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1 Introduction

First we provide a brief history of the study of interval exchange transformations and its
related topics. The notion of the interval exchange transformations was first introduced by
Oseledets [I1]. Let X = [0,1). For given a probability vector a = (ay, - , o), we put

ﬁO = 07 Bz = Z&ﬁ XZ = [/ijbﬂj)'
j=1

Then we see X = U7_; X;. For a permutation 7 of the integers 1,--- ,n, we denote

a’ = (OzT—l(l), e ,a771(n)).
We put 37 and X7 for a” as the same way. Then we define a map Z : X — X as follows:
For each 1 <i < n,

Tr=x— 61'_1 + 577_—(2)_1 T € Xz

This transformation 7 is called an n-interval exchange transformation. About this n-interval
exchange transformation, Keane showed the following results in [6]:

(1) The transformation Z is minimal, i.e. every orbit is dense in the unit interval, if and
only if no finite union of intervals is Z-invariant.

(2) If the orbits of the discontinuity points of Z are infinite and distinct, then Z is minimal.
This condition is called infinite distinct orbit condition “i.d.o.c.”

(3) If 7 does not map any segment {1,2,--- k} to itself except for & = n and if
aq, -+ ,q,_1 are rationally independent, then the condition in (2) is satisfied and
7 is minimal. This condition is called the irrationality condition.

The theory of interval exchange transformations is related to a number of theories in dynam-
ical systems, for example, rotations on the unit circle and billiard on polygons. From above
results, it was natural to ask whether the Lebesgue measure is the unique invariant measure
for any “i.d.o.c.” interval exchange transformation. However, Keynes and Newton[§] gave
an example of a non-uniquely ergodic 5-interval exchange transformation which satisfies the
condition in (2). Later, Keane[7] showed an example of non-uniquely ergodic 4-interval ex-
change transformations satisfying the irrationally condition (3). In the same paper, Keane
conjectured the almost all interval exchange transformations are uniquely ergodic, which
was called “Keane conjecture”. Keane’s idea for constructing a non-uniquely ergodic inter-
val exchange transformation was that an induced transformation of an interval exchange
transformation was also an interval exchange transformations. Then G.Rauzy formulated
this idea as “induction method” explicitly mentioning the relation between an irrational ro-
tation of the circle and the continued fraction algorithm. Then Masur and Veech extended



this idea and solved Keane’s conjecture independently. Masur’s method used a relation be-
tween interval exchange transformations and the theory of Teichmiiller space, on the other
hand, Veech’s was more concrete.

In [6], Keane showed that all “i.d.o.c.” 3-interval exchange transformations are uniquely
ergodic. Then we can study the ergodic properties of 3-interval exchange transformations.
Especially, we can deeply research for structure of words, for example a complexity of words,
arising from 3-interval exchange transformations at the view points of languages.

The negative slope algorithm (n.s.a.) was introduced by S. Ferenczi, C. Holton, and
L. Zamboni [I] to discuss the structure of some special 3-interval exchange transforma-
tions. It is a kind of multidimensional continued fractions algorithm and some arithmetic
properties of the n.s.a. were discussed in [I]. They discuss a complexity of words which
are natural codings of orbits of 3-interval exchange transformations in [2]. They also study
spectral /ergodic properties of 3-interval exchange transformations in [3]. In the same pa-
per, they showed that new examples of weakly mixing 3-interval exchange transformations
and the existence of 3-interval exchange transformations having irrational eigenvalues and
discrete spectrum.

The n.s.a. is deduced from 3-interval exchange transformations as follows (see [4] for
details). First, we recall 3-interval exchange transformations. For 0 < a < 1,0 < g < 1
with 0 < 2a <1, a+ 3 < 1, 2a + > 1, we define 3-interval exchange transformation Z
on [0,1) by

r4+1—a if ze€|0,a)
Te={ z24+1-2a—0 if z€la,a+p)
T—a—f if zela+p,1).
0 a ot f 1
0 l—a-3 1-a 1

We fix a and § and define Fy = [a — Iy, a4+ 11), By = [a +  — Iy, + 3 + r9) for some
positive real number [y, 71,5, 75 as the following figure.

0 « a+pj 1
| I\_/l\_/l IVI \/I |
ll ™ l2 T2

We decompose the parameter set Xy of (I3, 71,1, 72)

Xo=1yUIlyUIIIy



with
Iy = {ll >0,r; >0, 7£TZ',Z' =1,2,m :Tg}
[[O = {lz > O7ri > Ovll 7£ r3—i7i - 1727l1 +r = l2 +T2}
111y = {lz >0,r; > 07lz #T,‘,Z.: 1,27l1 :lg}

Furthermore, we define R on I, by

R(l17r17l27r2> =
([ (b= k(= ra), (ky + 1) (I = 71) — I by — ko(la — 1), (ke + 1) (I — 1) — Io)
if ll > T9 where ]{51 = \‘ L J

li—T3—;

((lﬁ + 1)(7"2 - ll) — ", r — k’1(7”1 - l2), (k‘2 + 1)(7’2 - ll) — T, Ty — k’2(7”2 - 11))
i1, >ry where k; = [—J .

. ri—l3_;

(Actually, R is a induced transformation of a map of Xy, see [4].) We define the n.s.a. as
the normalized form of R by normalizing by l; + ls + 1 + 19 = 2 and taking (ry,ry) if
l1 > 719, (I1,15) if Iy < ry as independent variables and replacing [ with . Then we see the
following map, the negative slope algorithm T, on X := [0, 1]*\{(z,y) | z +y = 1}.

-y 1—y 11—z . 11—z :
<1—<x+y> [1—<x+y>} " T=(@ty) [1—<z+y>]) it x4y <l

((Hgm - [(HZ%J ) T T [(Hf:)ﬁ]) it z+y>1

Let (xr,yr) = T*(z,y), k > 0 for (z,y) € X. Then we say that iteration by T" of (z,y) € X
stops if there exists ky > 0 s.t. g, = 0 or yg, = 0 or zx, + yx, = 1. S. Ferenczi and
L. F. C. da Rocha [4] discussed ergodic properties of the n.s.a. Indeed, they showed the
existence of an absolutely continuous invariant measure, which is ergodic. In this paper,
we first show the following.

T(z,y) =

Main Result I
(a) (Theorem 4.11)  The n.s.a. with the absolutely continuous invariant probability
measure 1s weak Bernoullr.

(b) (Corollary 5.2) The absolutely continuous invariant probability measure p for the
du 1 1
.S.a. 15 give by — =
n.s.a. is give by - Tos27 1y

, where X\ is Lebesque measure.
2
4log?2

We show that the n.s.a. satisfies conditions for a multi-dimensional map given by M. Yuri
[15] to prove Theorem 4.11. We also derive the absolutely continuous invariant measure

(c) (Proposition 5.3) The entropy H,(T') of the n.s.a. is equal to

4



given in [4] from a 4-dimensional representation of the natural extension of the n.s.a. in
Corollary 5.2 and compute the explicit value of entropy of the n.s.a. by Rohlin’s entropy
formula in Proposition 5.3. We also give the exponent constant of the denominator of the
n-th convergent of simultaneous approximations arising from the n.s.a. in Proposition 5.4.

Furthermore, we characterize purely periodic points of the n.s.a. by using the natural
extension method. Our main result II is the following:

Main Result IT (Theorem 7.11) Suppose iteration by the n.s.a. T of (x,y) € X does
not stop. Then the sequence (T*(z,y) : k > 0) is purely periodic if and only if v and y
are in the same quadratic extension of Q and (x*,y*) is in (—o0,0)? where z* denotes the
algebraic conjugate of x.

Ferenczi and da Rochald] also deduce a slightly different algorithm from 3-interval ex-
change transformations, which we call the modified negative slope algorithm (m.n.s.a.).
The m.n.s.a. S is defined on X as follows:

G(ﬁg)fl-‘ - (m+Z)71’ [(zﬁyj)fl—‘ - (:er?/)fl) if z+y>1

-y 1—y -z 1—x :
(Hzﬂx) Lf(wy)J ) Tty Lk(m)D it z+y <L

We say that iteration by S of (z,y) € X stops if there exists kg > 0 s.t. x5, =0 or yg, =0
or Tp, + Yk, = 1 Where (x1,y) = S¥(x,y) for k > 0. Ferenczi and da Rocha showed that the
existence of the absolutely continuous invariant measure of this algorithm and its ergodicity
in [4]. We show that the m.n.s.a. has the same dynamical properties as the n.s.a. in this
paper. Therefore we have the following.

S(z,y) =

Main Result I11

(d) Theorem 9.17 The m.n.s.a. with the absolutely continuous invariant probability
measure is weak Bernoulli.

(e) Corollary 10.2 The absolutely continuous invariant probability measure n for the
< aive b dn 1 1 here \ i
m.m.s.a. is give by — = where \ is
TN N " 2log2(x + )2 -2 —y)’
Lebesgue measure.
2
(f) Proposition 10.3 The entropy H,(T') of the m.n.s.a. is equal to lon3
0g

We also give the exponent constant of the denominator of the n-th convergent of simulta-
neous approximations arising from the m.n.s.a. in Proposition 10.4. The following result
shows the characterization of purely periodic points of the m.n.s.a.

Main Result IV (Theorem 11.1) Suppose iteration by the m.n.s.a. S of (z,y) € X
does not stop. Then the sequence (S*(x,y) : k > 0) is purely periodic if and only if x and
y are in the same quadratic extension of Q and (x*,y*) is in (—o00,0)? U (1,00)* where z*
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denotes the algebraic conjugate of x.

The construction of this thesis is as follows. In §2, we give the definition of the n.s.a.
again and discuss some basic notions related to the n.s.a. Then, in §3, we explain some
sufficient conditions by [I5] for multi-dimensional maps T' to be weak Bernoulli. In §4, we
prove Theorem 4.11 by showing a number of properties which implies that Yuri’s conditions
in §3 holds for the n.s.a. Finally, in §5, we construct a 4-dimensional map, which is the
natural extension of the n.s.a. and derive the absolutely continuous invariant measure for
the n.s.a. as the marginal distribution of the invariant measure for the natural extension
of the n.s.a. in Corollary 5.2. We note that the invariant measure for this representation
of the natural extension of the n.s.a. is given ¢ a priori”, see Schweiger [I3]. Then we
calculate the entropy of the n.s.a. by Rohlin’s formula in Proposition 5.3. In §6, we give a
necessary condition that iteration by the n.s.a. T of (z,y) € X stops. Then in §7, we show
that a necessary and sufficient condition for purely periodic points of the n.s.a. by using
the natural extension of the n.s.a. as Theorem 7.11. In §8, we give the definition and basic
notations of the m.n.s.a. In §9, we show that some basic properties of the m.n.s.a. and
then, we prove Theorem 9.17 as in §4. In §10, we construct a 4-dimensional map, which is
the natural extension of the m.n.s.a. In Corollary 10.2, we derive the absolutely continuous
invariant measure for the m.n.s.a. as the marginal distribution of the invariant measure
for the natural extension of the m.n.s.a. Then we calculate the entropy of the m.n.s.a. by
Rohlin’s formula in Proposition 10.3. Finally, in §11, we characterize purely periodic points
of the m.n.s.a. by using the natural extension of the m.n.s.a. as Theorem 11.1 by the same
way in §7.

2 Basic notions of the negative slope algorithm

First we define a map T on the unit square, which is called the negative slope algorithm.
For (z,y) €e X =0, 12\ {(z,y) | + y = 1}, we define

<(z+§)_1 - [(:cf;)—l] e [(z+§)—1]> it vty >1
T(x,y) =

1—y . 1—y 1—x . 1—x :
(1—(m+y) |:1—(:r+y)] 7 1—(z+y) |:1—(z+y)]> if T+y < L.




