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Abstract

PC clusters, which are built by connecting commodity PCs, are the mainstream
architecture in recent high-performance computing (HPC) platforms. In particular,
systems that adopt highly cost-effective, standard Ethernet for their interconnects
become and certainly continue to be the majority among clusters.

On the other hand, most clusters using Ethernet adopt simple trees as their
network topologies, since Ethernet cannot include loops in its topology. However, a
tree topology has a disadvantage in traffic congestion at its root, which may degrade
overall performance especially in large-scale clusters.

VLAN:-based routing method, which makes it possible to adopt various topolo-
gies including loops in Ethernet by applying IEEE 802.1Q tagging VLAN technol-
ogy, is a solution to this problem. At present, however, it is difficult to apply the
existing VLAN-based routing method to large-scale clusters due to the following
two problems; the capability of system software to deal with VLAN tags, and the
increase in required number of VLANS.

The goal of this research is to develop a technology for building large-scale
clusters using Ethernet by solving these problems. For this purpose, two methods
improving the existing VLAN-based routing method are proposed and evaluated in
this dissertation. Also, possibility of applying these methods to large-scale clusters
as well as comparison of them with other methods is discussed.

The first method called “switch-tagged method” makes it possible to employ
VLAN-based routing when communication libraries do not support VLAN tagging,
by inserting VLAN tags into Ethernet frames not at hosts but at switches. The sec-
ond method called “VLAN renaming method” reduces required number of VLANs
to the number of ports in a switch or less, by using VLANs only inside switches
for determining output ports of frames tagged at input ports. In addition to these
proposals, this dissertation also discusses determining factors in the performance of
Ethernet with the VLAN-based methods, especially the deadlock problem, as well
as methodology of VLAN assignment and selection of routing algorithms on typical
topologies.

As a result of performance evaluations using a cluster with 32 hosts and 16
switches, the proposed methods introduce almost no overhead, and topologies built
by using the methods achieve over 88% performance of an ideal flat topology in all
applications. Moreover, it is ascertained that the proposed methods are applicable
to larger networks than the original VLAN-based routing method, through general-
izing required number of VLANS to obtain the maximum system scale when typical
topologies are adopted by using these methods. In conclusion, it is possible to build
large-scale and high-performance clusters using Ethernet by applying the proposed
methods.
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// 00000000000000O000000d
no spanning-tree

// VLAN IDO OO
vlan database

vlan 101,102 // VLAN ID 101,1020 00
exit

OOoONOUVTHA WN -

// 00000 VLANO OO

10: interface ethernet gl // OO0 10000 1000000000
11: switchport mode general // OUOUOO VLANOOUOOOOO®8®2.1QqUOO0OOOOOOO
12: // VLAN 101,102 0 untagged OO0 O QOO OO

13: switchport general allowed vlan add 101,102 untagged

14: switchport general pvid 101 // PVIDO 101000

15: exit

16: interface ethernet g5 // O0ODO SO00000 s5O0000O0O0OO0O
17: switchport mode general

18: // VLAN 1010 tagged DD DO ODOOODO

19: switchport general allowed vlan add 101 tagged

20: exit

21: interface ethernet g6 // OO0 600000 se0OOOOOOOO
22: switchport mode general

23: switchport general allowed vlan add 102 tagged

24: exit

25:

26: // OVLANOO MACODOODOOO

27: interface vlan 101 // VLAN 101000000

28: // 000 10MACO0O0ODO0ODO0ODO 10000 1000000000
29: bridge address MAC_Hostl ethernet gl delete-on-reset

30: // 0002040 MACODOODOOO

31: //0VLAN 101000000 2040000 500000 s50000000
32: bridge address MAC_Host2 ethernet g5 delete-on-reset

