ��ï1¸ ¼½(F*�¾¿ +�-e.,/�À	-ÂÁÃ�7ï�¸�Ä�¹�Ú$þ.Ü��8Å�h0¹eÆ9Ç&ã�¡5�!�
ï)�7ì PE È	ÝÂT 1 ì 2 ì 4 ì . . . ì 16 ��É3Þ�á�ì�f1gDh�i�T8XFÊ ë � � � ü6ëYì�Ë1},©�ª�«0�

Ý�ì�Ì § Vùò (6.1) � p �!ZH�!�9Í9ÎD� PE È8ÏÐ�ÒÑeÓ	ÎD��y	z����6· � �Nf9gDh�i�T�ï)ò
ãe �ÔDÎD�!�

Tparallel

Torigin

(6.7)

� üÃëFì Tparallel � p SH� PE Õ 2 Ö¬÷ ¿�× �9X�Y
T��DØ<ìLò (6.1) ��éÊë � P TAP �5ô�õÙ �1��T�XFY	ÎH�5Ú9Û�Õ	¥��6� Torigin � 1 Ì�� PE Õ)ì AISM Ü	Õ A �5ô%õ Ù �1��T�XFY
Î���Ú9Û0Õ�¥����NÝ�Ï9Z9[�Õ��0ì Torigin = 3799.65 Þ�Õ�¥����0XFÊF­�®
T:è 6.2 ��é	Î6�Lè
6.2 y,V ì PE T 16 È6ß�Í1ÎH�)�áà 136.72 â��!f�g�h9i�¹0�Ð�J� � � § � ì<ô%õ Ù ���)�
X5YHÚ1Û��&ÿ�q,T�è 6.3 ��é	Î6��ãF�H��ä)å9�eæ�ç9�DyDz8���	·6è9Ø��6�

TMi
: �9� Ai �	ô�õ Ù ��� Mi T�ò (4.16) T�Í�Ø�è5X0Y	Î��eÚ9Û

TCiMiBi
: ô�õ�(1*0¾ ¿ +�-�.,/�ÀD-ÂÁ S̄ ��é0¾�ê ¿ �6ë�}��6X5YHÚ9Û

TMs
: ô�õ)(1*5¾ ¿ +�-�.�/8À	-ÂÁ S̄ �	ô�õ Ù ��� Ms �6X5YHÚ9Û

Tpre: ìF3541����T�í�î��eÚ�Û
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û
6.4 Ï�ZF[ 1: ILU(2) Ü���Ñ	ü�ýFþ�ÎD��ÿ�é�� � Ï m̃ �ÒX5Y�Ú9Û1�����

�	��

�
1 2 4 8 16 32 64 128

m̃ 2304 1152 576 288 144 72 36 18�����	�
( � ) 0.19 0.20 0.27 0.51 0.99 1.95 4.00 7.72

ã�Ú�Û���ã PE �����)Ú�ÛDT8\Â· ��� �FÕ	¥	���������!��X�Y)Ú�Û��9��� Tpre ≈ TMi
+

Tarrange + TCiMiBi
+ TMs

� �!��¹�¥1�!� 2,3,4 "1Õ$#&% �('*) Ú�Û�� AISM Ü��(+-,/.�Ú�Û
�6à 99% 0210î��!�§ � � û 6.3 y435� PE ��Ï)�76 ����Ì��/�98-" Ai �7:�; Ù 8-" Mi �

'*) Ú�Û0¹�<�=�Õ
¡5� � ���9�/:�;?>A@0¾ ¿CBED$F?G À D Á S̄ ��:A; Ù 8�" Ms �

'2) Ú9Û5¹$HJILK��!�M�
��� PE ��Ï)�!6A���eÌF�2� Ai ��N�¸1¹�O�PCI5�4>�@5¾ ¿?BQD$FCG À D ÁÃ�!N�¸�¹$�¦¡RI
K�· ��� î�Õ�¥1�H� ��S �A�����T�N�!U V�� û 6.1 WX��ÆFÇ�Õ�¡5���9æQY1�Z���[W\�]� PE