[<x+§>—1} if x4y >1
m(z,y) =
[1_1(;%)} if x+y <1,
and
(-1 a4y > 1
6(JU’?J)“{Hif:c+y<1.
Then we put
nk(xay) = n(Tkil(Jay))
mi(z,y) = m(T"(z,y))
ew(y) = (T (z,y))

for k > 1. Then we note that ny, my > 1 for k > 1 and for any sequence ((g;, n;, m;), 1 > 1),
there exists (z,y) € X such that (¢;(z,y),ni(z,y), mi(z,y)) = (&;,ni,m;) unless there
exists k > 1 such that (e;, m;) = (+1,1) for ¢ > k or (¢;,n;) = (+1,1) for i > k. We show
these properties later as Lemma[6.7 By [1] and [?] we see that if (z,y) # (2/,y') € X, then
there exists k > 1 such that

(5k($7 y)’ nk(‘r’ y)? mk(‘rv y)) 7é (516(17/7 y/)’ nk(x,7 y,)7 mk(ljv y,))

Now we introduce the projective representation of T'. We put

n n—1 1—n
Agjipm = |m—-1 m 1-m
-1 -1 1
and
-n —n+1 n
A(fl,n,m) = —m—+1 —m m
1 1 —1
for m,n > 1. Then we see
10 n—1
-1
A =001 m—1
1 1 n+m-—1
and
01 m
-1
A(_Ln,m) =110 n
11 n+m-1
ax
We identify (x,y) to | ay | for a # 0. Then T'(x,y) is identified to
Q
T
A @) @) mi@) | Y
1



and its local inverse is given by

-1
A(

El(zvy)7n1(x7y)7m1 (xvy))‘
In this way, we get a representation of (x,y) by

-1 -1 —1
(e1,m1,m1) ““(e2,n2,m2) * ~(e3,n3,m3)

and T is defined as a multiplication by A, n, m,) from the left and acts as a shift on the
set of infinite sequence of matrices

-1 -1 -1 _
{A(sl’m’ml) A npms) Acsmgms) * 1 €6 =1, nyg,my; = 1ork > 1} :
For a given sequence ((e1,n1,m1), (€2,n2,ms), ..., (€, Nk, my)), we define a cylinder set of
length k by
<(€17n1a m1)7 (627 n27m2)a ) (€ka nk7mk)>

= {(Jf,y) | (ei(l‘ay)’ni(xay>’mi(xvy)) = (€i7ni)mi)v 1<:< k}

For (z,y) € {(e1,n1,m1), (€2,m9,m2), ..., (€k,np, my)), TH(x,y) is expressed as

A(Ekmk,mk) T A(El,n1,m1)

—_e 8

and its local inverse \II<(61,nl,m1)7(627n2,m2),~~,(Ek,nk,mk» is expressed as

-1 -1

(e1,m1,m1) " ep,mp,my)”
Since
Yy a
, C(ryy)eXx+y>1
11—y 1—x

- Ty Ty R ory=t
= {(,8) 1 a>1,52>1}

we see that for any {(eg, ng, my), 1 <k <1}, e = +1 or —1, ng, my > 1, we have

TH(z,y) € X : ep(2,y) = er, (2, y) = ng, mp(z,y) =mp, 1 <E<I} =X ae (21)



['(1,2) ['(2,2)

Ai(=1,1,2) T(1,1) r(2,1)

Ay(+1,1,1)

Fig.1
Let us introduce a map f : X2 — R? by

((HZ)A? (erz)fl) if z+y>1
flz,y) =

(P ) i ery <L

(see Fig.1) Then we see the following properties.

o 1.0 =(0.0)
f(1,1) = (0,0)

(ii) f(A(£l,n,m)) =T(n,m)

(iii) 7'(z,y) = f(z,y) — (n,m)

where (n,m) € N? is given by

([(xfi)—l}’ [(x+§>—1D if r4+y>1

1— 1—x :
([kwiy)}, [17(”!})}) if z4+y < L

(n,m) =




3 Multi-dimensional maps

In this section, we summarize results of [15], which we shall use in the following section.
We consider a map 7" of a bounded domain X of R onto itself with its countable partition
Q = {X, : a €I}. We assume the following :
(i) Each X, is a measurable and connected subset of X with piecewise smooth boundary.
(ii) There exists a finite number of subsets of X, Uy(= X), Uy, ..., Uy such that U;, 1 <
7 < N are sets of positive measure and for any ai,...,a, € I

T"( Xy NT ' Xy N---NT- VX, Y=U;  ae

for some 7,0 < j < N whenever X, NT7'X,,N---NT~ ™YV X, is a set of positive Lebesgue
measure.
(iii) For any a € I, T|x,, the restriction of T to X,, is injective and C'.
We write
(ar,...,an) = X NT ' XN NT- VX,

which we call a cylinder set (of length n). We only consider cylinder sets of positive
Lebesgue measure. From (iii), the restriction of T" to (as,...,a,) is injective, we can define
(T'(a4,...an)) "t of U; for some j, 0 < j < N, onto (ay,...,a,), which we denote by W4, 4.
We fix a constant C' > 1 and define the set of “Rényi cylinders” by

R(T) = {{ay,...,a,) : sup |det DV (4, 0,y ()]

z€T™(a,....,an)

<C- inf |det DUy, 0 (x)], n > 1}.

Moreover we put

D, = {{a1,...,a,) : {a1,...,a;) ¢ R(T) for1 < j <n},

D, = U (ay,...,an),

(al,“.,an)GDn
Bn = {<(Il, . ,an> € R(T) . <CL1, e ,an_1> € Dn—l}a

and

B, = U {ay,...,ap).

<ala---7an>EBn

Then we consider the following conditions :

(C.1) (T,Q) separates points, that is, for any z, 2" € X there exists n > 0 such that 7" (x)
and T"(z') are not the same elements in Q).

10



< N, there exists (ay,...,as,) C U; such that (ai,...,a,,) € R(T)

(C.2) For each j,0<j
=X

and T%{ay, ..., as;)

(C.3) If (ay,...,a,) € R(T), then (by,...,bm,a1,...,a,) € R(T)unless (by,..., by, a1,...,a5,)
is a set of Lebesgue measure 0.

(C.4)
> AD,) < o0
n=1
where A\ denotes d-dimensional Lebesgue measure.
(CA4)* Z)\(Dn) -logn < oo.
n=1

(C.5) For any n > 1,

Z Z ( sup | det DV g, ., km)(y)|> < +00.
yeT™ (k1

(C.7) There exists a positive integer [ such that for all n > 0 and all (ay,...,a,) € D,,

""""" = O(nl).

(C.8) log |det DT'(-)| is Lebesgue integrable.

(C.9) there exists a positive integer ko such that if (ay,...,a,) € DS and (ay,...,a,) €
D,,_1, then

Then we have the following.

Theorem 3.1 ([15])
(i) (C.1) — (C.4) imply that there exists an absolutely continuous invariant probability mea-

sure p and (T, p) is exact, i.e.
o0
T8
k=1

11



18 trivial, where B denotes the set of Borel subsets of X.
(ii) (C.1) — (C.8) imply Rohlin’s entropy formula :

h(T) = /Xlog|detDT(x)|d,u(:v).

(iii) (C.1) — (C.9) with (C.4)* imply that (T, p, Q) is weak Bernoulli, that is, for any e > 0,
there ezists ng > 0 such that {Ay} and {A;} are e-independent for any k > 1,1 > k+n, and
n > ng, where {Ag} and {A;} denote the sets of cylinder sets of length k and l respectively
and Two partitions Fy and Fo are said to be e-independent if

ST N AN B) = w(Au(B)| < e

AeF, BeEF>

4 Ergodic properties of the negative slope algorithm

First of all, from (2.1]), we can take {Uy} as {U, ..., Uy} in the previous section (U =
X). We show the following.

Theorem 4.1.  There exists an absolutely continuous invariant probability measure p for
T and (T, p) is exact.

REMARK 4.2.  [4] discussed the explicit form of the density function %\L, which we will see

later, and showed its ergodicity. The exactness implies not only ergodicity but also mixing
of all degrees.

To prove this theorem, we will show that 7" satisfies the conditions (C.1) - (C.4). We
define the set R(T) by

R(T> = {<(€17n1am1)a (527n27m2)7 ceey (Ekank’amk)> | (Ekvnk‘amk’) 7é (_I_lv 1a 1)}
In the sequel, we simply write Ay for a cylinder set
<(€17n17m1)a (527n27m2)7 cey (5k7nk7mk)>

if it is clear in the context. We put

k k k
M B 7,
~1 —1 _
Acrmam A = r%k) T%k) T%k)
QG 9 a3
for any sequence ((g1,n1,m1), (€2, 12, Mm3), ..., (€k, N, my)), k > 1. Then it is easy to see

that qik) = qgk).

12



Lemma 4.3. For any sequence ((e1,n1,m1), (€2, N2, mMa), ...
1,1 <1<k, we see

(i) THAR) =X,

(ii)

) (gkankamk)); & = j:]-uniami Z

1

k k k )
(V2 + ¢y + ¢fP)3

Proof. It is an easy consequence of induction and calculation, respectively, see also
F. Schweiger [13], proposition 2 for (ii).

|det DWa, (2,y) =

From this lemma, it is easy to see the following.

Lemma 4.4. If <(51,n1,m1), (62,71277712), e

Therefore, R(T) is the set of Rényi cylinders.

sup |det DUa, (7,y)] <3* inf

(x,y)EX (IE,y)G

, (€gyni, mg)) € R(T), then

. |det DWA, (z,y)].

Proof.  Since
O BT N 0 e
D e () 1 m—1
R A
1 4l - ife, = +1
(e1,m1,m1) (ek,mi,mp) pgk—l) pék—l) ;(3k_1) 1 my ’
Tgk—n rgk—n rék—l) 0 -
A Lo +my =1
L ife, = —1
we see that
(@, &, ¢§)
(q%’H) +a8 Y, Y Y, = DY+ (e — D@+ (e my — 1)61:9671))
B ifep = +1
(qék*” s Y Y mee Y gl (g my — 1)61:5,]“*1)) ife = —1.

It follows by induction that q%k) = qék) for any k > 1. If A, € R(T'), then ng +my > 3 or
(k) (k)

ni +my > 2 when g, = —1 or +1, respectively. Thus we see ¢;” < ¢q3 ", ¢ = 1, 2, whenever
Ay € R(T). By Lemma 3] we have
1 < |det DWA, (z,9)| < 1
>~ € AT Y)| S
(¢t + ¢ + ¢y ) (g5")?

13



Hence we get

1 1
— < det DU, (2,y)] < ,
(345")? (g5")?
which implies the assertion of this lemma.
Let’s define the following:
Dy, = {{(e1,n1,m1), (€2,m2,M2), - .., (Eks Tk, M) |

((61,n1,m1), (82,71277712), ey (6,;,ni,mi)> ¢ R(T) for1l S 7 S ]{7},

B, = {{(e1,n1,m1), (€2,n9,m3), ..., (e, nk, mg)) € R(T) |

((e1,m1,m1), (g2,m2,m2), ..., (Ex—1,Mk—1,Mk—1)) € Di_1},

B, = U A,

AREBy

and

It is easy to see that
Dy = {{((+1,1,1), ..., (+1,1,1))}.

k times

Now we will check the conditions of [I5]. First of all, it is clear that the set of cylinder sets
separates points, see (1). LemmalZ3 (i) and Lemma 4 imply (C.2) and (C.3), respectively.
We see the following.

Lemma 4.5. (C.4) We have
D ADy) <
k=1

where A\ denotes the 2-dimensional Lebesque measure.

Proof.  From the definition of 7" and simple calculation, we see that

1 1

and, in general,
((:1—1, 1,1), ..., (+1,1, £)>

k times

1 k+1 1 k
= 0<y< —— <y —— —zxt.
{(z,y)[0<y k 0y <y -

14



Hence we have .

ADy) = (k+1)(2k+ 1)

and get the conclusion of this lemma.
This completes the proof of Theorem 1] by [15].

Next we show the following.

Theorem 4.6. (Rohlin’s formula) The entropy H,(T') of (X, T, p) is given by

H,(T) = /Xlog |det DT|du

In the following, we show (C.5)—(C.8) in [I5], which imply this theorem.
Lemma 4.7. (C.5)
Wi = Z Z ( sup |det D\IIAl(x,y)|> < 00.
1=0 A,eD; \(@W)EUs_Bj)
Proof.  Since A; € D; means

Al = <<:i_17]‘7 1)7 ttt (+171711)>7

| times
WU, is associated to
1 00 100 100
Ua, =101 0 01 0]=(010
1 11 1 11 11
lti?nes
Thus we see
1

det D\IJAZ(SC,Z/) = m

On the other hand,

k
UB, = X\ A
j=1

and

min @ r4+y = ——,
(x,y)GU;?:lBj 4 k +1



see the proof of Lemma Hence we get

1
sup |det DU, (z,y)| = ———
(e)e(Uh_,By) l (el +1)°
1
< (k+1)° EL
which implies the assertion of this lemma.
Lemma 4.8. (C.6)
1D, = 1.
Proof.  This is obvious.
Lemma 4.9. (C.7) We have
SUP (z,)ex ‘det D\IIAk (Z‘, y)| _ O(/{?3>

inf, yex [det DA, (,y)]

for Ay = ((:i—l, 1,1), ..., (+1,1, 1/))
k t;mes

Proof. This follows from (4.1]).

