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Chapter 1
Introduction

This dissertation is concerned with mathematical analysis on motion of in-
homogeneous incompressible fluid-like bodies, which arises from a study of

continuum model for a flow of granular materials.

1.1 Background

1.1.1 Flows of granular materials

Granular materials can be found everywhere. For example, sand, powder,
grain and crop are quite familiar to us in our life. We can see enormously huge
amount of sand particles in deserts. We store the crops in silos, and mill them
for the better use as flour. We use powdery medicines and chemicals, too.
Thus granular materials indeed have the close relation to the lives of human
beings in the geographical, industrial, agricultural, pharmaceutical fields, etc.

The nomenclature of “granular materials” are collection of a lot of granules.
This concept implies the huge range of categories of materials. There are a lot
variety of problems caused by phenomena of granular materials, for example,
segregation, decomposition, fluidization, etc. Since each granular phenomenon
is quite complex to understand, a solution to such a problem is often considered

according to the situations. Thus, the universal theory for physics of granular



materials has not been constructed so far.

In this study we are interested in the motion of granular materials. Of
course, we can not and do not intend to consider all kinds of such materials by
one model studied here. As the first step for observing the motion of them, we

restrict the conditions which are needed to discuss mathematically.

1.1.2 Theoretical Models

There have been many researchers who attempt to characterize interesting
granular phenomena. Since the particles of them have the visible-scale, at first
we would consider the n-particle system to determine the motion. If we can
precisely represent the interaction between the particles and also if we can solve
the system, it could be the best way to study the motion. But, unfortunately,
the n-particle system can not be solved mathematically in general by the work
of Poincaré. Furthermore, such n can be taken a huge number. For example,
the density of sugar is approximately 10°g/cm? and the particle size is 10~%cm.
Thus there are 10'° sugar particles in the 1kg bag. This indicates that numer-
ical analysis is still difficult to obtain good results for such n-body problems.
Thus we need the alternative procedure to characterize the motion of them.
In order to overcome such difficulties the kinetic theory and continuum me-
chanics have been applied to granular materials. It seems to be natural to use
the kinetic model because collision of particles could be the main factor for
motion like yellow dust. On the other hand, in the macro-scopic scale flows
of them can be modeled as non-linear continuum by the use of continuum ap-
proximation in the same way as in fluid-mechanics. In fact, when viewed from
far away, a flow of sands can be seen as if water flows. In such a case, the
appropriate constitutive equations for the stress are necessary to characterize
the motion of them. Not only this kind of observation, but also some scien-
tific evidence of fluidization of granular materials are also reported [32]. Thus
the continuum models for granular flows are worth investigating in physically

and even in mathematically. Certainly, the continuum approximation may be



crude for the real granular motion, and it should be restricted for the flow
concerned with. Even though in this situation, it is still important to consider

the continuum model to make clear the mechanism of granular phenomena.

1.1.3 Transition of continuum models

The continuum models of granular materials were proposed by Goodman and
Cowin study in thier prominent works [9, 10]. There they took into account
the interstitial workings of the body. They used the conservation laws of mass,
linear momentum and energy, and they adopted the constitutive equations for

the stress T given by
T = T(¢, V¢, D), (1.1.1)

where ( denotes the volume fraction at each point and DD the symmetric part of
the velocity gradient. Jenkins [16] and Savage [33] also considered this kind of
constitutive equations to explain the peculiar behaviour of them because the
normal stress difference occurs in their model. Of course, this model of the form
(1.1.1) has limited applicability to, for example, the dense slow but moderately
rapid flows of granular materials. However, it should be also emphasized that
the models from kinetic theoretic approaches are applicable only to very rapid
flows. Interestingly, the model (1.1.1) is similar to the one due to Korteweg
that describes the mechanism of capillarity [18], and the density plays the role
of volume fraction in this study. By requiring isotropic behaviour of the body,
the most general isotropic representation for the stress is given by (1.1.1) in
[23]. In 1990 Rajagopal and Massoudi [29] introduced a model as a subclass of
(1.1.1) given by

T = {5o(¢) + B1(Q)trM + Go(¢)trD} + B3(¢)D + B4(¢)M, (1.1.2)

where

M = V(¢ ® VC, (1.1.3)



trM = 3% | My; = |V¢[?, trD = divv and T the identity tensor. Furthermore,
Boyle and Massoudi [5] derived a model with precise structural coefficients in
(1.1.2) from the kinetic approach based on Enskog’s dense gas theory. We
should also remark that the stress depending on the density gradient was first
considered by Korteweg [18]. Thus, the materials whose stress is given by
the form (1.1.1) or (1.1.2) are called Korteweg type materials (see Hutter and
Rajagopal [13] for detail). The relation (1.1.2) has been used to study a variety
of problems (for example, [28, 43]), and its applicability to granular materials

was also explained [43].