��È�Ï\0[6Q^�_1è � ��ì/,2.A8 "��(+ '/) Ú9Û�¹�` ¨ % � º9»�Õ�¡5�H���/a��bKFØ����J¹c WD�6�
�Ad)��� 16 ÈF� PE 0�Í�Ø�è/� 3 e/f,��ì2,2.A8�"?0/g��Ehe� GMRES(m) Ü��7i�ÍX%j�
���N{9|�}Ak l-m�0����1��%�è0�n�J� ��o�p 1 NAkAl2m�0��qIrV s\0t8
· � � AISM Ü)�u ªFÀ0¾wv s ��� s = 1.5× ‖A‖∞ ��x��F³�W��(� 1.5 ‖A‖2 ×101 W\� 1.5 ‖A‖2 ×102

§ Õ
�(x?07y�ÍM%j� s 0�É9��P�_ � �0¡��!zA{�|-Y�^2}9��~ ¿w� ���2�,�(�H´0Î$����0 ' Ê&%� �����8Õ/�2���ZY���¯ 5.3 �Ð�t�R�ZI5� s̃ = s / (1.5 ‖A‖∞) 0� �Ôn%j�0ÏAx-V�s	Õ s 0
É9�TP7_�����¡$� s̃ 0�Í�Ø5è*8n� � �)�AÎ���� § � ��8�" U � V �7�Z�Dé������ drop off

�*��x���� tolU = tolV = 0.1 � � %�Ij� 0.01 �AÎ����
ILU � ���*�w���!Ñ	üA�NýFþ�Î��Fÿ�é4� � Ï m̃ �eÌ�Ø�è*��¯ 5.3 ���7�(������ÿ�é4� �

Ï m̃ 0;É ��Pt_9è ILU �-��Õ�m (4.1) ��m (4.2) � '*) ��W-WE�0Ú�ÛQ0 ' ÊX% � �wg2���  0 û 6.4 �t#�Î�� û 6.4 W\�¡��¢9þDü!ÏE£ 1 ü9�FÌE¤?3 m̃ = 2304 �R�9¥ '2) Ú�Û*£���O
�/K ¦ � ���L£ c WQ�!�E�(�tU VC0�§��(�!}2¨T~b© � �(ª�� «2¬C0b8��r­ x2V2sw®���� ILU¯ �9°Dü��6ýFþQ±��9ÿ ²Z� � ­R�$� m̃ = 2304 �(x?0ty�³M% � �

16 ´ � PE 0!³wµ2¶2� 3 e2fR�9·2, .�0!¸*¹Z±��b­Ax-V�s��(�   0 û 6.5 �t#E±�� û 6.5

� � GMRES(m)
¯ �(} ¨M~!© � £$m (6.6) �$ª-� ºQ»-¼A½�07¾ � ±4¤�®E�*W�W4¦ �9'-)¿�À �]Á Â�ü�­�0[#n%b¶Aµw���\��� û ���E�A� GMRES(m)

¯ � '/) ¿�À �-�9�2ÃA·-,2.
8 "?0 '/) ±��/���*W�W4¦ � ¿�À �jÄ ¤9Å�¶���3Æ� 2 "&Ç��!#XP�Å�¶AµZ�7xw£/ÃA·2,-.�8
"?0 '2) ±�� ¿�À ®wÈ��!�
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û
6.5

'/) ¿�À �¡Á ÂDü�­ (time:
'/) ¿AÀ

( Ë ), iter: Á�ÂDü�­ )

Ì�Í�Î	ÏÑÐ
GMERS(m) ÒÌ�ÍÓÎÕÔ
Ö�× Ô
���

GMRES(20) GMRES(30) GMRES(40)

time time iter time iter time iterØ5Ù
0.0 – – – – – –

AISM Ò (tolU = tolV = 0.1, s̃ = 100) 27.78 – – 1255.77 12950 1129.20 10632

AISM Ò (tolU, tolV = 0.1, s̃ = 101) 38.03 2319.39 19161 1594.41 12237 1505.00 10727