Lemma 4.10. (C.8) The function log|det DT| is integrable with respect to \.

Proof.

/log|det DT|d\
X
= —// 3log((x +y) — 1) dedy — // 3log(l — (z + y)) dxdy.
Xn{z+y>1} Xn{z+y<1}
Then, there exists K > 0 s.t.

2
/10g|det DT|d)\<K/ logrdr < oo.
X 0

This completes the proof of the Theorem (.6l

Finally, we show the following.

16



Theorem 4.11. The negative slope algorithm with the absolutely continuous invariant prob-
ability measure p is weak Bernoulli.

To prove this theorem we need the following two lemmas.
Lemma 4.12. (C.4)*
> A(Dy) -logk < oo.

00
k=1

Proof. This is clear since A\(Dy) = m, see the proof of Lemma 4.5.

Lemma 4.13. (C.9) If ((e1,n1,m1), (€2,n9,m2), ..., (e, Nk, my)) € Dy,
and ((e2,m2,m3), ..., (g, g, mi)) € Di_1, then we have {((e1,n1,m1)) € By, that is,
(81,711,777/1) # (+1, 1, 1)

Proof.  This is an easy consequence of the definitions of Dy, and B;.

Since T satisfies (C.1)—(C.9) with (C.4)*, we can conclude the assertion of Theorem 4.11.

5 Absolutely continuous invariant measure of the neg-
ative slope algorithm

In [4], it was shown that the density function of the absolutely continuous invariant
probability measure was given by
dp 1 1
d\  2log2z+vy

This was checked by Kuzmin’s equation

Flay) = Y F(Penm(@9))det Uiepm(z,y)]

e=x1,n,m>1
for f(x,y) = x—}ry

In the sequel, we prove the same result by a different way, which is called a “natural ex-
tension method” originally started by [10] for a class of continued fraction transformations.

17



We start with a 4-dimensional area. Let X = X x (—o0, 0)2. For (z,y,2,w) € X, we define
a map 1T on X by

T(z,y,z,w)
(
(6 = nle ). ot =l y), s — nle,y), wrim — miwy)
if r+y >1
= 9
1— -z 1—w 1-
(1_(;,;_1{_1/) - n(xay>7 1—(z+y) m(a:,y), I—(z+w) n(:v,y), 1— (z+w )
if x —I— y < L.

\

Then it is easy to see that T is bijective on X except for the set of (4-dimensional) Lebesgue
measure 0.

Proposition 5.1. The measure [u defined by
dip 1
A {l@+y) - (+w)}?

s an invariant measure for T', where A denotes the j-dimensional Lebesque measure.

Proof.  We put
1

{z+y) - (z+w)}®

hz,y, z,w) =
It is enough to show that
WT (z,y, z,w)) - |det D(T(x,y,z,w))| - b~} (z,y,2,w) = 1,

which follows easily by simple calculation.
(casei: z+y>1)

WT(x,y, z,w)) - |det D(T(w,y, z,w))| - b~ (2, y, 2, w)

1 . 1 _ < 1 )‘1
< ierr)x - — jrv+)zl)3 (m+y—1)3(2+w—1)3 ((x+y)—(z+w))3
= 1. (5.1)
(caseii: z+y <1)
h(T(z,y, z,w)) - |det D(T(z,y, z,w))| - h (z,y, z,w)
1

: <(1_y)+(1"”) - (1—w)+(1‘2’)>3 | ‘ (1= (z+y)°0 = (z+w))?

—(+y) —(s+w)

{ | )

(1= (z+y) = (1= (z+w))’

=1 (5.2)

18



(5J) and (5.2) imply the assertion of this proposition.

Corollary 5.2. The measure j defined by

du 11
d\  2log2(z +y)

1s an invariant probability measure for T'.

Proof. It is easy to see that the projection of 1z to X is an invariant measure for 7. We

have
1

(z+y)

1
/(_OO,O)X(_OO,O) {(@+y) - (+w)}

which is the assertion of this corollary.

DN | —

3 dzdw =

From this formula, we can compute the entropy H,(7") from Theorem A0l

Proposition 5.3.

7T2

H,(T) = .
w(T) 4log 2
Proof.  From Theorem (4.6, we have

3 1
H,(T) = -— 1 —1)dxd
0 = s [ [ ey - ey

3 // 1
— log(1 — (z +y)) dzdy.
2log 2 (o4y<1} T T Y ( ( )

The right side is equal to

3 [/122_t10g(t—1)dt + /Ollog(l—t)dt}

" 2log?2 t
3 Tl
= — / logt dt
log2 | ), 1+
~ 4log?2’

From this proposition, we can get the exponential divergence of qék) as k — oo.

Proposition 5.4.

for X-a.e. (z,y).
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Proof.  From the Shannon-MacMillan-Breiman theorem, we have

7T2

4log 2

1
—lgixgozlogu(Ak) = ji-a.e.

where Ay is defined by (g;,n;,m;) = (gi(z,y), ni(x,y), m;(x,y)) for 1 < i < k. We take
(x,y) so that (5.1]) holds. Then we choose a subsequence ((lx) : k> 1) by

ll = mln{l Z 1 | (El<x7y)vnl<x7y)7ml(xay)) 7é (+17 17 1)}
and
lk—i—l = min{l > [, | (El(xay);”l(xay)aml(xay)) 7& (+1’ 17 1)}
).

for k > 1, which means that we choose all cylinders A; € R(T
from 0, there exists a constant C7 > 1 such that

Since 4, is bounded away

1
SAAL) < u(Ay) < CA).
1

On the other hand, there exists a constant Cy > 1 such that

1
< &

Cagy’ a5
whenever A; € R(T), see Lemma 4.3. Thus we get

1 2
lim l—log qél’“) - T

k—oo [}, 12]og 2
. (k+1) (k) . _
for p-a.e. (x,y). It is clear that gy =qy if (ex(z,y),ne(z,y), me(z,y)) = (+1,1,1).
Since the indicator function of ((+1,1,1)) is obviously integrable with respect to p,
I — U
lim "= =0
k—o0 lk
for p-a.e. (x,y). Hence we have
. 1 ) 77'2
lim - 1 -
e 2B T 1210g2

for p-a.e. (z,y), equivalently A-a.e.
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REMARK 5.5. It is easy to see that

k k k k k k
W O R
q(k)’ q(k) ’ (k) (k)7 (k) (k) |7

3 3 ¢ t+aq3’ Qs

k k k k
(2t ient)

(k) +q(k)’ (k) q(k’)

D) 3 ds 3

and

k k k k k k
(e e

k k k)’ (k k k
" + 0" + 057 0 + " + g

are Wa, (0,0), Wa,(1,0), WA, (0,1), and W, (1, 1), respectively. Then it is also possible to

show that )

o1 k k K T
’}H&angq%) + log g + loggi”) = 121log 2

for A-a.e. (x,y) by the same way. We note that these four sequences converge to (z,y)
because of (C.1). Suppose that

d(k,z,y) = diameter({(e1,n1,m1), (€2, M2, Mm2), ..., (Eg, Nk, My))).

Then the convergence rate of the above four sequences to (z,y) is bounded by d(k, z,y).

6 Characterization of periodic points of the negative
slope algorithm

In this section, we characterize periodic points of the negative slope algorithm by using the
natural extension method. First, we show the properties of representation matrices of the
negative slope algorithm.

6.1 Some properties of the negative slope algorithm

Lemma 6.1. For entries of Ua,, we have

pgk) — pgk)+51"'5k
RO RO N
1 — T 1" "€k
k k
A

Proof. By simple calculation, we see that

10 n—1 1 1
01 m—1 -1 =H1|-1
1 1 n+m-—1 0 0
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0 1 m 1 1
10 n 1] =(-1)1[-1
11 n+tm-—1 0 0
So we have
1 1
-1
(g,n,m) —1 =e| -1
0 0
Then we see that
1 1
-1 _1 .
A(ghnl,ml) e A(Ek.,nk,mk) 1) =& ¢ _01

for k > 1. Therefore, we obtain

k
p) (k)

(k
1 — D2 €1 Ek
RONECN I -
k k
" — ¢ 0
[
We next give an approximation of (z + y) for (z,y) € X.
Lemma 6.2. For (x,y) € X, we have
(k) (k)
Py’ +T3 1
o (H)| <t
T )P
Proof. By taking a determinant of Wy, , we have
(k) (k) (k)
p p p: k k k k k
%k) %k) ?k) _ (k) 7’5) 7”:(),) _ ok 7‘5) 7”:(),) (k) 7"§) 7’5)
Tory s Ty [ TPy k| P2 | o [ TPs | k) (k)
k) (k) (k) 4> 43 4 g3 1 4
@1 92 93
From Lemma 2.1, the right hand side is equal to
k k k k k
N R I R R Y N R
Pz k)| k) (k) | T P2 (k) (k) | TP3 (k) (k)
42 43 O3l a3 1 43
where 0, = €1 - - €. Since det U5, = 1, we have
k) (k k) (k k) (k k) (k
(a5 = r$7a8%) + (a5 — gl = 1. (6.1)
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Substituting pgk) = pgk) + I, rg = r2 — 0 and q = qék) for (61]), we see that

k k k
(r1"as"” = ri7q) + (0 —piPgl?) = 1. (6.2)
From (6.1)) and (6.2]), we have
- :
I R o)

For (z,y) € X, we put (zx,yx) = T%(x,y), k > 1. Then we see that
(k) (k) (k)

azT b1 Dby D3 Ty
ay | = r%k) (k) rék) Yk
k k k
a gt” fé b )\

for a # 0. Then we obtain

(k) (k) (k)

v pimxk - p?k)yk - 5o (64)
Q1 Tr+ Gy Yr T g3
_ %k)l’k + r(k)y + r(k) (6.5)
by = ~m %) ®)° '

Q1 Tk T Qs Yk +q3

Since qék) > (0 for k > 1, the denominators of the above two equations are not equal to 0.
From pgk) = pgk) + Oy, T§ = 7"2 — 05, and q = qék), we have

(" + 7" i+ ) + (93 +147)

Tty = p (6.6)
q§ )(951@ + i) + q§, )
Then we see the following.
k k
P+ i\ | |08 + i) @ ) + 08 ) (8
@+y)— | =@ — (k) (k) (k)
q3 & (Tk+ye) + a3 3
(k)
o0 g =S+ )+ o + 0l (mww
g a5 (wr + i) + 45 ¢
From (6.1)) and (6.3)), we see that the second line is equal to
1 1 1 - 1
k (k) (k k k
W P e+ ) +a? | P |
This is the assertion of this lemma. O
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From (6.3) and from this lemma, we deduce the following approximations.

(k) (k)
p; 4 2
(z+y) - = (6.7)
C]E) C.Ié )q;g)

fori=1,2.

Lemma 6.3. We put (xy,y) = T*(z,y), k > 1 for (x,y) € X. Then we have

<k)+r( )
(k) (I—l—y>_ < oF R >
— _ 13
T + Y = ;k) p(k)—l—r(k))

(r+y) — ( i
az

where pz(-k), qi(k) and 'r’z(k), 1 =1,2,3, are the entries of ¥a,.

Proof. We consider the inverse of Wa,. We put (zy,yx) = T%(z,y), k > 1 for (z,y) € X.
Then we have

(k) (k) (k) !

ATy P11 Py P3 x

aye | = [+ 3 o) g
k k k

a g\” QE b g 1

for a # 0. By taking the cofactor matrix of W,,, the inverse is equal to

k k k k k k
I i o I
%" g3 42" 43 g~ T3
k k k k k k
Ua = | - T%k; T%fci pik; p%’k; pik; p%’ki
g 41" 93 91" 93 o7
k k k k k k
T%k) Ték) pﬁk) pék) pﬁk) pék)
do o | Tl g ||
Then we have
k) (k k) (k k k k
oy = (5" a8 — 795w + (=p" 48" + 7Yy + (s — piriY) (6.5)
k) (k k) (k k k) (k k) (k ’
(r1745” — ri?q{)e + (=p" e + 00y + 017 = pi )

k k k) (k k
(—ri”as” +ri"a e + (17as” — pi" 01Ny + (=i + pir)

Ye = % 2 k k PRONE
(174" — ra )z + (=pM e + 9y )y + o — pi )
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From Lemma [6.I, we have the following.
(51 e 6k)q§k)x + (51 . 8k)q:(),k)y _ (51 e 5k)(pék) + Ték))

T+ Y =
—(er- )P r = (g1 ey + (1) P + i)

() 49
g5" (@+y)— (p3 poN )

(k) OINORN

6.2 The case where the negative slope algorithm stops

Next we denote the notation that iteration by the negative slope algorithm 7" of (z,y) € X

stops and give a necessary condition for (x,y) € X stopping after finite steps.