1.2 A model of inhomogeneous incompressible

fluid-like bodies

1.2.1 Incompressible process

From a series of works of Rajagopal et al. (for example, [29, 43]) one can
conclude that a continuum model of a flow of granular materials (1.1.2) is
worth investigating. However, due to the complex structure of the stress, it
is quite difficult to proceed the qualitative analysis mathematically for this
model. Unfortunately, we have only a few mathematical works concerning
(1.1.2) so far; even for the shear flow down an inclined plane there has been no
complete result. The major difficulty might be the appearance of M, namely
the quadratic dependence on the density gradient in the stress. By substituting
the stress of the form (1.1.2) for the conservation law of linear momentum, the

quasi-linear partial differential equations whose principal terms include
divM = (AT + H(¢))V¢ (1.2.1)

are deduced, where H(¢) = ( 0% )ij=123 is the Hessian matrix of . Of

Ox;0x;

course, the term (1.2.1) may degenerate due to V(. Thus this degeneracy may

cause severe difficulties unlike the Navier—Stokes equations. The difficulties



come from the substantial character of the form (1.1.2), and it is not generally

removable.

However, adding the limiting condition such as an incompressible con-
straint, we can make the problem somewhat easier. In this situation hyper-
bolicity caused by M can be weakened, and the effective linearized equations
can be also deduced. Thus we may analyse the non-linear problem by the
perturbation theory. Granular materials are substantially compressible due to
the interstices between particles. On the other hand, if the particles are very
fine so that the interlocking of the particles occurs, then they behave as if
they are incompressible bodies. Usually, the interlocking never lasts for a long
time when the body deforms, which is well-known as Reynold’s dilatancy [31].
Hence, incompressible constraint seems to be relatively crude approximation
of the real motion. But it can be applied to a slow and dense flow of granular

materials with moderate deformation.

Following the study of Mélek and Rajagopal [21] we introduce the notion
of an incompressible body. We regard a material as incompressible when its
compressibility is insignificant and more importantly this compressibility has
insignificant consequences concerning the response of the body, namely the
work of a fluid in the interstices can be neglected. Even though the body under
consideration only undergoes the isochoric motion, the density distribution
can be inhomogenous. Consequently, it is natural that granular materials are

inhomogeneous incompressible fluid-like bodies (IIFB).

1.2.2 Constitutive equation for the Cauchy stress

Hereafter we concentrate our interest on the IIFB model. Following the pro-
cedure initiated in in Rajagopal [27], Rajagopal and Srinivasa [30], Malek and

Rajagopal [21] derived the following constitutive equation for the Cauchy stress

1
T =—pl+2vD(v) —p <\I/,z ® Vo — g(\I!z : VQ)I[) . (1.2.2)



Here, p = —%trT is the mean normal stress (the pressure), o the density of the
body which plays the role of ¢ in (1.1.2), D(v) = (Vv +[Vv]") the symmetric
part of the velocity gradient, v = v(p, o, D(v)) the viscosity, ¥ = ¥(p, Vo) the

Helmholtz potential satisfying the symmetric condition
V,eVo=Voa VU, (1.2.3)

and ¥ ,(o0,z) = V,¥(p, 2z).

To derive the relation (1.2.2) they considered the body with the specific
Helmholtz potential depending on the density and the gradient of the density,
and took into accont the maximization of entropy production.

We should emphasize that if U depends on |z|, the symmetric condition
(1.2.3) holds. Moreover, if

U(o,2) = ¥(o, |2/, (1.2.4)
then U satisfies (1.2.3), and
U(0, Vo) =2V .(0,|Vo*) Vo,

where U _ (o, 2) = %—E’(Q, z). In this case (1.2.2) becomes

_ trM
T = —pl + 2vD(v) — 20¥ . (o, |[Vo|?) (M - YT ]1) (1.2.5)

with M = Vp® V. Thus, the model (1.2.2) with (1.2.4) interestingly coincides
with the special form of the model (1.1.2) with the incompressible constraint.
From this point we infer that (1.2.2) (or (1.2.5)) is worth studying for incom-
pressible flows of granular materials.