33: bridge address MAC_Host3 ethernet g5 delete-on-reset

34: bridge address MAC_Host4 ethernet g5 delete-on-reset

35: exit

36: interface vlan 102 // VLAN 102000000

37: // 000 10 MACOODODOODOO

38: bridge address MAC_Hostl ethernet gl delete-on-reset

39: // 0002040 MACODOODOOO

40: //0VLAN 102000000 2040000 600000 s6e0O00OO0O0O0O
41: bridge address MAC_Host2 ethernet g6 delete-on-reset

42: bridge address MAC_Host3 ethernet g6 delete-on-reset

43: bridge address MAC_Host4 ethernet g6 delete-on-reset

44: exit

46: (// 00D0OD0DODOODOOODOOODOODOODODOOO
47: interface range ethernet all

48: flowcontrol on

49: exit
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; ™
1: // 00000000000 O0O0O0OOOO0O0OOd0
2: no spanning-tree
3:
4: // VLAN IDO OO
5: vlan database
6: vlan 101,102 // VLAN ID 101,1020 00
7: exit
8:
9: // 00000 VLANODOO
10: interface range ethernet g(1,2) // 000 1,20000 1,2000000000000
11: switchport mode general // OUOOO VLANOODOOOOO8e2.1qUOOO0OOOODONO
12: // VLAN 101,102 0 untagged O OO OO QOQ
13: switchport general allowed vlan add 101,102 untagged
14: switchport general pvid 101 // PVID[ 101000
15: exit
16: interface range ethernet g(3,4) // U000 3,40000 3, 4000000000000
17: switchport mode general
18: switchport general allowed vlan add 101,102 untagged
19: switchport general pvid 102
20: exit
21: interface ethernet g5 // OO0 SO00000 s5O000O0O0OO0O
22: switchport mode general
23: switchport general allowed vlan add 101 untagged
24: switchport general pvid 101
25: exit
26: interface ethernet g6 // OO0 600000 s6e0OOOOOOOO
27: switchport mode general
28: switchport general allowed vlan add 102 untagged
29: switchport general pvid 102
30: exit
31:
32: // OVLANOO MACOODOODOOO
33: interface vlan 101 // VLAN 101000000
34: // 000 1040 MACODOODOOO
35: //0000 1040000 1040000000000000
36: bridge address MAC_Hostl ethernet gl delete-on-reset
37: bridge address MAC_Host2 ethernet g2 delete-on-reset
38: bridge address MAC_Host3 ethernet g3 delete-on-reset
39: bridge address MAC_Host4 ethernet g4 delete-on-reset
40: // 000 50160 MACODOOOOOO
41: //OVLAN 101000000 50160000 500000 s50000000
42: bridge address MAC_Host5 ethernet g5 delete-on-reset
43: bridge address MAC_Host6 ethernet g5 delete-on-reset
44 // 000040
45: exit
46: interface vlan 102 // VLAN 102000000
47: // 000 1040 MACODOODOOO
48: ...0VLAN 101000000000
49: // 000 50160 MACODOOOOOO
50: //OVLAN 102000000 50160000 600000 se0O0OOOO0O
51: bridge address MAC_Host5 ethernet g6 delete-on-reset
52: bridge address MAC_Host6 ethernet g6 delete-on-reset
53: // 0000
54: exit
55:
56: /, 000000000 0O0OO0OO0ODOOO0ODOOO0ODOODODOODOO
57: interface range ethernet all
58: flowcontrol on
59: exit
\_ )
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054 0O0bOO0O0OOOOOODOOODOOODOOODOO(GVLANODODODO)

FC None FC All FC Host FC SW

()/UDP | 364 | 61.8% | 0.324 28.3% | 477 | 0.0589% | 0.551 | 99.9%
(b)/UDP | 394 | 58.7% 317 | 0.275% | 506 7.11% 230 | 75.9%
(c)/UDP | 366 | 61.6% 470 | 0.0389% | 477 | 0.163% | 0.527 | 99.9%
(d)/UDP | 438 | 54.1% 475 | 0.0607% | 507 6.73% 248 | 74.0%
(e)/UDP | 356 | 62.7% | 2.14 9.17% | 478 | 0.342% | 1.20 | 99.9%
(f)/UDP | 361 | 62.1% 205 | 0.0554% | 494 4.18% 106 | 88.8%