Definition 6.4. We denote k-th iteration by the negative slope algorithm T of (x,y) € X as
(g, yx) = TF(x,y). Then we say iteration by the negative slope algorithm T of (x,y) € X

stops if there exists ko > 0 such that xy, =0 or yg, =0 or zx, + yg, = 1.

This implies that iteration by the negative slope algorithm T of (z,y) € X stops if there
exists ko > 0 s.t. (zxy, Yx,) € OX. From this definition, we get the following propositions.

Proposition 6.5. If iteration by the negative slope algorithm T of (z,y) € X stops, then

(x,y) satisfies one of the following equations.
(P+1)z+py=q

pr+(p+1)y=q
pr+py=q

for some integers 0 < q < 2p.

Proof. We put k-th iteration by the negative slope algorithm T" of (z,y) € X as (zg, yx) =
T*(x,y). Suppose x;, = 0, then we get the following equation from (6.8) in Lemma [6.3

k) (k k) (k k) (k k) (k k) (k k) (k
0 = (745" — Py )w + (=p " + P e )y + (7Y — p0rSY).
By (6.1)) in Lemma [6.2] we obtain

(p+1r+py=q

k) (k k) (k k) (k k) (k .
where p = —pi” g5 + 745", g = —piry? + piri?. Since

gDy
.’L'i

e 0,1],
p+1 [ ]
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we see that the following two cases.
(i) If 0<q—py<p+1,then

0<py<g¢g<(y+lp+1<2p+1
(i) If 0>¢—py>p+1, then
0=Zpy=qg=(y+lp+1=2p+1>2p

Similarly, we obtain pz + (p+ 1)y =0 (0 < ¢ < 2p ) for y = 0.
Suppose x + yr = 1, then we get the following by ([6.6]) in Lemma

k k k k k k
(@ + ) (@ +y) = O + ) + () + ).

Since 0 < x 4+ y < 2, we complete the proof. Il

In the following, we show the sufficient condition for the third equation in Proposition

6.5
Proposition 6.6. If (z,y) € X satisfies the following equation,
pxr +py =q

for any integers 0 < q < 2p, then there exists N > 0 such that the sequence (T*(z,y) : k >
0) terminates at k = N for the negative slope algorithm T.

Proof. Suppose |z +y—1| = it <1 for (z,y) € X where { is an irreducible fraction. Then
by the negative slope algorithm, we see that

to
3]

<1

t
O R R
1

ta

where £ s also an irreducible fraction. Recursively, we get

l;

tit1

Lito

Liv1

[Tip1 + Yir1 — 1] = <1

— (g1 (2, y) + mi+1(xay)>' =

tiy2
tit1

there exists N > 0 s.t. ty = 0. This implies that the sequence (T%(x,y) : k > 0) stops at
k=N —1. [l

where is an irreducible fraction. Since (|t;| : @ > 0) is a decreasing integer sequence,

Finally, we give the last lemma of this section. This lemma shows that the condition for
the existence of an expansion of (x,y) € X by the negative slope algorithm.

Lemma 6.7. For n;,m; > 1, i > 1 and for any sequence ((g;,n;,m;),i > 1), there ezists
(z,y) € X such that (g;(z,y),ni(x,y), mi(z,y)) = (gi, 14, m;) unless there exists k > 1 such
that (e;,m;) = (+1,1) fori >k or (g;,n;) = (+1,1) fori > k.
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Proof. Suppose there exists (z,y) € X satisfying (¢;(z,y), ni(z,y)) = (+1,1) for all i >
Then the negative slope expansion of (z,y) is ((+1,1,mq), (+1,1,mz), ) for m; > 1,
7> 1. So we have

10 0 10 0
A(+11 1,m1) A(+11 Lma) 01 m—1 01 m2 -1
11 m 11

1 0
= m1—1 m1—1 m1m2—1
mi+1 m+1 2my—1

and
i +1 +1 i i
p Y pytY plty o P\ /10 o
D = ) O 01 mag — 1
q§z+1) §+1) q§z+1) qy) qéﬂ qéz) 1 1 Mt

P Aps Dy B (me = 0Py + (mi)py
= 7”51) + r:(f) T;) + rz()f') (M1 — 1)7’? + (mig1)ry
0+ & +d) (i — D + (mis)g

for i > 2. If we put p{") = 1, py) = p;(;) = 0, then we have p{"™ = 1, p{
Therefore we obtain p\”) = 1, p{’) = pé =0 for all 4 > 1. From (6.4)) in Lemma [6.2, we see

that

(i+1) _ péi+1) 0

Tk

k k %
qg )xk+Q§ )yk —|—q§)

xr =

where (zy,yx) is k-th iteration by the negative slope algorithm. Since qi(k), 1 =1,2,3 are
increasing integer sequences and (zy, yx) € X, this implies that x = 0 for k£ — 0. Then it is
the contradiction to Definition [6.4 O

7 The natural extension of the negative slope algo-
rithm and characterization of periodic points

In this section, we recall the 4-dimensional map T which is called the natural extension
of the negative slope algorithm 7. This map has been given in §4. It was defined as the
natural extension of the negative slope algorithm on R? as follows. Let X = X x (—o00,0)%.
For (z,y,z,w) € X, we define a map T on X by
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T(z,y,z,w)

(
(G = nlew). ot —mle,y), s — n(ey), o — miey))
if r+y > 1
= 9
1— 1-z 1-w
(Tiy) n(z,y), T—(z+y) —m(z,y), T—(tw) n(z,y), = (Hw) )
L if $—1—y < 1.

Then it is easy to see that T is bijective on X except for the boundary of X. We prove
Theorem [7.] in this section. After the proof of Theorem [[1l we show Corollary [[.12] as a
corollary of Theorem [7.1l

Theorem 7.1. Suppose iteration by the negative slope algorithm T of (z,y) € X does not
stop. Then the sequence (T*(z,y) : k > 0) is purely periodic if and only if x and y are
in the same quadratic extension of Q and (x,y,z*,y*) € X where x* denotes the algebraic
conjugate of x.

7.1 Necessary part of Theorem 7.1

We start with proving the necessary condition of Theorem [[.Il First, we show that if
iteration by T of (x,y) € X is purely periodic, then there exists square free d > 0 s.t. x, y are
in Q(v/d). After that, we show that iteration by T of (z,y, z,w) € X x R\ {(x,y, z,w) | z+
w=1z+7y,(2,w) € X} goes into X.

Lemma 7.2. Suppose iteration by the negative slope algorithm T of (x,y) € X does not
stop. Then if the sequence (T*(z,y) : k > 0) is purely periodic, there exists square free
d > 0 such that = and y are in Q(v/d).

Proof. Suppose the sequence (T*(z,y) : k > 0) is purely periodic for (x,y) € X by the
negative slope algorithm 7', then there exists [ > 0 such that T'(z,y) = (z,y) € X. From
(66) in Lemma [6.2] we see that

l l l
(B + 1) (@ +y) + () +15)
a5’ (@ +y) + a5’

T+y=

Then we have the following quadratic equation with respect to (z + y).

! ! ! ! !
@'+ + (6 =) =)t y) - @) + ) =0,
We see that the discriminant d of this equation satisfies

l l l l l
d= (a5 —py) =)’ +4a5 (0§ +75) > 0.
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Note that the discriminant d > 0 is not a square number. In fact, suppose d is a square
number, then we see that x +y € Q. It implies that there exists N > 0 such that the
sequence (T*(z,y) : k > 0) stops at k = N by Proposition 6.6l This contradicts the fact
that the sequence (T*(x,y) : k > 0) is purely periodic. Therefore, d is not a square number
and z +y € Q(+/d). From Lemma 6.1, (64) and (6.3), we have

k k
P8 (x +y) + pi)

z_éW$+w+é“—@r~&f
Y= " éwx+£+ém '
& (T+y)+q + (1 -ex)
This is the assertion of this lemma. m

In the following, we put (zg, Yk, 2k, Wg) = Tk(x, y,z,w),k > 0 for the natural extension
T of the negative slope algorithm T. We show that if iteration by T of (z,y) does not
stop for (z,y,2,w) € X x R:\{(z,y,2,w) | z+w =z + vy, (z,w) € X}, then 7ky > 0 s.t.
(21, wy) € (—00,0)? for k > ko. This will yield the necessary condition of Theorem [7.1]

Lemma 7.3. Let (z,y,z,w) € X x R:\{(z,y,z,w) | z+w = x +y,(z,w) € X} and

(T, Yk 21, WE) = Tk(x,y,z,w),k > 0 for the natural extension T of the negative slope
algorithm T. Suppose the sequence (T*(x,y) : k > 0) does not terminate at any finite
number k. Then there exists kg > 0 such that z, + wy, < 0 for k > kg.

Proof. Suppose the sequence (T*(z,y) : k > 0) for (x,y) € X does not terminate at any
finite number k. Then from Lemma [6.3], we have

*) ()
<m@+w%—Gga3)

q3 3

2+ W = ——~
(k) (k) (k)
@ (2 +w) - (’%)
2

where (g, Y, 2k, Wi) = Tk(x, Y, z,w). According to Lemma [6.2] and (6.7]) and ql(k) >0,1=
(k)

2,3, the right hand side converges to —%5. Then there exists ko > 0 s.t.
a3

z +w, <0
for k > ky. This is the assertion of this lemma. O

Note that it follows from the definition of T that if 2 +w = x + y, then we see that

2k + wy, =z, + yi, for all k > 0. In fact, it is easy to see that the sequence (17" (x,y, z, w) :
k > 0) is not periodic for z +w = x + y even if the sequence (T%(x,y) : k > 0) is periodic.
Consequently, we can ignore {(x,y, z,w) € X x R? | 24+ w = =+ y}.The next lemma shows
that {(z,w) | z 4+ w < 0} goes into (—o0,0)? by iterating T.
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Lemma 7.4. Suppose iteration by the negative slope algorithm T of (x,y) € X does not stop.
Then the negative slope expansion of (x,y) is an infinite sequence ((e1,n1, m1), (€2, M2, M2), ... ).
We put

A ={(z,w) | z4+w <o, n(z,w) =k or m(z,w) =k}

and
lN = ]j{l | (8[,71[) 7é (+1, 1) or (el,ml) 7é (+1, 1), { S N}

Then for (z,y,z,w) € X X Ay, there exists N > 0 such that for Iy > k,

T (x,y,z,w) € X.

Proof. We know that X is T-invariant from §4. Then it is enough to show that the shaded
two areas called upper area and lower area at Fig.2 go into (—oo, 0) by iterating 7. We start
with lower area at Fig.2. Suppose iteration by the negative slope algorithm 7" of (z,y) € X
does not stop, then (x,y) has an infinite expansion by the negative slope algorithm

((81, nl,ml), (62,712, mg), ey (81, ng, ml), .. ) .
w
/ y4
upper area
lower area
Fig.2

In the following, we consider the two partitions {A,(j) |k =1,2,---} and {/1;_) |k =
1,2,---} in lower area. First, we define the partition A,(f) and f1(z,w) as follows.

(i) For e; = +1, we define

fr(z,w) = (1 _1(;$w)’ 1 —1(;j w)) '
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(i) For ey = —1, we define

= e | [l -

f-(zw) = ((HZ)—r (z+2)—1)'

In the case of 1 = +1, we see that
T(xvya/ll(:_)) = (xhyl? f+(/1](<;+)) - (n17m1)>

(see Fig.3). We have the following three cases for images by T of Afj).

Fo (A7)
Y
N (+)
A\ A
N 2
0 N 3 z
Wk (+))
WA f+ (A3
WIS
\\\
NN
\
\
\
N\
\
/1(1+) \
/ .
AN
w=—2z+1 NN
w = —%z +1
w=—z
_ _4
Figg W= et
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(i-a) For n; = 1, we see that

Fo Ay = (1,my) ¢ AP ualPu.uald

or APuAT U U Al(c_)'
(i-b) For 1 < ny < k + 1, we see that
oA = (nmy) € AP UAD U uAD,
() ) 4 -)
or AUATTU-UAD L

(i-c) For ny > k+ 1, we see that

(A7)
L= (-)
\\\\\\ /f— (A2 )
\ 2
0 3 o
f-(457)
AT
In the case of £y = —1, we see that

T,y A7) = (w000 f- (A7) = (m2,m))
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(see Fig.4). We have the following two cases for images by T of /1,(;).