This particular form of Helmholtz potential (1.2.4) is natural when one
takes into account the isotropic potential and the material objectivity [42].

The simplest form of the specific Helmholtz potential belonging to the sub-
class of (1.2.4) is

(o, Vo) = (o) + 2%|vg|2 (1.2.6)

10



with 8* being a function of p and (§ a positive constant. For simplicity we
consider that the viscosity depends only on g, i.e., v = v(p). Consequently,
(1.2.5) becomes

T = —pl + 20(0)D(v) — 8 <M - @ 1[) | (1.2.7)

1.3 Imitial-boundary value problem for IIFB

model

1.3.1 System of governing equations

Taking the form (1.2.7) in the continuum model of IIFB, we have the fol-
lowing system of partial differential equations for the velocity vector field
v = (v1,v2,v3)(X,t), the pressure p = p(X,t) and the density o = o(X,?)
in a bounded domain Q (C R?) for ¢ > 0:

D
“2_0, divv=0 forXeQ, t>0,
Dt
D (1.3.1)
QD—::diVT—l—Qb for X €9, ¢ > 0.
Here % = % + (v - V) is the material derivative, T the Cauchy stress tensor

given by (1.2.7), b = (by, by, b3) (X, t) the external body forces and (divT); =
23 oT;;
7j=1 8Xj :

In this study we shall investigate the model equations (1.3.1) mathemati-

cally, viz. prove the existence of a solution of (1.3.1) with certain initial and

boundary conditions.

1.3.2 Initial and boundary conditions

We assign the initial conditions

(0,V)|t=0 = (00, Vo) for X € Q. (1.3.2)

11



Concerning the boundary conditions, several types of them can be applied
to the motion of inhomogeneous incompressible fluid-like bodies in a fixed
container.

The simplest condition is the so-called adherence condition
v=0 onT, (1.3.3)

where I is the boundary of €2. It represents the situation that the bodies adhere
on the boundary.

The adherence condition is a standard condition for Newtonian fluids, how-
ever it seems to be less suitable for motion of granular materials. Not only for
granular materials and also for non-Newtonian fluids in a container like a pipe,
one should consider the slip phenomena on the wall of the container. One of
the reasonable conditions taking into account the slip effect is the generalized

Navier’s slip condition given by
v-n=0, v+KITn=0 onTl. (1.3.4)

Here, n is the unit outward normal vector to I', II the projection onto the
tangential plane given by IIf = f — (f - n)n and K = K(X,t)(> 0) the slip
rate. This condition means that the tangential velocity is in proportion to the
normal stress with the proportion coefficient K. In general K is likely to be a
function of the shear and the normal stresses, nevertheless we assume that it
is be predictable a priori for the sake of simplicity. The basic form of (1.3.4)
was first considered by Navier [26] at the dawn of fluid mechanics.

We should remark that when K = 0, (1.3.4) obviously becomes (1.3.3).

Moreover, when K = 400, (1.3.4) becomes
v-n=0, [ITn=0 onl,

which represents the perfect-slip case on the boundary. The general slip con-
dition (1.3.4) may formally connect the adherence to the perfect-slip cases
through K.

In this paper we shall consider the solvability of the initial-boundary value
problem (1.3.1)-(1.3.2)-(1.3.4).

12



1.4 Reformulation in the Lagrangian coordi-

nate system

The problem formulated above is written in the Eulerian coordinates system
X. Now, we rewrite it in the Lagrangian coordinates system z. Let u(z,t)
and ¢(z,t) be the velocity vector field and pressure, respectively, expressed as
functions of the Lagrangian coordinates. The relationship between Lagrangian

and Eulerian coordinates is given by
t
X=z+ / u(z,7)dr = Xyu(z,t), u(z,t) =v(Xu(z,t),t). (1.4.1)
0

From (1.3.1); it is easy to derive

00u

= (@ 1) =0 (1.4.2)

for ou(z,t) := o(Xu(z,t),t). Integrating (1.4.2) over (0,t) yields

Qu(l’,t) = Qu(x70) = Q(XU(xa())?O) = Q(&?,O) = Qo(x)- (1'4'3)

This means that the density at each point in the Lagrangian coordinates does
not vary in time.