(a)/TCP | 465 -1 273 -~ | 457 - 757 _
(b)/TCP | 487 | 324 2| 442 | 346 -
(c)/TCP | 466 S| 469 - | 466 1119 :
(d)/TCP | 487 | 469 - | 466 - | 428 -
(e)/TCP | 465 - 567 - | 464 1129 -
(f)/TCP | 469 o - | 430 S| o237 -
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os5s5 0O0bO0bobOoboboboobobobooob@ooooog)

FC None FC All FC Host FC SW

(a)/UDP | 345 | 63.9% 209 23.2% | 477 | 0.0666% | 0.256 | 100%
(b)/UDP | 403 | 57.8% 318 | 0.0209% | 506 6.93% 230 | 75.9%
(c)/UDP | 339 | 64.5% 465 | 0.0859% | 477 | 0.110% | 0.300 | 100%
(d)/UDP | 344 | 64.0% 477 | 0.0228% | 478 | 0.0419% 247 | 74.1%
(e)/UDP | 349 | 63.5% | 1.92 10.7% | 479 1.19% | 19.2 | 97.9%

(f))UDP | 378 | 60.5% | 167 0% | 487 | 3.00% | 109 | 88.6%
(a)/TCP | 445 -10.772 -~ | 455 -1 904 _
(b)/TCP | 465 - 318 - | 441 | 345 -
(c)/TCP | 462 S| 469 - | 466 - 401 :
(d)/TCP | 443 | 464 - | 470 | 428 -
(e)/TCP | 466 | 4738 - | 447 o154 -
(f)/TCP | 472 So1s8 | 417 S| o227 -
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Topology #sw | #link | #VL | AH | MH | CP
Mesh (4x2) 8 26 41275 5| 24
Torus (4x2) 8 28 4250 3| 32
Myrinet-Clos (4x4) 8 32 41225 3| 12
M-Tree 16 31 (1) | 4.81 10 | 64
Mesh (4x4) 16 40 4| 3.50 71 16
Torus (4x4) 16 48 4| 3.00 51 12
Fat Tree (2,4,2) 14 40 4 1 3.75 5116
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ORA30 PDORVLANOOOODOOOO4x4200000000000V(-,1), V(-,3), V(1,-)
0300 VLANO PDORVLANOOOOOOOOOOOO0OOO0000Ox 000000000
Vixo,-)0O0D0OO00D0000000000000000000000

00000000 (x,2i+1)000000OVLANV(-,2i+1)00000000000000
0D000000000000000000000000000 (x,2) 000000 0DOR VLAN
00000 VLANV(-,2)0000000000000000000000000000000
00000000000000000000000000000 (xs,ys), (xp,yp) 1000000
000000000000 0000000000000000000000 VLANOOOODOO



U0 A karyn-cube UD OO VLANO DO ODOODO 80

nitiges

V(=1 V(=,3) v, -)

0OA3 4x4200000000 PDOR VLANOD

if ys mod 2 = 1 then use V(—, ys);
else if yp < yg then use V(—,ys — 1);
else if yp > yg then use V(—,ys + 1);
else {yp = ys} use V(xo, -);

obod4x420000000000 O,0000000@G,2)0O00bD00D0o0oDOobDOoOobDOoD
OA3D000 VLANV(-,1HO0OO0DO0D00D00D00000

0,00 -0,H=>1DH—->21H—->0G1->G3G32
00 A2200000000000PDORVLANDOOOODOOODOOOOOOD

00 VLANV(x,-)0000000000000000000000 (xs,2)00 (x,2i) (0< x <
kOOODOO V(xe,-)0O0OO0O0O0O0000000000000000000000yp > ys O
000 (x,2i+ 1) 000 V(=,2i+1)0000yp<ys 0000 (xs,2i- 1000 V(=,2i-1)0 0
OD0000000@Gs,2)000000000000000
OD000O0RINOO(s,2i+H)000000 V(-2i+)00000000000000000
200000000 PDORVLANOOODOODOODOOOOOOOO .