(ii-a) For ny < k, we see that
FAT) = (n,m,) ¢ APuaAPu-uald
or A uAT U ual)
(ii-b) For ny > k, we see that
F(47) = (mym) € (=00,0)2
From (i) and (ii), we obtain
(A7) = (nma)} C AT U U AT
except for (ny,m;) = (1, m;) and
{-A7) = (moma)} € AT U U A

for any (ny,m;). From Lemma 2.7, there does not exist Iy > 0 s.t. (g,n) = (+1,1) or
(e1,my) = (+1,1) for all [ > ly. Therefore, there exists Ky > 0 such that /1,(:’) and K-th
iteration by T of A,(j) are disjoint for K > Kj. So we put

Iy = ﬁ{l : (6;,71;) #+ (—|—1, 1) or (€l,ml) 7§ (—{—1,1), [ < N}

Then for (z,w) € A,(Ci), there exists N > 0 s.t. for [y > k,

TN(JU, y,z,w) € X.
It is the same as upper area in Fig.2, which completes the proof. Il

REMARK 7.5. In the following proof, we use the fact that Tk(x, v, 2%, y*) = (zk, Yk, (xx)*, (Yk)").
This is easy to show from the definition of the map T

T(x7 y7 x*7y*>
( * T*
((H# — (2, Y), Gy — M@ Y), e @), e — m(fﬁ,y))

if r+y >1

1— —X 1— * —x*
(T_zw —n(z,y), m —m(z,y), Tyiy) —n(z,y), m - m(-T,y))

if r+y < 1
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Since n(z,y) and m(x,y) are positive integers, we see that for z +y > 1,

e = (e )

z ()
——-m = |———-m] .
(" +y*) — 1 (z+y)—1
These are the same as x + y < 1. Then we obtain

T(x,y, 2", y") = (x1, 91, (x1)", (11)")-

Proof. (necessary part of Theorem [Z.I]) Suppose the sequence (T%(z,y) : k > 0) is purely
periodic for (x,y) € X by the negative slope algorithm 7". Then from Lemma [7.2 = and y
are in the same quadratic extension of Q. So it is easy

T N

. \.\.
— -

(@, y,2%,y") .
/ \
\

N~

(z,y, 2%, y*)

/

.

N Q/
X S
Fig.5

to see that (Tk(a:, y,r*,y*) : k > 0) is purely periodic if (T*(x,y) : k > 0) is purely periodic,
where x* is the algebraic conjugate of x. We show this fact later as Remark [[.5l From
Lemma and Lemma [T.4] we see that there exists N > 0 such that TN(I, y, v, y*) € X.
Since X is T-invariant, we obtain that (z,y,2*,y*) € X (see Fig.5). ]

7.2 Sufficient part of Theorem 7.1

Next, we show the sufficient condition of Theorem [[Il Suppose z and y are in the
same quadratic extension of Q and (x,y,z* y*) € X. Then we show that the number
of (x,y, 2% y*) € X is finite and the orbit of (x,y,z*,y*) by T is purely periodic. We start
with some definitions for quadratic irrational numbers.

Definition 7.6. If « is a quadratic irrational number, then it satisfies the following quadratic
equation:
ar’ +br+c=0
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where a,b,c € Z and the great common measure (GCM) of a, b and ¢ is equal to 1. Then

we say
D = d*(a — a*)? = b* — 4dac

1s the discriminant of «, where o* is the algebraic conjugate of . We also say that D 1is
the discriminant of ax® + bx + ¢ = 0.

We denote the discriminant of « as D,,.

Definition 7.7. It is said that « and o/ are equivalent with respect to modular transforma-
tions if they satisfy
s’ +t
o =
ua + v

where s, t,u,v € Z and sv —tu = 1.
From definition [Z.7], we deduce the following lemmas.

Lemma 7.8. If o/ is equivalent to a quadratic irrational number o with respect to modular
transformations, then the discriminant of o/ is equal to the discriminant of .

Proof. Assume that « is a quadratic irrational number with the discriminant D, and o/ is
equivalent to a w.r.t. modular transformations. Then we have the following.

ac® +ba+c=0, GCM(a,b,c)=1, D,="0b*— 4ac. (7.1)
/
t
a= sa, i , Ssv—ts==£l (7.2)
uo' + v

From (7)), (7.2]) and simple calculation, we see that o is the root of the following equation.
(as® + bsv + cu®)x® + (2ast + b(sv + tu) + 2cuv)z + (at® + btv + cv?) = 0 (7.3)
Then we obtain the discriminant D’ of the above equation as follows.

D' = (2ast +b(sv + tu) + 2cuv)? — 4(as® + bsv + cu?)(at* + btv + cv?)
= b —4dac

From assumption, GCM (as® + bsv + cu?, 2ast + b(sv + tu) + 2cuv, at?® + btv + cv?) is equal
to 1. This is the assertion of this lemma. O

Lemma 7.9. The cardinality of quadratic equations ax®+bx+c = 0 with fived discriminant
where a,b,c € Z, GCM (a,b,c) =1, ac < 0 is finite.
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Proof. Let D be the fixed discriminant of ax?®+ bz +c = 0 where a, b,c € Z, GCM (a,b,c) =
1, ac < 0. Then we see that

D =* — dac = b* + 4lac| > b*.

This implies that b is bounded by D and the cardinality of a pair (a, c) is finite for each b.
This is the assertion of this lemma. O

Note that if « is the root of quadratic equations of Lemma [Z.9] then the cardinality of
such « is also finite.

Lemma 7.10. Assume that a and (8 are in the same quadratic extension of Q and (o, B, ", 3%) €
X, then Doy p is greater than D, and Dg.

Proof. From the assumption, we see that

(a,0") = (—b—i-C\/@ —b—cVl

), a,c>0, GCM(a,b,c)=1

a a

—q+rV0 —q—1V0

) , p,r>0 GCM(p,q,r)=1.
b p

(8,8%) = (
where 6 does not contain square numbers as factors. Then « and [ satisfy the following

quadratic equations.

a’z® 4 2abx + b* — ¢*0 = 0,
p2a? 4+ 2pgx + ¢* — 1?0 = 0.

On the other hand, x + y satisfies

(~bp — ag) + (pe +ar)V0
ap

r+y=

Then the quadratic equation of x + y is
a’p*(x +y)* + 2ap(bp + aq)(z +y) + (bp + aq)? — (pc + ar)?0 = 0.

It is enough to show that the following four cases.
(1) It GCM (a,b,p,q,0) = 1, then we see that

Doy = 4a*p*(pc + ar)?, D, = 4a*c*0, Dy = 4p*r?0.

This implies that Dyy3 > D,, Dg.
(2) It GCM(a,p,0) =i > 1, GCM(a,b,0) =1 and GCM (p,q,0) = 1, then we see that

Doyp = 4i*(d)* () (p'c+ d'r)*0, D, = 4a*c®0, Dy = 4p*r’0
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where a = i¢a’ and p = ip’. This implies that D,.3 > D,, Dg.
(3) If GCM(a,b,p,0) =35 >1and GCM(p,q,0) = 1, then we see that

Doyp = 45%(a")* (P (P'c+ d'r)?0, D, = 4(d')*c*0, Ds = 4p°r*0

where a = ja' and p = jp’. This implies that D, 3 > D,, Dg.
(4) If GCM(a,b,p,q,0) =1> 1, then we see that

Dois=4(d) ()2 (p'c+a'r)%0, D, = 4(a)?c?0, Dy = 4(p')*r*0

where @ = la’ and p = [p’. This implies that D,y > Dy, Dg.

It is clear that D, < 4a*c*0, Dg < 4p*r?6 if GCM(a,b,0) > 1, GCM(p,q,0) > 1. Then
we complete this lemma. O

We give the last lemma to complete Theorem [l We show that if (z,y, 2", y*) € X,

then the sequence (1" (z,y, x*,y*) : k > 0) is purely periodic.

Lemma 7.11. Suppose iteration by T of (x,y) € X does not stop. Then the sequence
(Tk(x,y,x*,y*) : k > 0) ids purely periodic if x and y are in the same quadratic extension
of Q and (x,y,xz*,y*) € X, where x* denotes the algebraic conjugate of x.

Proof. If x and y are in the same quadratic extension of Q and (z,y,2*,y*) € X, then we
see that x + y is equivalent to xy + yx, k > 1 w.r.t the negative slope algorithm from (6.1])
and (6.6). It implies that D, is equal to D,,+,, by Lemma [I.8 From Lemma [Z.10, D,,
and D,, are bounded by D,y, for all £ > 1. This implies that the cardinality of (zy, yx)
for £ > 0 is finite from Lemma Since T is bijective on X, there exists [ > 1 s.t. for any
k>1,
Ty y) =T " (wy.2" ).
Note that (z,y,2*,y*) doesn’t converge to the boundary of X. Indeed, if (z*,3*) = (2,0)
for z < 0, then we see that

1 1—-=2
- - if €=+1
B (1—z n’l—z m) i e=+

T(z,0) =
(2.0) o |
—n, —m | if e=-1.
z—1 z—1

From Lemma [6.7, there does not exist kg > 0 such that Tk(z, 0) € (=00, 0)? for k > k.
Since T is bijective on X, we see that

k-1 k-1

T (v,y,2"y") =T (x,y,2",y%).

By induction, we obtain
* * Tl * *
(x,y, 2% y") =T (z,y,2%, y").
This completes the proof of Theorem [7.1l O



Then we have the following corollary of Theorem [7.T]

Corollary 7.12. ([1]) Suppose iteration by the negative slope algorithm T of (z,y) € X
does not stop. Then x and y are in the same quadratic extension of Q if and only if the
sequence (T*(x,y) : k > 0) is eventually periodic.

Proof. Suppose iteration by the negative slope algorithm 7' of (z,y) € X does not stop
and x and y are in the same quadratic extension of Q. Then from Lemma [7.4] there
exists N’ > 0 such that T (z,y,7%,y*) = (x5, ynv, (xnr)*, (ynr)*) € X. Therefore we see
that the sequence (Tk(x, y,z*,y*) : k > N') is purely periodic by Theorem [l It implies
that the sequence (T*(x,y) : k > 0) is eventually periodic. Conversely, if the sequence
(T*(x,y) : k > 0) is eventually periodic, then there exists N > 0 such that the sequence
(T7(xy,yn) : j > 0) is purely periodic. By Theorem [I1] we see that x and yy are in the
same quadratic extension of Q and (zx,yn, (zx)*, (yy)*) is in X. This is the assertion of
this corollary. |

From next section, we consider the modified negative slope algorithm. This algorithm is
introduced in [4]. We show that the modified negative slope algorithm is weak Bernoulli
and characterize periodic points of the modified negative slope algorithm.

8 Definitions and basic notions of the modified nega-
tive slope algorithm

Let’s define a map S on the unit square, which is called the modified negative slope
algorithm. Let X = [0, 1]*\ {(z,y) |z +y = 1}, we define

([(HZ%J ~ T [(x@)flw - <x+§)71> it z+y>1

S(z,y) =
(171(;11/) B Lfl(;iy)J ) 171(;;;) B Liﬁﬁy)J) it vty <L
We put

(e -1 ey >

n(z,y) =
Lj(;zy)J if x+y <1,
| -1 ey >

m(z,y) =
e ety <t



and
—1 if x4y >1

#e,y) = { +1if zty < 1.
Then we see that n(z,y) > 1, m(z,y) > 1 for all (z,y) € X.

We put
nk(xv y) = n(Tk_l<l” y))
mk(x7 y) = m(Tkil(l‘a y))
Ek(xv y) = ‘C:(Tk_l(xa y))

for £ > 1. Then we have a sequence

((61(ZL‘, y)’ n1($7 y)’ ml(xv y))’ (82(£E, y)v TLQ(JZ, y): mQ(l‘7 y))’ ) )

for each (z,y) € X. In §9, we see that the following fact as Lemma , that is , if
(x,y) # («',y") € X, then there exists k > 1 such that

(ex(e,y), i, y), ma(e,y)) # (en(@'y'), ni(@'sy), ma(a’, ). (8.1)

Now we introduce the projective representation of S. We put

n n—1 1—n
Biinm = |m—-1 m 1-m
—1 —1 1
and
n+1l n —(n+1)
B(_17n7m) = m m+1 —(m + 1)
1 1 —1
for m,n > 1. Then we see
10 n—1
-1
B nm) 01 m-—1
11 n+m-—1
and
0 -1 m+1
Bliym = (-1 0 n+l
-1 -1 n+m+1
or
We identify (x,y) to | ay | for a # 0. Then S(x,y) is identified to
!
x
Ber(wy)m(@y)mi@y) | Y
1
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and its local inverse is given by

—1
By @y (2.) m (@)

In this way, we get a representation of (x,y) by

—1 —1 -1
(e1,m1,m1) 7 (e2,n2,m2) ~ (e3,n3,Mm3)

For a given sequence ((£1,n1,m1), (€2, 12, m2), ..., (€, Nk, My )), we define a cylinder set
of length k by

((81,n1,m1), (52,n2,m2), ey (sk,nk,mk))
= {(z,y) | (ci(z,y),ni(x, y), mi(z,y)) = (g, ni,mi), 1 <0 < k.