Moreover, we denote the Jacobian matrix of the transformation X, by
Az, t) = (a;(x,t))ij=1,23 with elements a;;(z,t) = &;; + ft 8“1 (x,7)dr and its
adjugate matrix by A = (A;;(x,t))ijz123 = det A - AL Jacoblan Ju(z,t) =
det A(z,t) satisfies the equality

OJu(x,t) oa; ov;
Ttx _ Z aﬂAﬂ — Z Af’ax] Z Aﬂz a;k t), t)ar;

3,7=1 3,0=1 2,j=1

= Ju(z,t)(divv)(Xy(z,t),t) =0
according to (1.3.1)s. Since Jyu(x,0) = 1, we have Jy(z,t) = 1. In general,

Vo AF(Xy(z,t),t)} = ATV F(X, 1),

13



so that
VxF(X,t) = ATV, Fy(2,t) = VuFu(2,t), Fu(z,t) = F(Xu(z,1),1),

since A™T = (AT = AT,
In the same way as (1.4.3), we have u(x,0) = vo(x). Thus the problem
(1.3.1)-(1.3.2)-(1.3.4) becomes

B
,Qoa—ltlzvu-Tu—i—gobu, Vy-u=0 forzeQ t>0,
u|,_,=vo forzeQ, (1.4.4)

u-n,=0 u+ KJ,Tyn,=0 forzel, t>0.

Here,

Ty = —qI+ 2v(00)Du(u) — B(Vugo ® Voo — %IVquI2 H>,

Du(w) = 5(Vuw + [Vuw]"),  bulr, 1) = b(Xu(z, 1), 1),

nu(,t) = n(Xy(2,8)),  Ku(w,) = K(Xay(2,8),8), T = £ — (£~ ny)ny,
[Ty Tuny = 2v(00) Dy (u)ny — BIIu(Vugo ® Vugo)ny.

It should be noted the following fact. This transformation into the La-
grangian coordinate system has been used for free boundary problems in or-
der to transform them into the fixed domain problems (for example [39, 40]).
Though problem (1.3.1)-(1.3.2)-(1.3.4) is posed in the fixed domain from the
beginning, we apply this transformation to our problem.

The most important advantage is to hold (1.4.3). Even for equations (1.3.1)
we still meet the difficulties similar to (1.2.1). Nevertheless, they can be re-
moved by the use of (1.4.3) by virtue of the incompressible constraint and the
Lagrangian coordinates system.

On the other hand, applying the transformation may cause some disadvan-
tages. The functions and spatial derivatives in the equations are all transformed
into non-linear terms, for example, V, by, etc. Moreover, the boundary con-
ditions also become quasi-linear unlike the original problem. These terms seem

to cause another difficulties, however (1.4.4) is much easier to handle when we

14



proceed the “time-local” analysis. For any mathematical works like the time-
global solvability or stability, we must need the existence of the time-local
solution to the problem as the first step.

The aim of this dissertation is to prove a theorem on time-local solvability
of problem (1.4.4) in Sobolev—Slobodetskii spaces.

The plan of the rest of this paper is as follows. First, in Chapter 2 time-local
existence of a unique solution of problem (1.4.4) with the adherence boundary
condition (K = 0) is proved. Then, in Chapter 3 the general slip case (inf K >

0) is considered.

15






Chapter 2

Initial-boundary value problem

under the adherence condition

2.1 Introduction

In this chapter we consider the initial-boundary value problem whose boundary
condition is the so-called adherence condition. This means that the velocity
vector field vanishes at the boundary, thus the particles of the continuum are
fixed at the wall of its container. Certainly it is an ideal situation for the model
problem of the flow of granular matter, however it is worth while considering
the problem with the stress of new type as the first step.

Here we have the initial-boundary value problem (1.4.4) with K = 0 as

follows:
ou
QOEZVU-Tu—i—Qobu’ Vuu:() fOI"ZEEQ,t>0,
u|,_,=vo forzeQ, (2.1.1)

u=0 forxel, t>0.

The aim of this chapter is to prove a theorem on local in time solvability of
problem (2.1.1) in Sobolev—Slobodetskii spaces. The author refers the readers
to Apendix for the definition and the properties of Sobolev—Slobodetskii spaces.

17



Furthermore, we consider the following linear problem

0
Qoa—;l:—Vq—i—yl(x)Au—l—gof, V-u=g forzeQ, t>0,
u|,_,=vo forzeQ, (2.1.2)

u=d forzel, t>0,

where v (z) is a given positive function defined in 2, f and g given functions

defined for x € €2, t > 0 and d a given function for z € I', ¢t > 0.

2.2 Mathematical Results

Let us describe the results in this chapter. First of all, we consider the problem
(2.1.2) in the spaces H,f+l’1+l/2(QT) and H,ll’l/2(QT) for Qr = Q x (0,7"). The

following lemma will be proved in §2.3.