Uobo0b00OGs,2p0000000000000DO0O00ODOOOO00DLDOOOOODbOODbO
oboobobybobobobobobboboboboboobooboooooooooDog

Al4 pnO0000O0OO0O0ODOOO

UOOOOUODOR VLANODODODODO PDOR VLANO OO nO0O0ODO OO (k-ary n-cube) 0 O O
000000000 OO0OOoO0@AIDCOOCOCOrOOCOO0OOOOOOO@ODOOO)YOROOO
O (xo,x1,....,%-) (00000 < x0,%1,...,%-1 < D000 DO0OODOO0OOA200000
1(X0s X1 5+ v vy Xicly = Xitls o> Xn=1) O {(X0, X1, s Xis .., Xp—1) |0 < x; <k} 0 KO D000 DODOD 00
gddbooouoooooooooooao

D0 A6xrUDUODODOD VLANODUODOO) nOODODODO VLANDOODOO

V(x()sxla- . -’xio—la_’xi0+l’~ <o Xp—1 | (i09 il7' . -,in—l)) (0 < lj <n, l] * ik (.] * k))
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0000000000 kK +k"'+...+k+1000000 ,b,0000000010000040
oboboboosOob0Oob0Oo..H)oooooooog

{I(XO’xl’ ce 5xi0—l5 ) xi0+17 ey xn—l)}
U {l(-xo’xl’ e Xip=1 T Xjj41s - - - ’xn—l) | 0 < Xi < k}
U {l(x0, X1, -+ 5 Xig=15> =5 Xig 15 - - -5 Xn=1) | 0 < i, iy < k}
U {l(-xo’xh e Xy =1 T Xip g+ 15 e - e ,-xn—l) | 0< KXigs Xiys oo o5 Xiy_y < k}

U0 A7@UDOODOODOODO DORVLANDO L) ("nO0D00OO00OO00OO0 DORVLANDOODODOO
00 ~'00 VLANODDODOOOO

(Vixix o 1A [0S <k 1<i<n} (A=(01,....,n-1)

00000000 (XogsXigs---»Xn1)s) 000000 VLAN V(=, x15, X25, .- .» Xnys | A) 0000
00000000000000000000000000000000000000

U0 A8xUDOUODUODOD PDORVLANDO D) F"n000D00O00O0O PDOR VLANDO OO OO
00 k~'2+100 VLANOOOODODODO

{VGJDMPHJWHAHEZMEImMM,0Sm<h1Si<4
U {V(x0,X1,...,X—2,— | B)} (A=(,1,....,.n-1), B=(n-1,n-2,...,0))

(X0g> X1gs -+ o2 Xn-yg) O 0 (Xop X1ps- - X-1),) D0 000000000000000000 VLAN
0000000000 00O00O00n

if >};.0 xi; mod 2 = 1 then
use V(—, X15, X2, ..., X(n-1)s | A);
else begin
selected := false;
fori:=1ton—-1do
if x;, > x;; then begin

use V(_a Xlgs X255+ -+ 5 X(i=1)g > Xig + 1’ X(@i+1)gs -+ s X(n—1)s | A)’
selected := true;
break;

end else if x;, < x;; then begin
use V(—, X1, X2, . - X(i=1)g» Xis — 1, X(is1)gs - - - » X(n=1)s | A);
selected := true;
break;
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G i

2-D torus VLAN A VLAN B VLAN C

0000

0 A4 4x420000000 VLANOODOODOO

end;
end;
if selected # true then use V(xg, x1, ..., X,—2,— | B);
end;

00O00VLAN V(xg, x1,...,x,—,— | )00 0000000000000 0O000O00O00O0OO0

le-s =0mod 2, x;;, =x;, (1 <i<n)