For (z,y) € {(e1,n1,m1), (€9,m2,m2), ..., (€k, i, mz)), S*(z,y) is expressed as
T
B(Ek,nk,mk) T B(51>n17m1) Y
1
We denote its local inverse
-1 -1
(ermima) T (ek mp,me)

by qj<(€1,n1,m1), (Ez,nz,mg), ceey (z—:k,nk,mk» .

Since
Y T ‘
{(1_(x+y)—1’1_(x+y>—1) ‘ (x7y)€X=x+y>1}
= {(o,f) : <0, <0},
11—y 11—z .
{(1—(x+y)’1—(x+y)) ' (x,y)eX,x+y<1}
= {(a,f) 1 a>1,>1},
we see that

Sl{(x,y) € X : ex(z,y) = ek, iz, y) = ng, mp(x,y) =my, 1 <k <Il} =X ae (82)
for any {(ex, ng, mi), 1 <k <1}, e = +1or =1, ng,my, > 1.

Next we denote the notation that iteration by the modified negative slope algorithm S
of (x,y) € X stops.
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Definition 8.1. We define k-th iteration by the modified negative slope algorithm S of
(r,y) € X as (zp,yx) = S¥(x,y). Then we say iteration by the modified negative slope
algorithm T of (xz,y) € X stops if there exists kg > 0 such that xx, = 0 or yg, = 0 or
Ty + Yk, = 1. This implies that iteration by the modified negative slope algorithm S of
(x,y) € X stops if there exists kg > 0 s.t. (xpy, Yr,) € OX.

From this definition, we get the following propositions.

Proposition 8.2. If iteration by the modified negative slope algorithm S of (z,y) € X
stops, then (x,y) satisfies one of the following equations.

(p+ Dz +py=q
pr+(p+1)y=q
pr+py =q

for some integers 0 < q < 2p.

See Proposition for the proof. In the following, we give the sufficient condition for
the third equation in Proposition B2l Also see Proposition for the proof.

Proposition 8.3. If (z,y) € X satisfies the following equation

pr+py=4q

for any integers 0 < q < 2p, then there exists N > 0 such that the sequence (S*(z,y) : k > 0)
terminates at k = N for the negative slope algorithm S.

REMARK 8.4. From []), we see that forn;,m; > 1,1 > 1 and for any sequence ((g;,n;,m;),1 > 1),
there exists (z,y) € X such that (¢;(z,y), ni(z,y), m;(x,y)) = (€, ni,m;) unless there exists
k > 1 such that (e;,m;) = (£1,1) fori >k or (e;,n;) = (£1,1) for all i > k.

9 Some ergodic properties of the modified negative
slope algorithm
In this section, we show the modified negative slope algorithm is weak Bernoulli by using

Yuri’s conditions. See [15] for Yuri’s conditions for multidimensional maps.
First, we define the set R(S) by

R(’S) = {<(€1>n17m1)7 (527n2am2)7 ) (gkanbmk»‘
(e, ng, my) # (£1,1,1) or for k > 2
(e, i, my) = (+1,1,1), (ep—1,np—1,mg—1) # (+1,1,1)
(5kankamk) = (—L L, 1), (5k717nk71>mk71) 7é (—17 1, 1)}
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Then we show that R(S) satisfies the definition of Rényi cylinders in Lemma 0.7, In the
sequel, we simply write A, for a cylinder set

((e1,n1,m1), (62,12, m2), - .., (k, Nty M)
if it is clear in the context. We put

(k) (k) ()

p(lk) p%k) p?k)

_ np-1 -1 _

Ca, = B(El,nlvml) o B(Ekvnk’mk) B r%k) 7n%k) T%k)
1" 492 43

for any sequence ((e1,n1,m1), (€2,n2, M), ..., (e, Nk, my)), k > 1.

9.1 Some properties for O,
In the following, we have some lemmas for p(k), r(k), qfk), 1=1,2,3, k> 1.

i i

Lemma 9.1. For entries of ®,, we have

k k
p? = p 1
r%k) = rgk)—l
k k
i =

Proof. By simple calculation, we see that

1 1
(_ill,n,m) 1) = (+1) —1
0 0
Then we see that
1 1
—1 —1 .
B(€17n1,m1) T B(Sk,nk,mk) -1 = (+1) -1
0 0
for k > 1. Therefore, we obtain
pi? — pi? 1
rgk) — rék) =1-1
k k
" — ¢! 0
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Lemma 9.2. For all k > 1, we have qék) >0 and 2q§k) (k) > 0.

Proof. From the previous lemma, we see that

k) (k) (k
(0t”, &5, ¢)
( <q§ D g g g — 2)a Y 4 (g g — 1)l 1))
if g, =+1
( qék 1) qék 1) _qgk 1) qék—1)7 (s + mp + 2)g] (k—1) + (e 4+ g, + 1) (k— 1))
\ 1f €k — _1.
We see that qél) > (0 and 2q§1) +q§ )~ 0. Assume that q(k V'S 0and 2q§k_1) + qék_l) >0
for k > 2. Then from the above relations and Lemma [@.1, we have qék) > 0 and
k) | (k) (e +mi) (@ + g8 ) + g if ey =+1
207 +as = (k=1) | (k=1) (k=1) | (k—1) .
(e +mu—2)(q" " +a3 )+ Q2 g ) i ep=-1
> 0
This is the assertion of this lemma. n

We have similar results for p,gk)

and rgk), 1=1,2,3.
Lemma 9.3. Fork;>1p3 >()and2pZ +p3 >0,:=1,2.

(1) (k—1) (k=1)
Proof We see that p3 > 0 and 2p; +p3 > 0. Assume that p; > 0 and 2p; +
pg )~ 0 for k > 2. Then from Lemma 0.1, we have

k) _ (e +my, — 2)(pF D+ p8 Dy 4 p Y -1 if g, =+1
P e maa +p8 )+ @ TV T A m 1 i e = -1
> 0
and
2" +¢F) = { (ne+mi) (P + 98 ) 4P 4 if e =+1
(i +me =20+ 58 + @2 P +m i =1
> 0
This is the assertion of this lemma. n

43



By the same Way, we have ré ) > 0 and 2r ) 4 ré ) > 0fori= 1,2. Moreover, we see

that the signs of pz rk ), qfk), i = 1,2 are the same for all £ > 1

? ’L

Lemma 9.4. For x,y € X, we have

k k k k
0P ) e+ ) + O + )
rTrY= < ®) )

k
qs )(xk: + yk) + g3

(5" +r5)as” — 0 +15)as” = 1.
Proof. By taking a determinant of ®5,, we have

(k) (k) (k)

Pr - P2 P3 (k) () (k) (k) (k) (k)
k| T r r | T r
Tgk) Tgk) Tz(ak) = Pg ) %k) %k) - pg %k) :())k) +p§, %k) %k)
(k) (k) (k) 42 43 4 43 17 9
¢ 492 43
From Lemma 2.1, the right hand side is equal to
p® 1 1) ry) ry) _p® ry) =1 g +p® ry) =1 1)
2 k k 2 k k 3 k k
o e O g
Since det @5, = 1, we have
k k k
(r§"as" — V) + (" — pies?) = 1. (9.1)

(k) _ (k) 4 1, 7n(k) (k)

Substituting p;’ = py — 1 and qg = q2 ) for (1), we see that

k k k k
(ri"as"” — i) + (g — piPgt?) = 1. (9.2)
From (9.1)) and (9.2)), we have
k k k k k k
p g 0 p§>+r<>+ 1 03
(k) - (k) a (k) (k) (k) '
T 2 a3 72 43

For (z,y) € X, let (z1,yr) = T*(z,y), k > 1. Then we see that

(k) (k) (k)

ox D1 Py~ D3 Tg

ay | = [+ 00 00| ([,
k k k

a gt” Q§) g’ ) \1
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for a # 0. Then we obtain

k k k

_ e+ p e+ o
S (5 () (R’ (9-4)
41 Tkt Qqy Yk + Q3

_ Tgk)xk + rék)yk —+ rék) (9 5)
¥y = ~m (%) (®) '
41 Tk + 4y Yk + g3

Since qék) > 0 for £ > 1, the denominators of the above two equations are not equal to 0.

From pgk) = pgk) +1, rgk) = rék) — 1 and qik) = qék), we have

k k k k
P + ) (g, + yi) + S + ()
oz + yi) + ¢

r+y=

This is the assertion of this lemma. O]

Lemma 9.5. For k > 1, we have

(k) (k) (k) (k)
max{p2 try Py Ty } <2

k ’ k
R

Proof. From (@.3]), we see that

(k) ) ) )

D3 3 < P2 2 if qgk) >0
PG
(k) (k) (k) (k)
Pyt Py Ty if ¢ <0
(k) (k)
42 a3
(1), (k1)
(I) Suppose that ¢ " > 0 and bz M2 <2 for k> 2, then we have following.
43
(i) If e, = +1, that is qék) > 0, then we have
k k k—1 k—1 k—1 k-1
T
k o k— k—
a5’ A
Since
k—1 k=1) (k=1 k-1
oo (P )
per U L) = T k=1)0  (k— k—1) |
g g g g
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this implies that

k k
p 4
(k) ’
42
(ii) If e = —1, that is qék) < 0, then we have
P+ 28 ) + e e+ D@ 4 rTY)
as” —2g5" ™" + (nx g+ gy
- =D | ) B 9
- k— h— k k—
a5 a5V (265" + (- i+ 1)gi )
(k=1) |  (k—1)
py T3
< T wm <2
43
from (@.0).
(k’fl) (k71)+7‘§k71)

(IT) Suppose that ¢, < 0and B—/"%— < 2 for k > 2, then we have following.
a3

(i) If e, = +1, that is qék) > 0, then we have
k k k-1 k- k-1 k-1
T T
k = [ k-
2 T

Since

k-1 k-1 k-1 k-1
®p, ,(0,1) = A S s
Ap—1\M 1) — (k—1) (k=1)7 (k=1) + q(k_l) ’

79 a3 72 3
this implies that

k k
k

< 2.

(ii) If e = —1, that is qék) < 0, then we have

2 Sk R s 2
k - k—1 k k k—
g5” g5 a7 (=24 + (g, +my + 1S )
(k—1) (k—1)
(k—1)
ds

from (@.0]). This is the assertion of this lemma.
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Lemma 9.6. For any sequence ((e1,n1,m1), (€2,n2,m2), ..., (ek, Nk, my)), €, = £1, 5, m; >
1,1 <1<k, we see
() SHAw = X,
(i)
1

k k k :
(V2 + ¢y + ¢{P)3

|det D (2,y)] =

Proof. Tt is an easy consequence of induction and calculation, respectively, see also F. Schweiger|13],
proposition 2 for (ii). [

From these lemmas, we can show that R(S) is the set of Rényi cylinders.

Lemma 9.7. If ((e1,n1,m1), (€2,n2,Ma), ..., (ek,nk, myi)) € R(S), then

sup |det D®A, (z,y)| <8 inf |det D®A, (z,y)].
(x,y)EX ({E,y)GX

Therefore, R(S) is the set of Rényi cylinders.

Proof.
(Case 1)
For Ay = ((e1,n1,m1), (g2,n9,m3), ..., (€k, Mg, my)), assume that (ex, ng, my) # (£1,1,1),
then we see that
( k k) 3
26]§)+Q:§) PO
(k) 1T q; >
SUP (z.4)ex ‘det D(DAk (iL‘, y)‘ s

nf det DD - s
inf(;y)ex |det DPa, (2,y)] g5 £ g
®, m | Hta<u

[ \2¢1 " + g3

By the way, if q%k) > 0 and ¢, = —1 then we see that

k k— k—
0<q” =—g" " —g .

This is the contradiction to Lemma Then it implies ¢, = +1 for q%k) > 0. So we have

k k k— k— k—
05" — ¢ = (e my = 3)(¢ 7V + ) + 45V > 0.