AISM Ò (tolU, tolV = 0.01, s̃ = 100) 114.77 926.35 1936 801.20 1637 819.35 1625

AISM Ò (tolU, tolV = 0.01, s̃ = 101) 166.06 1586.82 2222 1100.54 1446 1137.44 1458

ILU(0) Ò 0.51 – – 2007.81 18258 1397.10 12164

ILU(1) Ò 1.17 1352.78 9067 864.71 5650 807.39 5114

ILU(2) Ò 2.17 934.05 4809 517.48 2603 605.61 2990

MR Ò (tol = 0.1, imax = 3) 556.26 – – – – – –

MR Ò (tol = 0.1, imax = 2) 378.45 – – – – – –

MR Ò (tol = 0.1, imax = 1) 199.37 – – – – – –

MR Ò (tol = 0.01, imax = 3) 557.41 – – – – 1277.77 16683

MR Ò (tol = 0.01, imax = 2) 377.92 – – – – – –

MR Ò (tol = 0.01, imax = 1) 198.73 – – – – – –

–: Ú	ÛÑÜÑÝ 

��Þàß�á�ÙâØ�ãåäàæâç	è
imax: MR Ò Ô ÜÓÝ 

�

MR
¯ �Zé-�9· , .Q8�"�0tiE³&% �(êQë �2}A¨\~(© � 0�ª �ìP�_C�E�Z�t£A®C¥ � �A���

tol = 0.01 W-í imax = 3 �R�9¥9� GMRES(40)
¯�î �$®�È�¦ � � ILU �-�4�Qé��!·/,/.�8

"�0ïiA³-±Q�Z� AISM
¯ ��é��7·�,*.28/"R0ïi�³�% � ��¥/éZ3 �¡ð K*µ '�) ¿/À ®$·$,*.-8

"R0'íDî����A�ï£2®E¥$�7�-%[WR%]� AISM
¯ �Aé9�7·$,�. 8*"R0Li ³�% ��ê ë � GMRES(m)¯ �(Á�Â�ü�­R� ILU � �\é�3 ð K-µ � î��2+ ,2. ¿AÀ � È�¤T3rñ c �bK µ���¤ � � 2 ò¡ó

©2ô2" '*) � ê�ë �9ÿ-²Q� � ­ m̃ 0tõ*»�±Z�b`/�E£�K2µ��$®*�*öA÷�øQ��ù/ú?0[û�ü�®4¥*�7�ý ¦(¶-� AISM
¯ 0!³Zµ � 2 ò]ó-©�ô-" '/) �$��:Q;-þA8A"���ÿ���K$ô���� ¯ � 1 íM�!K

3��C�(�

6.3
� � 	 
 �
�

��� ®Z�����Q����� ¯ �����?������� AISM
¯�� ³�µ � 2 òLó�©�ô ��!�" �$#�%'& � �

SGI (E� Origin 2400 �!ô)�+*+, �.- µ/�t­�0)*+14�wé324� PE16 ´ �65 ³�±E�87��8�$9 136: �<;�=3>�?2£@�BALÅDC9��E�F2þ - � � ô���!)"Z®@GIH�JtÿK�IL8� ¯NM 1 í�®QÈ�J4�PODQ
Å3J�R&TSU& � �K� ® #K%V& C 2 òïó2©-ô���!+" � ³wµ C9ô���*K,E®DWX��E�FZY�[*÷�©]\�^@_`ba ^�c M E�F2þ - � � !�"Z±3Jb� d M ôK� !+"]W & ¶Aµ L-µ)R p