A2 JU00O0O0O0O0O0O VLANOOODODOO

gboooooobobooooboboobobobo2000 VELANDOOOOoooooo
gobooboooboboobooobbooboobbooboobobooboobooobobon
gobooboobDbooboobb VEANODDOOoODooboooobooooo

A21 OO

ODRAANO4x42000000 @-ary2-cube) 0000 VLANOOOOOOOOOOOOOO
00000000000 (hk-10O (x,000k-1,)0 (0,y) 000000000 wrap-around O
000000000000 000000000000000000000

20000000000 kary2-cube 00000000000 (@O00)0200000000
00000 200000000000000

b AQUIbDODbOL)yobo@uooOHobo<sx,y<kOO0O0 20000 (x,y»yOoOO
0000 (x,y)D40000 (k1 +kmodk,y), (x,y£1l+kmodk) 00000000 0O0ODO
U000kxk20000000000000 1

00 A10Q000000000000)200000000000000 xe,—:y) 0000
000 {(x,) |0 <y < k00000 (x0,y)) 0200 (x0,(y+1+kmodk) 000 (D000
Y = (yo+k/2) mod kO O O (x0,yr), (x0,(y»+ H)mod k)0 0000000)00000y0000
0O0oOoooooooo

0000200000000000000 I-:x,y)0000000 {(x,y0) |0 < x < k} O
0000 (y) 0200 (1 +kmodky) 000 (DO0O00x = (xo+k/2)mod k000
(X, y0), ((r+ Dmod k,y) 00 0O0O0000)00000x000000000000000 4
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*OC% 3 0 3

S 2 5 3 6

00 0080 00 0-0-0@C
k=6 k=7

0OAS 200000000000000

O0000A3A0000000000000000 ixe,—:y) 000 l-:x0,y0) 0000000
(x,y)(00000000000)00000000000000000000

OD0AIN 00000 R4 VLANAD OO K0,—:1), I(1,—:1), I2,—:1), I3,—:1), I[(=:1,1)
0000000000 OVLANBOOO K0, -:0), i(1,-:0), 2, —:0), I(3,—:0), i(—:3,0)0 VLAN
COO0 K=:2,0), [(=:2,1), I(-:2,2), I(-:2,3), [(2,-:2) 00000000000

U0 A11QIOODDOO0OD0O0O VLANODOODO) 200000000 VLANOOOO V(=:x0,y0)
obod Vx,—:yoUOUOOUOoO (0o obobUd k+100D00Db0ODObLODO
gobodbooobobooobooon

V(=:Xx0,y0) : {l(x,=:y0) | 0 < x < k} U {I(—: x0,¥0)}
V(x0,—:0) : {l(=:x0,y) 1 0 <y <k} U {I(x0, =:y0)}
1
000000000 RA4D VLANADOCOOO OO V(=:1,1), V(=:3,0), V(2,—:2)000000

U0 AROUOLODODO2000000)200000000000200 (xs5,ys), (xp,yp) O O
x0000000 d¥(xs,xp)D 0000 d(xs,xp) 000000000000 0O0O0O

d+(xS,xD) = (XD—XS +k) mod k
d (xs,xp) = (xg—xp+k)modk
O00d"(xs,xp) 0 d (x5,xp) 00000000 d(xs,xp) 000000 xO0OODOOOOOO
d(xs, xp) = min (d* (xs, xp),d (xs, xp))

0000 (xs,ys), kp,yp) 00 yOOOOOOOOOOOOOOOO

d*(ys,yp) = (yp—ys +k) modk
d (ys,yp) = (vs —yp+k)modk
d(ys,yp) = min(d"(ys,yp).d (ys,yp))

1
Od004x42000000000000000 (0,300 G, HOoooooooooooooo
d*(xs,xp) =3, d(xs,xp)=1, d(xs,xp)=1

d+()’S,)’D):2, d_(.))S?yD):Z’ d(YS,)’D):Z
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9% 00se 1348