From this fact, we obtain

k k k
201" + 43" _ 343"

<
k k
R

=3
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Similarly, if q%k) < 0 and €, = +1 then we see that
k k— k—
0> =" a5,

This is the contradiction to Lemma 0.2 Then it implies e, = —1 for qgk) < 0. So we see
that

C]:g)k) _ (ng + my + 2)(]%1@71) + (ng + mg + 1)Q§k71)
2¢{" + ¢ (i + i)™ + (g +my — 1)g

2q§kz—1) + 2q:()’k—l)

= 1+ — — — —
(g +mg — 2)(" 7 + g8 + 2487V + 8
2¢F 7Y 4 24V

< 1+

k-1 92 k—1)"
From Lemma E!PJ we obtain

k—1)

(1) (1) if q§ >0
2Q1 + 2(]3 < 2 (k‘—l)
3¢/ + 20 | B =5 i ¢V <0
543
(Case 2)
For Ay = ((e1,n1,m1), (2,12, m2), ..., (€, Nk, my)), assume (ex, ng,my) = (+1,1,1)

and (eg_1,ng—1, mr—1) # (+1,1, 1), then we see the following two cases for (ex_1, ng_1,Mk_1) #
(+1,1,1).

(i) If eg_1 = +1 and ng_; + my_; > 3, then we have

(qy%l% C]:g,kil)) = (qgkq) + Q:g,kﬁ), (k-1 +mp—1 — Q)QYC*Q) + (g1 +mp—1 — 1)@;(3]672))-
(ii) If ex—1 = —1, then we have
(qgk_l); q;gk_l)) = (_‘ﬁk_z) - Q:(sk_2)a (M1 +mp—1 + 2)qgk_2) + (k-1 + mp—1 + 1)(]:(ak_2))-

Thus we see that qgk) = qgk_l) + qék_l) > 0 and qék) = qék_l) > ( for both cases. So we have

3 _ N\ 3
SUD( y)ex |det D, (2, y)] <2q§’“) +q§’f>> _ <2q§k D 4 g0k 1)) .

inf(:w)ex |det DCI)Ak (x, y)| n qék) qékfl)
(Case 3)
For Ay = ((e1,n1,m1), (€2,n2,m2), ..., (€k, Nk, my)), assume (eg,ng,mg) = (—1,1,1)
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and (ex_1,nk_1, mx_1) # (—1,1, 1), then we see the following two cases for (g1, ng_1,mg_1) #
(—1,1,1).

(i) If eg—1 = —1 and ng_1 + mg_; > 3, then we have
@6 = (=" =, (et s +2)a P 4 (s + gy + DY),

k k k— k— k— k—
@,y = (=Y =gV 4"+ 3¢8).

Since qgkfl) < 0 and qgk) < 0, we obtain

3 _ 3
SUP(ryex [det DPa, (,y)] ¢s” dgy " + 3¢5
inf(pyex [det DPa, (2, y)| 2q1" + q§ ) 2q" Y + ¢V

~1) 3

512 D2\ 2
(ng—1 +mg_1 + 2)qy + (ng—1 +my—1+ 1)g3
= 2+ >

(k— (k—

(Mg—1+ mi—1)q 2 + (ng—1 + mp—1 — 1)gy

quk 2) + 24, (k—2)
(k 2)

3q1 D4 2qs
From Lemma 0.2 we obtain

2)

s s if qllc >0

2¢1" " + 2q5" b2
(k—2) (k—2) g3 . (k—2)

3(] + QQ3 m 5 if qq < 0.

243
(ii) If ex_1 = +1, then we have
(qgk 1)7 Q:(ak_l)) = (q(k_Q) + Q:g,k_Q), (”k—l +mg_1 — Q)QYC_Q) + (nk—l +mg_1 — 1)Q§k 2)),
k) (k k— k— k— ke
@™, 6"y = (=" =gV, 4g!Y 4 368,

Since q%kil) > 0 and qik) < 0, we obtain
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3 _ - 3
SUpP(, ex |det D, (2, y)] g5 (agY 4 3g Y
2q k) B

inf(w,y)eX \det D(I)Ak (:L‘, y)\ YC) —+ qé QQYC_D + qék_l)

e 3
< |2+ 3
( 2(1;’671) + qékl))

< 33

Then we complete this lemma. Il

9.2 Weak Bernoulli properties of the modified negative slope al-
gorithm

Now we will show that the modified negative slope algorithm is weak Bernoulli by Yuri’s
conditions. First let’s define the following:

Dy = {<(517n17m1)7 (527”277”2), cee (€k,nk,mk))|
((e1,n1,m1), (g2,m2,m2), ..., (g5yn5,m;)) ¢ R(S)forl <i <k},

B, = {{(e1,n1,my), (e2,n9,m2), ..., (e, nk, mg)) € R(S) |

((e1,m1,m1), (€2,n2,Mm2), ..., (€k—1,Mp—1,Mk_1)) € Di_1},

B, = U A,

AR By,

and

It is easy to see that

Dy = {((j—l,l,l), ce (—i—l,l,{)},((\—l,l,l), e (—1,1,1}))}.

k times k times

From Lemma (i) and Lemma [0.7), they imply that the modified negative slope algo-
rithm satisfies (C.2) and (C.3) of Yuri’s conditions [I5]. We check (C.1) and (C.4) of Yuri’s
conditions as follows.
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Lemma 9.8. (C.1) For any (x,y) # (2',y") € X, there exists n > 0 such that S™(x,y) and
S™(z',y') are not the same element in a partition of X.

Proof. 1t is easy to see that
k k k k k k
(g i)) <()+p() ()-I—Té)) <()+p§) ()—1—7“?()))
K (k) | k ’ k ’
Qz(a) qé) q§)+q§) qp"“]zg) q()‘f‘ng,) q§)+q§,)

( ()_|_ gk)—l-p;())k) ()+T§k)+ :()’k)>

K k K
q§)+q§)+q§) Q§)+q()+Q§)

are ®a,(0,0), ®a,(1,0), ®a,(0,1), and P, (1,1), respectively. Then we show that the
diameter of ((e1,n1,m1), (€2,n2,m2), ..., (€k, Nk, my)) is bounded by the distance between
DA, (0,1) and P4, (1,0) as follows.

Let [ be the line that passes @4, (0,1) and P4, (1,0), then we see that

and

Lo (@ + )@+ o) — (0 +p5) + (¢ + 1)) = 0.

Let d(k, z,y) be the distance between ®x, (0,1) and P, (1,0), hy(k, x,y) and hao(k,x,y)
be the distances between [ and ®a,(0,1), ®a,(1,0), respectively. Then we have

2
Pl T (O
d(k,z,y) = mom wmL.w] \emwm T mm
Q" + Q3 ¢ + a3 4 +q;3 4" +qs
k) | (k)
k E\P3 T k k k
(01" +a5") == — 0 + 0+ + )
hl(kvxvy) = q3

k k ’
V2(¢" + ¢

(k) (k) (k) (k) (k) (k)
+ + +ry oy 4y
(le) +q§k)>p1 Do D3 2 — (k) —|—p(k) +r§k) +T?()k))
(k) (k) | q(k)

+ g5
V2 + ¢

From Lemma [0.2 and (@.3)), (@4) and ([@.35]), we obtain

h’l(kwxay) =

V2

d(k7$7y> - M

at” + a5

1
hi(k,z,y) = ,
V2457 (¢ + ¢§)
1

hl(k7xay> =

\/5( (k)—i—q( ))( ()—i-q()—I—qék))

ol



These imply that the diameter of ((e1,n1,m1), (€2,n2,m2), ..., (€k, Nk, mg)) is bounded
by d(k,z,y). In the following, we show that d(k,z,y) is monotone decreasing. Then we
complete this lemma.

(i) If q&kil) > 0, then by Lemma [0.2] we see that

®) (k) (nk +mx — D"V + (ng +mp)gd ™ if e = +1
W = (h-1) 1)
(s +myi + 1)gy + (g + my) gy if e, =—1

(k—1)

k—1
> q _—

+ g5 for e, = £1.
(ii) If q%k’_l) < 0, then by Lemma[0.2] we see that

k k
q§)+q§)

(e 4+ mg — D)@ + g8 D) + g if e = +1

(e +mp = D@+ g8+ 20"V +¢8TY) it e = -1

(k=1)

k—1
>4 -

+ g3 for g, = £1.

This is the assertion of this lemma. O

Lemma 9.9. (C.4) We have
D> ADy) <
k=1

where X\ denotes the 2-dimensional Lebesgue measure.

Proof. 1t is easy to see that

(~1,1,1), ..., (~1,1,1))

k ti;nes
k+1 k
= 2 — <y<l, — — <1
{wy)2- T Fr<y<1, - e <y <)
From Lemma [4.5] we obtain
2
ADg) = )
(Dx) (k+1)(2k + 1)
This is the assertion of this lemma. O

Then we obtain the following theorem by [15].
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Theorem 9.10. There exists an absolutely continuous invariant probability measure n for
S and (S, n) is exact.

Proof. We see that the modified negative slope algorithm satisfies (C.1) - (C.4) of Yuri’s
conditions. Hence we complete the proof of Theorem by [15]. O

REMARK 9.11. The exactness implies not only ergodicity but also mizing of all degrees. In
[l], they showed the explicit form of the density function %, which we will see in §10, and
its ergodicity.

Next we show the following theorem.

Theorem 9.12. (Rohlin’s formula) The entropy H,(S) of (X, S, n) is given by

H,(S) = /Xlog |det DS|dn.

In the following, we show (C.5)—(C.8) of Yuri’'s conditions, which imply this theorem.
Lemma 9.13. (C.5)

W, = Z Z ((xy) sup |det D(I)Al(x>y)|) < 0.

1=0 AED; €(UF_,Bj)

Proof. 1t is easy to see that

1
(—le —ly+20+1)3

det DO, (z,y) =

for Aj =((—1,1,1), ..., (—1,1,1)). Then we complete this lemma from Lemma @7 [
Lemma 9.14. (C.6)

tDy = 2.
Proof. This is obvious. O]

Lemma 9.15. (C.7) We have

Sup(z,y)EX ’det D(I)Ak (l’, y)’
inf (; y)ex [det D®a, (z,y)]

= O(k?)

for A = {((+1,1,1), ..., (+1,1,1)), (=1,1,1), ..., (-1, 1,1))}.

k t;’mes k t;’mes
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Proof. These follow from Lemma .9 and Lemma [0.13] O

Lemma 9.16. (C.8) The function log|det DS| is integrable with respect to A.

Proof. We can complete this lemma by Lemma .10l O]
Then we finish the proof of the Theorem by [15].

In the following, we show that the modified negative slope algorithm is weak Bernoulli.
Theorem 9.17. The modified negative slope algorithm with the absolutely continuous in-
variant probability measure n is weak Bernoulli.

To prove this theorem, we show (C.4)* and (C.9) of Yuri’s conditions.

Lemma 9.18. (C.4)*

> ADy) -logk < oo.

k=1
Proof. Since we have \(Dy) = m from the proof of Lemmal[3.9 This is the assertion
of this lemma. O
Lemma 9.19. (C.9) If ((e1,n1,m1), (€2, 12, m2), ..., (€, 1k, my)) € D5,
and ((e2,n2,m3), ..., (g, g, mi)) € Di_1, then we have {(e1,n1,m1)) € By, that is,
(81, nl,ml) 7£ (:l:l, 1, 1)
Proof. Tt is easy to see from the definitions of D, and Bj. O

Since S satisfies (C.1)—(C.9) with (C.4)*, it implies the assertion of Theorem [0.17 by [15].

10 Absolutely continuous invariant measure of the mod-
ified negative slope algorithm

In [4], the density function of the absolutely continuous invariant probability measure
was given as follows.

dn 1 1
d\  4log2(z+y)(2—2—vy)
We see this formula by checking Kuzmin’s equation

f(% y) = Z f((I)(a,mm) (:L‘, y)>| det q)(a,n,m)(x’ y)|

e=*1l,n,m>1
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where f(CC,y) = W;I*y)

In this section, we give the same result by a different way, that is called a “natural
extension method”. This method was originally started by [10] for a class of continued
fraction algorithms. Let X = X x {(—o0, 0)2 U (1,00)?}. For (z,y,2,w) € X, we define a
map S on X by

S(z,y,z,w)

( 2
(n/(‘ray) - ma m'(x,y) - m,n/(ft,y) - #a m’(m,y) - m)
if r+y >1

1—w

(% —n(z,y), TGty — @Y, et @Y, Ty m(:v,y))

L if r+y <1,

where n/(z,y) = n(z,y) + 1 and m'(z,y) = m(z,y) + 1. Then it is easy to see that S is
bijective on X except for the set of 4-dimensional Lebesgue measure 0.