Lemma 2.2.1 Let Q be a bounded domain in R? with a boundary T’ € W§/2+l,
le(1/2,1), Qr =2 % (0,T) and Gr =T x (0,T), 0 < T < 4+00. Suppose that
vo =0, g0 € W2H(Q), 0o(x) > Ry > 0, v, € WFTH(Q), infry > 0. For arbi-
trary f € H’lz,l/Q(QT)’ §=V-G Ge H}21+l,1+l/2<QT)’ d c HZ/ZH’?’/HZ/Q(GT),
Glr = d on T, the problem (2.1.2) has a unique solution u € Hi+l’1+l/2(QT),
Vq € H;L’Z/Q(QT), provided that h is sufficiently large. And the solution satisfies

the following estimate
hall zriavrz gy + IVl gt g,y < e (”fHHi’”Z(QT) gl g,

+HGHH2,1/2+Z/2(QT) + HdHH2/2+z,3/4+z/2(GT)> (2.2.1)

for some constant c independent of T'.

This lemma is proved in the same way as that in [38]. First, we consider the
problem with constant coefficients in the half-space and in the whole-space.
Using those results, we prove Lemma 2.2.1 in a bounded domain. In the

case of the half-space and the whole-space, we give an explicit formula for the

18



solution, and in a bounded domain we prove a priori estimates and establish
the solvability of the problem (2.1.2) by the construction of a regularizer. This
method was used in the theory of general parabolic initial-boundary value
problems [36].

Next, the problem (2.1.2) is considered in the spaces VV22 Tt/ 2(QT) and

wy*(Qr).

Lemma 2.2.2 Let Q), ', I, T, 09, 11, be the same as in Lemma 2.2.1. For

arbitrary vo € W,TH(Q), f € WQI’Z/2(QT), 9=V -G, Ge¢ W;H’IH/Q(QT) and

de W§/2+l’3/4+l/2 (Gr) satisfying the compatibility conditions
V-vo=9g(-,0)inQ, vo=d(-,0)onl, G|r=donT,

problem (2.1.2) has a unique solution (u,Vq) in W22+l’1+l/2(QT) X WQZ’Z/Q(QT)

and

24+1,141/2 1,1/2 Li/2
[l S50 4 Vgl 5 < o) (NS + Ivollyzor

+||g||W21+z,1/2+z/2(QT) + ||G||g);1+l/2) + ||d||W§’/2+l’3/4+l/2(GT)> )

(2.2.2)
where ¢(T) is a non-decreasing function of T

Finally, we consider the problem (2.1.1), and the following theorem on

temporally local solvability is proved in § 2.5.

Theorem 2.2.1 Let Q be a bounded domain with a boundary I' € W3/
1€ (1/2,1), g9 € WiH(Q), oo(x) > Ry > 0, v € C*(Ry), v > 0. Assume
that b has continuous derivatives up to order two and that b, Vxb satisfy the
Lipschitz condition in X and the Hélder condition with the exponent 1/2 in t,
and that vy € WiT(Q) satisfies the compatibility conditions

V-vg=0inQ, vg=0onT.

Then the problem (2.1.1) has a unique solution (u,Vq) € W22+l’1+l/2(QT/) X
Wzl’l/Q(QT/) on a finite interval (0,T") whose magnitude T  depends on the

data, i.e., on the norms of b, vy and gy (see the condition (2.5.7) below).
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2.3 Proofs of Lemmata 2.2.1 and 2.2.2

2.3.1 Problem in the half-space

First of all, in order to discuss the problem (2.1.2) in the space H ,ll’l/ 2(QT), let
00 = 1 and v; = const > 0, and we consider the initial-boundary value problem
for the homogeneous Stokes system in the half-space D o = R x (0, 00),
(x3 >0, t>0):

0
—u—ylAu+Vq:O, V-u=0 in D,

ot (2.3.1)
ul,_,=0 on Ri, ul,. o= (di,ds,0) on Dy, = R? x (0, 00).

Extend u = (uy,uz,us3), ¢, d = (di,ds) to the half-space t < 0 by zero and
make the Fourier transformation with respect to 2’ = (z1,x2) and the Laplace

transformation with respect to t:

fA(é/a T3, S) = / eistdt /2 eiim,.glf(il’l, X3, t)d[l}l
0 R

Then we have the following system of ordinary differential equations:

( 5 d2
121 (7’ ——2) ’LAL]—FlS](j:O (]:1,2),

dzs
d? dqg
n <T2——2)ﬂ3+—q:0,
das dzs (2.3.2)
di
1§11 + 1&Us + b R 0,
dfl?g

L1, o= (dy,dy,0), (11,4) — 0 (x5 = +00),

where

S m™ T
P tleP, P =g+g mmre (7).