M�e�f ��í4¤g2ihA³Q±
J PE ´(­ M�e�f]j í-ÅK�@E�FZY [/÷9©k\�^@_ `$a ^Uc M8l�m £ f ¥knoL�J�C�HX�3p M E
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F2þ - � M !)" ¿AÀN~�� noL�24� ·+�+� - � M8� !+" ¿�À £@�D� &+~ ü ð ®�¥)JN�bW��gA
L µ�R ý ¦(¶)��hA³�±3J PE ´�­Z£)�I�$Å�����µ �]���ZµU�tµ���Q��*®DW�L�µ@R@� f L�;
=N>K? � �gJ)CKH M PE

M ´�­]WK���V��� jb� L�J8R�p*ÅK��? M PE
�b5k� ¶ ~ ��;�=3>

? � W S JD���[®Z�<���+�K� �T� d j h�³�®I��¶Aµ L-µg�bµ��T���ZW8� � ¶AµDJ�RU� M �
� �$��  ±3J)C�H j �+¡ 5

� ® #K%¢& C AISM
¯IM � d�ô��K*K, �T5g� ¶���E FZY [/÷/£

\�^X_ `Ta ^Uc M E�F2þ - � � !+"E±3J M@¤ ��¥K¦ M�§ �E®wÈ�J�R



7
¨

GMRES
¯ W$©�ª+«�®@�­¬K®DL f)¯+°K- � �.±�² � &6³8´Dµ�¶ � 1

l+·+¸�¹k�.� n�C)H M
ÿ��DL$"+º M 1

µ�»�¼ J.R &oSI& �<½ `6¾�¿ �+d@ÀDÁ M@ÂbÃ@Ä+Å�M !X"Z\<Æ¢cÇW<�ÉÈ�ÊDË ²NjÌÍ&6³XÎ�Ï�»�eKÐ�& �$ÑKÒNW8�<!�"KÓ�Ô+Õ)ÖK×�Ó3LI� MbØDS A ` Æ�ÙXÚ¢cÜÛ M GMRES(m)

º ¤+Ý�Þ A­ßNJ��D� ¤ � Þ R GMRES º¢�­à�á ³ � ` ÆIÙ@Úâc ¯kM GMRES(m) ºIW�Õ�Ö
×)Ó ¤/ã L�n ³+ä å �b* ÝNæ L8h�� �­´k�$³�Þ JbR/ç�è j � GMRES(m) º M ` Æ�Ù/ÚBcÜéê

m W�ë Ú/ì M�í 1 jDî)��³X  HgA�ß�J8R &.Sk& �Dp M ��ïgðb£�ñ M/ò)ó W/� ` Æ�Ù�ÚBc
é ê m

jbf �ZnÇô�õ ä J M�» ���<� j�î���³ W��+ïUð$£�ñ M8ò)ó�¤Xö�÷�&Pø ß)�Xù�úNL�!
"Nû�Á »@ò+óü& L Þ ��� ~�¼ J�R�Ký�þD» W���ÿ����.ù�� æ L ` Æ�Ù�Ú¢c j�î J GMRES(m) º M�� ;�� j/µ�Þ�³�� á	� ±²K-�


A
M EKF
���+0 » ¼ J.� f Ritz 0���� f���� Ritz 0 j�����& �$ù�� æ L ` Æ�Ù/Ú¢c� º �­#�%ü& C�R GMRES º j���Þ)³ �b� f Ritz 0ü�É� f���� Ritz 0�W��k\8Æ c » G3HkA

ß�JTR &6S3~ ��p M ï S A GMRES(m) º M�ò@ó�¤���� » �XJbR+� M ��� S A�� GMRES(m)

º M��@» GZHUA6ßNJ$� f Ritz 0V�z� f � � Ritz 0 M"!$#@M � f 0 M ï � h ÝÍ&b³ � ` Æ
Ù@Ú'c ä J Ù�%'&�^)( � ù � æ+j8 �*�ä J���� �.#K%V& C�R ² 0�*K1 » W+�,� *�& C ` Æ
Ù@ÚBc é ê]�T´�µ�-).Zæ L GMRES(m) ºV� M à)/$0 �21Nj �]� M � º M ��3 4507698<C/RlZj ��:+���'��8 ³�M Sherman-Morrison º j�î JTE�F�;=< 
 (AISM º )