©eee iii@

V(-:1,0) Vi-:1,1) V(-:1,2) V(-:1,3)

9004 999 0000 0400
fesd BHEE Hib 839

0OA6 4x4200000000 DORVLANOD

A22 200000000 DORVLANDOO

gboobo20b00b0000b00b0000ooono @op)ibgooboboboooooo
O VLANDOOOOoOgogoooooo

OO0 A3QRUUDUOLDUODUODORVLANODO) exk200000000 DORVLANDOOD
0b0d200 VLCANODOODOODOO
k-1

Vi=:x,y)|x=a,b, 0 <y<k a=——,b=k-1
2

00 VLANOOOOODOOODOOODO DORVLANO OO ODOODOO O wrap-around 0 0 O O
0000000200 VLANODOOODOOOORAI OOODOODO DORVLANOODOODOOOO
4x4200000000000V(-:1,0), V(-=:1,1), V(-=:1,2), V(=:1,3), V(-:3,0), V(-:
3,1), V(-:3,2), V(-:3,3)0 800 VLANO DORVLANO OO OOOOOOO0O0O0O0O0

00000000 (xs,ys) 00 (xp,yp) 00 00000000000000 V(-:a,ys), V(=:b,ys)
000000 VLANOOOOOOOOOOO000000000000000000000000

function select_ab(s,d, N : integer) : integer;
begin
if d*(s,d) < d™ (s, d) then begin
if s < k/2 then select_ab := a;
else select_ab := b;
end else {d*(s,d) > d”(s,d)} begin
if s < k/2 then select_ab := b;
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else select_ab := a;
end;
end;
use V(—:select_ab(xs, xp, k), ys);

gbod4x420000000000 O,000000@G,20000000000000000DO
OA6G 000 VLANV(-:3,000000000000000

(0,0) » (3,00 > 3,1) > (3,2)

U0 A1 0000000000 O10oooobboooooDOobO0o0guDobba=(k-1/2
UOb=k-1000000200000000000000000

00 xO000000000000020000000 I-:a,y0), i(—:b,yo) 0000 1(-:a,yo) O
(k= 1,y0), (0,y0) 00 wrap-around 0000 00000000x00000 d(xs,xp) 10000
k/2000000-:ay)00000000000000000000000000

k k
{(e,yo) | x=x,x1+1,...,k—=1,0,1,..., x} (x1 :k—i, xz:(k—1+§)modk)

0000x >x00000000—:by) 0000 x00 x,=GB+k/2)modk=x000000
I(-:b,y9)0OODODODOOO0OO0OO0O00O0O00O00000O000O0{(x,y)|0<x<kO00O000O
0000000000000000000000000002000000 K-:a,y), L-:b,yo)
0DO000000000o0odg .

00 A3200000000000DORVLANDDOODOOOODOOODOODODOODOODO
gooooo

OO0 VLAN V(=:a,ys), V(-=:b,ys) 000000000 U-:a,ys), (—:b,ys) 0 kOODOOOO
{l(x,y5) |0<x< k0000000000 RIDOO{(xys)|0<x<k00200000000
0000200000000000000000000k0000000 I(x,ys)00000(,ys)
0D0000000000000G,ys)00 () (0<y<kO0ODOOOOODOOOOODOO0OOO
O00O0O0O0OO0ODORVLANO OO 2k00 VLAN {V(—:x,y) |x=a,b, 0<y< k000000
000 (xs,ys) 0000000V(-:a,ys), V(-:b,ys) 000000 VLANOOODODOOOOODO
000000000000000000000 .