20



This problem is easily solved by the same way as in [38] as the second order
ordinary differential equation for 4, explicitly, i.e.,

( 2

. ez e L5 ,
uj = 537,1(3) > igdy + djeo(ws) (7 =1,2),
] L
2
’&3 = 61(1}3) Z i{kdk, (233)
k=1
2
. —vi(r +[€])ea(ws 3
= Tl S,
\ k=1
where
_ e s — e~ I¢lm e
eo(z3) = e "2, ei(zs) = - , es(z3) =e €z
r—1¢

In estimating the solution, it is convinient to use the new norms || - ||,27h p.. and

-1 S hDy.. for v>0 (see Appendix A.2). They are equivalent to the norms in
H?"*(D..) and H"*(D, ), respectively.
According to [38], for the functions e;(x3), j = 0,1, we have

Lemma 2.3.1 Let s =h+i&, h >0, j=0,1,2,..., and a € (0,1). Then

there exists a positve constant ¢ independent of r and |£'| such that
[ ’ — ) eo(x
i [|(5) el
d\’ 2dzsdz "
- et huind (j+a)-1
(&) / / <d$3> (2 +2) = (d$3) eo(xg)‘ Zl42a < clr|™ ’

00 J 2 2j—1 12j—1
(12) / ’ (i) 61@3)‘ dzs < C|T| |+|2|€ | ;
0 T

dil'fg

o [ ()i

‘7,‘2(j+a + ’5/’2 jta)—

— |’f’|2 Y

drs < clr|¥71,
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for all £ € R?,
Therefore, from (2.3.3) and Lemma 2.3.1 it follows that

Lemma 2.3.2 Let h > 0 and | € (1/2,1). Then the solution (u,q) of the
problem (2.3.1) satisfies the estimate

||u||%+l,h,D+oo + ||Vq||l2,h7D+oo <c Hd,“§/2+l,h,Doo’ (2.3.4)

where ¢ s a constant independent of h.

2.3.2 Non-homogeneous Stokes system in the half-space

and in the whole space

In this subsection we shall generalize Lemma 2.3.2 to that for the Stokes system

with the non-homogeneous terms:

a—l:—z/lAu—i-Vq:f, V-u=g in D,p,

0 (2.3.5)
u/,_,=0 on Ri, u|x3:0: d = (dy,ds,d3) on Dr,

where Dy = R3 x (0,T) and Dy = R? x (0,7). We prove

Lemma 2.3.3 Leth, [, v, di, dy be as in Lemma 2.3.2 (Do, should be replaced
by Dr). Suppose that f € H,Q’Z/Q(DJFT), g € H,1+l’1/2+l/2(D+T), g=V-G
with G = (Gy,Gs,Gs), G € H'""*(Dyy), ds € H*™*2(Dr) and the
condition G3|z,—0 = d3 is satisfied. Then there exists a unique solution (u,Vq)
of (2.3.5) such that u € Hi+l’1+l/2(D+T), Vq € H,Z_L’I/Z(D+T) satisfying the

estimate
Hu’|H}2LH’1H/2(D+T)+ ||Vq||H£L,Z/2(D+T) <c (Hf|lHi’l/2(D+T) + ||g||H}1L+l,1/2+l/2(D+T)

+HGHH2’1”/2(D+T) + HdHHZ/ZH’?’“H/Q(DT)) . (2.3.6)
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Proof. We can assume T = oo after an appropriate extension of (f, g, G,d).

We seek a solution of (2.3.5) in the form
(u,q) = (W + Vo +w?, 1 — ¢+ 11g). (2.3.7)

Here w(1) is a solution of the Dirichlet problem for the heat equation:

ow)

v nAwd =f in D,

ot (2.3.8)
w|_,=0 onR3, w(1)|$3:O: 0 on Dg.