Proposition 10.1. The measure i defined by

a7 1
dx @ +y) - (+w)p

s an invariant measure for S, where \ denotes the 4-dimensional Lebesque measure.

Proof. We complete this proposition by Proposition b1l

Corollary 10.2. The measure n defined by

dn 1 1
d\  4log2(z+y)(2— 2 —y)

s an invariant probability measure for S.

Proof. Tt is easy to see that the projection of 77 to X is an invariant measure for S. Then
we have

/ 1 dzdw +/ L
(—o0,0)x(—000) | (T +¥) — (2 +w)[? (1,00)x(1,00) (T +Y) — (2 + w)]
B 1

C(rty)2-z—y)

This is the assertion of this corollary. O]

3 dzdw
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We can compute the entropy H,(S) explicitly from Theorem 0.12 and Corollary 0.2l

Proposition 10.3.

71_2

Hy(5) = 8log 2

Proof. From Proposition and Corollary 0.2] we complete this lemma.

)

From this proposition, we obtain the exponential divergence of qék as k — oo.

Proposition 10.4.
lim llog q(k) = G
hmoo 3 24 1log 2

for A-a.e. (z,y).

Proof. From the Shannon-MacMillan-Breiman theorem, we have

lim + log (A G
— l1m - 10 = -a.c.
b B 8log 2 g

where Ay is defined by (g, n:, m;) = (€i(z,y), ni(x, y), mi(z,y)) for 1 <i < k. We take (z,y)
so that h(S(x,y,z,w)) - |det D(S(z,y,z,w))| - h~(z,y,z,w) = 1 for h(x,y, z,w) = dni/d\
holds. Then we choose a subsequence ((ly) : k> 1) by

L = mln{l >1 | (81(*1'7y)anl(xay)aml(xvy)) 7A (ilv 17 1)}
and
lkrr = min{l > U | (ei(z,y), m(z,y), my(z,y)) # (£1,1,1)

or <€lk+17nlk+17mlk+l) = (+1> 17 1)7 (6lk7nlk7mlk) 7£ (+17 17 1)7
(5lk+1>nlk+1>mlk+1> = (_L L, 1)7 (Slk’nlk?mlk) 7é (_17 L, 1)}

for £ > 1, which means that we choose all cylinders A; € R(S). Since A, is bounded away
from (0,0) and (1, 1), there exists a constant C; > 1 such that

1
E)\<Alk}) < U(Alk) < Ol)\<Alk>
1

On the other hand, there exists a constant Cy > 1 and C% > 1 such that

C
—(l) < /\(Al) < TQ) for g = +1
Caqs ds
1 C!
<AMA) < — 2 forg =1
C3(24" + ) 24\ +¢}")
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whenever A; € R(S), see Lemma But, if A, € R(S), we see that 3|¢\"| < ¢ for
g; = —1 from the proof Lemma 0.2l Then there exists a constant C3 > 1 such that

1 C
— < MA) < T?’)
Csq3 ds

whenever A; € R(S). Hence we obtain

for n-a.e. (z,y). It is clear that qék) = qék_l) if (ex(z,y), ni(x,y), mi(z,y)) = (+1,1,1) and
2417 + 45" = 24"+ 457V if (en(2,y), mila,y), (. y)) = (~1,1,1). Since the indicator
function of ((£1,1,1)) is obviously integrable with respect to 7,

lim —lk il

=0
k—o0 lk
for n-a.e. (z,y). Hence we have
. 1 ) 7T2
lim —1 =
zggol 0843 24 1log 2

for n-a.e. (z,y), equivalently A-a.e.
O

11 Characterization of periodic points of the modified
negative slope algorithm

In the previous section, we define S, the natural extension of the modified negative slope
algorithm, in X = [0,1]*> X {(—00,0) U (1,00)?}. In this section, we show the following
theorem.

Theorem 11.1. Suppose iteration by the modified negative slope algorithm S of (z,y) € X
does not stop. Then the sequence (S*(x,y) : k > 0) is purely periodic if and only if x
and y are in the same quadratic extension of Q and (x,y,z*,y*) € X where x* denotes the
algebraic conjugate of x.

11.1 Necessary part of Theorem [11.7]

We show two lemmas to prove necessary condition of Theorem IT.11
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Lemma 11.2. Suppose iteration by the modified negative slope algorithm S of (z,y) € X
does not stop. Then x and y are in the same quadratic extension of Q if the sequence
(S*(x,y) : k > 0) is purely periodic.

Proof. Suppose the sequence (S*(z,y) : k > 0) is purely periodic for (z,y) € X by the
modified negative slope algorithm S, then there exists [ > 0 such that S'(z,y) = (z,v).
From Lemma [0.4] we see that

l l l
(0 +r) @ +y) + (05 +75)
¢z +y) + )

rT+y=

Then we have the following quadratic equation with respect to (z + y).

@ @+ ) + (6 =1y =)+ ) = (0 +15)) = 0.
Here, we put a function g(z + y) as follows:

ge+y) =@+ 9+ (&) =¥ —r) @ +y) — @ + ).

Then we see that x* + y* < 0 if qél) >0 and z* +y* > 2 if qél) < 0. From Lemma Q.5 we
see the following.

(I) If ¢! > 0, we sce that

9(2) = 4Q§l)+2q(” 2(p§l)+p(”) (s +75)

0, 0 0, 0
+ +
= 240 (2—p—2 ik >+q§” (2 e > > 0.

D) 4qs3

(IT) If ¢ < 0, we see that

9(0) = —pf —r{’ <0,
() 0) O] O]
Py T Pyt
92) = 2 (2 - %) + g (2 - %) :
‘D) d3

From (@.3), we have

O] (1 U] O]
+7r 1 +r
9(2) = 22— (BT +oi (2 - BT
D) ONO) 0]
) 4343 UR]

1 ! I
= W{@qé) (p§)+7“§))> (205" +q5") - 2}-
a3
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If 2q§l) + qél) =1, then we have

(I)Az(lv 1)

I l DRINC I I
qp‘*“]é)‘l'qg) q§)+q§)+q§,)

l l l l l l
= 0 +p 4 ) )

€ [0,1)%

l l l l l l
(st e o)

It implies that 2p§l) + pg) < 0 from Lemma This is the contradiction to Lemma 0.3

Then we have <2q§l) —( Ef) +r§l))> (qu) + qél)) > 2. Since (S*(x,y) : k > 0) is purely
periodic, g(2) # 0. This implies that g(2) > 0 for ¢{" < 0. Note that if z + y € Q, then
(S*(x,y) : k > 0) is not periodic from Proposition B2l Thus x + y is a quadratic irrational
number and x* 4+ y* < 0 if qél) >0, 2" +y* > 2if qél) < 0. From Lemma and Lemma
0.4, we have

k k
P (x +y) + p”

T Pary -1
_ ey 4
Pty Y+ 1
This is the assertion of this lemma. O

Lemma 11.3. LetI' = {(z,w) | z+w < 0, z+w > 2}. Suppose iteration by the modified
negative slope algorithm S of (x,y) € X does not stop. Then there exists kg € N s.t.

(gk(:c,y,z,w) k> ko) € X for (z,y,z,w) € X x I.

Proof. Let T'= {(z,w) | z4+w < 0, z+w > 2}. Suppose that (z,w) € {(—o00,0)2U(1, )},
(2, w') € T\{(—00,0)>U (1,00)?} and z + w = 2’ + w' (see Fig.6).

Fig.1
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Then we have

|21 — 2| + |wy — W]

( 1—w 1—w 11—z 1—2 " 41
- - if &=
B l—(z+w) 1—(2+w) l—(z4+w) 1—(2+w) !
B w’ w Z z _
— — if eg=-1
(| (w'+2)—1 (z24w)—1 (w+2)—=1 (z4w)—1
1 , , .
——{|w —w|+ |2 =2 it g =+1
a 1
——{jw—w|+ |z — 2| if 9 =-1
SrerEmE R

<l|z =2+ |w—u'].

By the simple calculation, we see that z; + wy = 2z, + wj, for k > 1. Then, if iteration by

the modified negative slope algorithm S of (z,y) € X does not stop, there exists C' > 1 s.t.
1
2 — 2| + [wp —wp | < = (]2 = 2| + Jw — w']).

C

Since X is S-invariant, there exists ko € N s.t. for k > ko, we have
(2, w},) € (—00,0)* U (1, 00)%

Note that the sequence ((z,wy) : & > 1) does not converge to the boundary of X if the
sequence (S*(z,y) : k > 1) does not stop at any finite k. We denote an image by S of
(z,w) € (—00,0)2U (1,00)% as S(z,w) for simplicity.

(I) For w < 0, we see that
1 :
(1—n, 1——m> if e=+1
S(0,w) = ) v
(n—l——, 1+m) if e=-1
w
(IT) For w > 1, we see that

(l—(l—i—n), —m) if e=+1

w

(n,(l—i—m)—l) if e=-1

w

S(1,w)

From Remark B4, we see that ((z,wy) : k > 1) does not converge to the boundary of X if
the sequence (S*(x,y) : k > 1) does not stop at any finite k. ]
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Now we can complete necessary part of Theorem [IT.1]

Proof. (necessary part of Theorem [[LI]) Suppose the sequence (S*(x,y) : k > 0) is purely
periodic for (z,y) € X by the modified negative slope algorithm S. Then we see that z
and y are in the same quadratic extension of Q from Lemma [IT.2l It is easy to see that
(?k(x,y,x*,y*) : k > 0) is purely periodic if (S*(x,y) : k > 0) is purely periodic from
Remark [0 where x* is the algebraic conjugate of x. Therefore we see that there exists
N > 0 such that §N(:v, y,r*,y*) € X from Lemma [IT3l Since X is S-invariant, we obtain

that (z,y,2*,y*) € X. ]

11.2 Sufficient part of Theorem [11.1]

We show sufficient part of Theorem [I1.1] in this subsection. Suppose x and y are in the
same quadratic extension of Q and (z,y,z* 5*) € X. Then we show that the number of
(z,y,2*,y*) € X is finite and the orbit of (z,y,2*,y*) by S is purely periodic. We prepare
a lemma for proving sufficient condition of Theorem [IT.1l

Lemma 11.4. Assume that a and § are in the same quadratic extension of Q and (o, B, 0", B%) €
X, then D,p is greater than D, and Dg, where Dyis the discriminant of cv.

Proof. 1f (o, 3, a*, 3*) € X x (—00,0)?, we obtain the assertion of this lemma from Lemma
IO If (o, 8,a*, 3*) € X x (1,00)?, we see that

(a,0%) = (—b—C\/é ~b+ Vb

a a

), a,c>0, GCM(a,b,c)=1

—q—rV0 —q+rV0

(ﬂﬁ")z( P p ) p,r >0, GCM(p,q,r) =1,

where 6 does not contain square numbers as factors. By the same calculations as Lemma
[[10, we complete this lemma. O

We give the last lemma to complete Theorem [IT.Jl We show that if z and y are in the same
quadratic extension of Q and (z,y,z*,y*) € X, then the sequence (?k(x,y, z*y*) k> 0)
is purely periodic.

REMARK 11.5. Suppose iteration by S of (z,y) € X does not stop. Then the sequence
(gk(x, y, x*,y*) + k > 0) is purely periodic if x and y are in the same quadratic extension of

Q and (z,y,x*,y*) € X, where x* denotes the algebraic conjugate of x.

Proof. Let D, be the discriminant of z. If x and y are in the same quadratic extension
of Q and (z,y,x*,y*) € X, then we see that = + y is equivalent to xy + yg, k > 1 w.r.t
the modified negative slope algorithm from (O.I)) and (9.6). It implies that D, is equal
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to Dy, 4y, by Lemma [[.§ From Lemma [IT.4] D,, and D,, are bounded by D,,, for each
k > 1. This implies that the cardinality of (z,yx), & > 1 is finite from Lemma [.9 Since
X is S-invariant, there exists [ > 1 s.t. for any k > [,

Sy, y") =5 (2 y, 2", y").
Since S is bijective on X, we see that

—k—1 —k+1-1

ST (x,y, 2% y") =S (z,y, 2", y").

By induction, we get
* * ol * *
(@,y,2%,y") = S (z,y,2",y").
This completes this lemma and the proof of Theorem [I1.11 Il

Then we have the following corollary of Theorem [IT.11

Corollary 11.6. Suppose iteration by the modified negative slope algorithm S of (x,y) € X
does not stop. Then x and y are in the same quadratic extension of Q if and only if the
sequence (S*(z,y) : k > 0) is eventually periodic.

See Corollary for the proof.
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