A23 200000000 PDORVLANDOO

gopbod20000000000 DORVLANOODOOODOO VLANOODODOODODOO
gbobodgboooboobooobooboboodan

00 A4QUDOOCO0ODOOPDORVLANDODO) kxk200000000 PDOR VLANDOO
00000 2((k+1)/2)+200 VLANOOOOODODO

k k-1
{V(—:x,2i)|x=a,b, 0<i< E}U{V(a,—:yo), Vib,—:y1)} |a=——,b=k- 1)
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3t %
©YeQ

V(-:1,0) V(-:1,2) va,-:1)

aepelion o O 000
5648

©YeQ ©eYee

V(-:3,0) V(-:3,2) V(@3,-:3)

UA7 4x4200000000 PDOR VLANDO O

ORAZOOOCOOOOPDOR VLANOOOODOOOO4x4200000000000 V(- :
1,0), V(=:1,2), V(=:3,0), V(-:3,2), V(1,—:1), V(3,—:3)0 6 00 VLANO DOR VLAN O O [
0000000000000000y, »wO00O0OOOO0OOOOV(a,—:y), V(b,—:y)000000
000000000000 000000000

00000000 (x,2) 0000000DORVLANOOOODOOOOOOOOO V(-:a,2i),
V(-:5,2) 000000 VLANOOOODOOOOODOOOODOOOO00000000000000
0000000 (x,2i+ HO0000000V(-:a,2i), V(-:b,2i), V(-:a,(2i +2) mod k), V(-:
b,(2i + 2) mod k), V(a,—:yy), V(b,—:y))0 600 VLANOOOODOODOODOOOOOOOO
000000000000 (xs,ys) 00000 (p,yp) 0000000000000000200
O000O0O0PDORVLANOOODOOD VLANOOOOODOODOOOOOOO (OO select_ab
0DRAZ200000)0

ab := select_ab(xs, xp, k);

if ys mod 2 = 0 then use V(—:ab, ys);

else begin
if yp = ys then use V(ab, —:y,p);
else if d*(ys,yp) < d (ys,yp) then use V(—:ab, (ys + 1) mod k);
else {d*(ys,yp) > d~(ys,yp)} use V(~:ab,ys — 1);

end;

U00ab=a000 yp=yUab=b000 y, =y 000000004x4200000000
00,3 000000,H000000000000000000AZO0000 VLAN V(-:1,0)
gbobobobobobo

(0,3) = (0,0) - (1,0) — (1, 1)

U0 A4200000000000PDORVLANDOOOODOODOOODOOOD
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00 Via,—:y0), V(b,—:y)DDOO000 {[(-:a,y) |0<y< k)0 {l(-:b,y)|0<y< k0 kODODODO
0000000000 @RIN0O0(xs,2i+1)00 (x,2i+1) (0<x<kO00000 V(a,—:yo), V(b,-:
yyilooooooooooOoOoooOoOooOoOoOO@Gs,2i+1)000000000000000
O0000d"(ys,yp) <d (ys,yp) 0000 V(-:a,(2i +2) mod k)) 00 O V(-:b,(2i +2) mod k)) O
000 (xs,Ri+2)mod k) 0000000000000 d*(ys,yp) >d (ys,yp) D000 V(-:a,2i)
000 V(-:5,2)0000 (x5,2)000000000000000000
O0000A3IAN00((xs,2) 000000 V(-:a,2i), V(-:,2) 0000000000000
0000000000000200000000 PDORVLANOOOOOOOOOOOOODOOy

Ubobdb0O@s,2i+HhOoDOOOOooOoooooooobobobobobobooboooo
Oo0Oooboobo0odgbodg PDORVLANDODODOODOOOOOO yOOObobooooooOO
goboboobboobobooboobo

A24 nO0000000ODODOO

OOOOODOR VLANOODODODO PDOR VLANO OO nO0OOOO (k-ary n-cube) O O O
0000000000000 AMOODOO0A0D0O000000O0D0O0 (@MOOO0)DODROOO
O (x0,%1,...,%- (00000 < x0,x1,...,%-1 < k) 00000000O0D0COARAIOOODOODO
I(X0s X1y e ey Ximls = Xigs Xit1s - -« s Xn—1) O {0, X150y Xiy .o uxpm1) |0 <y < kKJ0 A0 000000
(X0, X1, ..., Xi—1, Xig, Xiv1, ..., X-1) 0O 0000 00000000000 0O0O0O0O0C0O000