M">�
�?�@kj
î J GMRES(m) º M2� ;�� jXµ�Þ)³�A�B 8<C�R AISM º3W Sherman-Morrison C ¹ 0Th Ý
8 ³ E�F	; < 
 0TGIH�J · º »�¼ J�RU� M � º j�î J2< 
3M :+�+�ZW8� n M�D E ��FDßDCG�* 4H0I6J8 ³ Þ J8RK8 S 8L��E�F�; < 
3M+?�@]j W"��< 
IM�
�M ½üc4£Í� �)8 j ô�õON±D¤�¼ J M�» � >�
 � j W+P
Q�� »�¼ JD��� ¤�R�SKT ß ³�Þ,U�V �+W î �IX�Y Z50"["\ äU	]�^=_ �)` ý+þ�»ba � 2

µ W >�
�c�d º507e�fJ8 ]"V
ÿ+g"h=i _ � Naik [36] W � ºj0 Ý�Þ+³ � AISM º _�îkU :	l�m�< 
9n 8 ³ W2o=p	; < 

0�q ^,U�?	@ ��r 0 >�
 � äsU<· º507e fJ8 ]�V�
�M ½utwv'0 ! PE

_�x�y 8I�{zTß}|2WM ½utwvj0 m̃ ~'� � ?�@�äOU��'_ Ñ �$0�< Þ � ?�@�n Ñ �OW�� ¸ 0 Ã��$_�������ä z n_�îO����x]æ X >�
 �50I�
� _ 8 ]"V ÿ ] �Hz"W î
� X >�
 � _�îO� ç * W�� � Q����k�
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|oß ]�V5T | _ �)` ý+þ�» e�fJ8 ] � º »)?	@ 0�<$� ] o p�; < 
 :�l�m a � MR º50 >
 ��8 ³k?)@ 8 ]
� W î���� � ïUð�v�ñ W�¡ ó ��["\ »�¢<³�Þ�U z n 0�£�¤�8 ]+V"¥ � ³ �
` ýKþ�» e�fu8 ] � º a � PC ½�¦@ÆIÙ	§�Æ�¨�ñ�W�©�ª » AISM º _�î)U o=p�;�< 
 W ?@ 0 � ��� äsU z n � »�¢	U�nTÞ�«bU�V¬O_ � ��x�­	® ºsW�¯�Z _�°5± �s(�¦�² x	y 0�³ Ý 87´kµ	¶�< 
 A 0 >�
�?)@ 8I·�¸ ¹º�» _�¼�­�½ 8 �s¾�W�o p�; < 
 0 >�
�?�@,¿ q ^�U 2 À M v >�
�?	@5_ AISM Á50�Â�Ã
8 ]"V SGI Ä�W Origin 2400

_�>�Å�c�d 0�<
¹kÆ�¶�Ç c�Èj_,ÉO� Æ Naik [36] W�Ê�Á5Ë�Ã,¹]�� x >�Å�c�dun�n)�"_ Æ)o=p�; < Å Ë�q ^�U�Ì�Í X >�Å l�m Á�W 1 Î n X � � U z n �Ï Ð T�Ñ
U�V



`�Ò	ÓOW�Ô ½�_�ÕsÖ ´�Æ�¶�×ÙØLW�ÚjÛ _�Ü"Ý Þs_ X ��ß,Ö�]+VHà ` ¿ W�á�â _+ãb] ��´)Æä�åsæ"ç�è _�é�ê,Ü�Ý=Þs_ X ��ßsÖ�]"V á�â _�Õ ¸ U�Ì�ë X�ì�íHË�î ^ Ækï�ð ñ�ò�·�Ò�Óó ô X$õöÆ�÷�øsX+á�â�©�ªHË7ù{�+´ ¹ ] � ¢	ßsÖ�]"V�ú{É��öÜkûjü
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