Next, ¢ is a solution of the Neumann problem:

Ap=g-V-wh=g mB:, 22| _4 onR (2.3.9)
03 lz5=0

Then (w'?,7) is a solution of the problem similar to (2.3.1):

@)
ow nAW? +Vr =0, V-w® =0 in D,
ot (2.3.10)

w?|,_,=0 onR3, W(2)|13:0: (dy,d3,0) on Dg,

where cjj =d; — %‘%:0 (7 = 1,2). Tt is well known that a solution of (2.3.8)

satisfies the estimate

HW(l) ‘|Hz+l’1+l/2(D+oo) S CHf‘|Hi’l/2(D+oo)' (2311)

Next, from the classical result of the Neumann problem [1], we have the

following estimate of the solution to (2.3.9):

||v¢||W22+l(R3_) <c (HgHW;“(Ri) + HW(l)HW;H(Ri) + ||d3||W23/2+l(R2)> . (2.3.12)

In order to estimate [|V@||, 01412 we express the solution of (2.3.9) by
h

(D+o0)’
virtue of the Neumann function N (see [41]) as

o = [ N dy+ [ Nyl ot

3
R+

= — | V,N(z,y)- (G —w)dy.

3
RJr
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Calderén-Zygmund theorem implies the estimate

IVell gorsp, ., < (||G||H2,1H/2(D+oo) + ||w<1>||H2,1+l/2(D+w)) . (2:3.13)

Finally, applying Lemma 2.3.2 to (w®, ), one can obtain

2
||W(2)||Hz+l,1+l/2(D+oo) + ||V7T||H£;Z/Q(D+oo) < Czl ||dj||H2/2+lv3/4+l/2(Doo)
J:

2
S & (Z ”deH,?:/ZH’BMH/Q(Doo) + “V¢||H2+l’l+l/2(D+o@)> .

j=1

(2.3.14)

Combining (2.3.11)-(2.3.14), one can obtain the estimate (2.3.6).

Uniqueness of the solution follows from the standard energy method. In-
deed, let (u/,¢’) and (u”, ¢") be solutions of (2.3.5), then (u,q) := (u'—u”", ¢ —
q") satisfies the same equations as (2.3.5) with f =0, g =0, d = 0, viz, (2.3.1)
with d’ = 0. Then, Lemma 2.3.2 leads to (u, Vq) = (0,0). Consequently, the
solution of (2.3.5) is unique and given by (2.3.7). 5

We can prove a similar result for the Cauchy problem.

Lemma 2.3.4 Let h, I, vy be as in Lemma 2.3.2 (Do, should be replaced by
D7) and RS = R3 x (0,T). Suppose that £ € HI'*(R3), g € H TW/*H2(RS),
g=V-G, Ge H'""*R3). Then the Cauchy problem

0
a—ltl—ulAu—i-Vq:f, V-u=g inR3, u,_,=0 onR’

has a unique solution (u, Vq) € Hy """ (R3) x HY?(R3), which satisfies the

estimate
||u||Hi+l’l+l/2(R%) + qu“Hi’l/Q(]R%)

<c (HfHH}zL,z/z(R%) + HgHH}lLJrl,l/%rl/Q(R%) + HGHH,?’IH/Z(R%)) . (2.3.15)
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2.3.3 Proof of Lemma 2.2.1

Proof of Lemma 2.2.1. Here, according to [40], we present some preliminaries.
Because of the condition of 2 and I', in the neighbourhood of an arbitrary

point ¢ € I, the surface I' is determined by the equation

Y3 = SO(ZJ’)7 y = (y1,y2) € Kq

in Cartesian coordinates system (y1,ys,y3) with the origin at £ and with ys-
axis directed along —n(¢), n being the outward normal to I'. The function
¢ is defined in a disc K, : |y'| < d, and it satisfies the condition ¢(0) = 0,
V'p(0) = 0 (V' is the gradient with respect to ') and ||¢||ys2+i(Kq) < M.
The constants d and M are indepenent of &.
It can be assumed that ¢ is extended into R? (see [38, 40]), belongs to
W3H(R2), and satisfies ¢(0) = 0, Vp(0) = 0,
sup p(y)| < eMA,  sup [Ve(y)| < cMAY2, (2.3.16)

ly[<A ly|<A

The transformation y = Y'(2) :

Y1 =21, Yo = 22, Yz = 23 + p(2) (2.3.17)

is invertible if |¢,,| < 1 and maps R3 onto the domain {y3 > ¢(y')}.