U0 AISUODOOO0ODOO VLANDODOOO) nO0000O000O0 VLANOODDO

V(XO’X]""7-xi()—17_:-xi0,-xi()+1,'"’-xn—l |(i0’i1’---,in—l)) (O S l] < n, l] ¢ lk (.]¢ k))

0000000000k +k"'+...+k+1000000 ,b,0000000010000040
obobobosOob0Oob0Oo..H)0ooooooog

{Z(XO’-Xl’---axio—la_:xiO’xi0+l’~--7xn—1)}
U {Z(XO,XI, . ~’xi|—1’_:xi1$-xi1+la' . -’xn—l) | 0 S xi() < k}
U {I(x0, X1+ oy Xig—15 = Xiys Xig 15+ - - » Xn=1) | 0 < X4y, X3, < k}
U {l(x()’-xl’ e ’xin_l—l’_:xin_l’xin_1+l9 e ,xn—l) | 0 < xi()’-xila cee ,xi,,_z < k}

O0A16(»rOO0O0O0DOO DORVLANDOO) K"anO0000D0CO0ODORVLANODOOOO
002 '00 VLANOOODODODOO

{V(—:xo,xl,xz,...,xn_l | A) | xo=a,b, 0<x; <k, 1Si<k}

—1
A=(,1,...,n-1), asz, b:k—l)
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00000000 (Xog, X5 - - -5 Xn—1)s) O O (X0, X115+ - -» Xu-1),) 00000000 VLANO OO
00000000000000000000000000000000000000 (@0 select_ab
ORZ200000)0

V (= select_ab(xog, Xo,, k), X1, X2g, - . . X(n-1)s | A)

kODOOOOOOO0ODOOO0ODOOO0OD0O PDOR VLANOODOODOOOOODOO VLANODO
wrap-around D0 OO0 00000 k+ 10000000000 0DO0DO0ODODOOO kOODODO
UoobOob PDORVLANODODODOOOOODOOOODO

O0A17(»O000C0O0000 PDORVLANDODO) ("nO000000O0O00O0 PDORVLANDOOOD
000 '+200 VLANODODODODOOO

{V(—:xo,xl,xg,...,xn_l |A)|x0:a,b, Zx,-EOmodZ, 0<x; <k, 1si<k}

U {V(-xo’-xl,""-xn—Z’_:-xn—l |B)|x0:a$b}
k-1
(A:(O,l,...,n—l), B=(mn-1,n-2,...,0), a:T, b:k—l)

(X0gs X152+ -+ Xuo1)s) O 0 (Xop» Xips- .- Xn1y,) D0 000000000000000000 VLAN
0000000000000000

ab = select_ab(xy,, xo,, k);
if >};20 xi; mod 2 = O then
use V(=:ab, x15,x2¢, ..., X(n-1)g | A);
else begin
selected := false;
fori:=1ton—-1do
if x;; = x;,, then continue;
else if d*(x;,, xi,) < d”(xiy, x;,,) then begin

use V(—:ab, xig, Xag, - -+, X(i=1)g» (Xig + 1) mod &, X(i+1ygs - - - » X(n=1)5 | A);
selected := true;
break;
end else {d* (x;g, x;,,) > d”(xg, x;,))} begin
use V(=:ab, xig, Xog, .. ., Xi=1)s. (Xig — 1 + k) mod k, X(i+1)g, - - - » X(n—1)s | A);
selected := true;
break;
end;
end;
if selected # true then use V(ab, x1, x>, ..., X4_2,—: X4_1 | B);

end;

U00O0OVLAN V(ab, x1,x2,...,xp-2,—:Xxp—1 | B) 000000000000 0O00O00O0DOO0OOO
goo

ins =1mod?2, xj; =x;, (1 <i<n)
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