The solvability of (2.1.2) will be proved by the regularizer R (see for instance
[36]), which is a linear continuous operator from the data F = (f,¢,d) €
Hny = H,ll’l/2(QT) X H}lfl’l/z“/Z(QT) X H2/2+l’3/4+l/2(GT) to the solution (w,
V) € Hi+l,1+l/2<QT) » H;Z[Z/Z(QT) of

Oow  v(x)

ot oo(x) w -t 00(7)

wl_y=0 inQ, wl=d+MsF onGr,

Vr=f+MF, V.-w=g+MF inQr,

(2.3.18)
where MF = (M F, MoF, M3F) is a contraction operator on Hy,; for suf-
ficiently large h. The solution of (2.1.2) can be expressed in terms of the
regularizer as (w,q) = R(I + M)~(f, g,d).
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In order to establish the existence of a solution of (2.1.2), let {Q®} and

{w®Y be the coverings of Q for an arbitrary small number ), as follows:

A = (o — €0 < A}, ¥ = (lr—e®] < 22y

It is convenient to assume that £*) € T, 8, = 2 for k = 1,2,..., M,, and
¢W ¢ Q, dist(¢®, ) > %, B =1for k=M, +1,M,+2, ...,Ny. Now we
take two families of smooth functions {¢*)(x)} and {n(x)} associated with
the coverings {Q®} and {w®} satisfying (¥ (z) = 1 for 2 € w®, ¢(F(2) =0
for z ¢ QB 0 < (WO (z) < 1, [DAW(z)] < exlel, p®)(z) = % Ob-
viously, {#n®)(z)} is a family of smooth functions satisfying n*(z) = 0 for
z ¢ QS ¥ (2)¢W(z) = 1 and |D2n™(x)| < el where ¢ is indepen-
dent of A\ and k.
We define (w,7) = RF by the formula

Ny
(W, 7)(z,t) = > n®(2)(w®,70)(z,1),
k=1
where (W) 7*)) (k =1,2,..., Ny) are given in the following way.

For k = 1,2,..., M), let {y} be local Cartesian coordinates in the neigh-
bourhood of the point ¢*) : y = Cp(z — ¢®)) with C; being an orthogonal
matrix satisfying Cyn(£®) = (0,0, —1)T, ©® (') be the function defining T
in the neighbourhood of ¢*) and let Y} be the corresponding transformation
(2.3.17). The transformation z = Z,(x) = Y, 'Ci(z — ¢®) maps the domain
Q® N Q into the half space R} ; = {z € R? |23 > 0} and its Jacobian matrix
is the identity I at £€®). Set

£8)(z,1) = (W(Z,1(2))Cef (2,1 (2), 1),
GO (z,1) = (W21 (2))CG (27 (2), 1),
d®(z,t) = (W2 (2))Crd(Z;(2), 1),

and extend them to the domain R? , \ Z L(Q®) N Q) by 0, which are denoted

by the same symbols again.
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Now let (w®) 7)) (z,¢), k = 1,2,..., My, be a solution of the half-space

problem
(owl n€™) \ Ve t) k)
T (z,t) — Qo(f(k))AZW( )(2,t) + COR =0 (2,¢) in Dlr,

d®(z,t) on Dgfg),
(2.3.19)

W(k)(z,t)\tzozﬂ in Rik, W(k)(z,t)|

z3=0:

where DY) = R3 , x (0,T) and DY = 8R3 , x (0,T). According to (2.3.6),

we have

HW(k)HHiH’Hl/z(Df%) + “Vﬂ(k)HHf;l/z(Df%) <c <||f(k)||HfL’l/2(DSrk%)

+[|V - G(’C)HHiﬂ,l/zﬂ/z(Dﬂc%) + HG(’C)HHg,lJrl/Q(Df%) + Hd(k)‘|H2/2“’3/4“/2(D¥“))> .
(2.3.20)

Then we define for k =1,2,..., M)

w (z,t) = C.'wW(Zy(2),1), 7W(2,t) = 7W(Zy(2),1). (2.3.21)

Next, (W 7)) (x,t), k = My + 1, My +2,..., Ny, is a solution of the
Cauchy problem

( owk) v (€R) 1
— (k) (k) _ (k)
o (@) QO(g(k))AW (z.1) + Qo(gk))v” (z,t) = ¢Wi(x, 1),
V-wh(z,t) = V- ((PG)(z,1),
| W (2, 1)],_o= 0.
(2.3.22)
Then we define
w2, 1) = w®(,1), 79 (2,1) =7 (z,1) (2.3.23)

fork:MA+1,M>\+2,...,N,\.
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Finally, we restrict 7(¥) by

/ 7® (z,t)dz = 0. (2.3.24)
QF)NQ

(k

For such 7*) we have

||7T('(k)||L2(ngc)) < C)\HVﬁ'( gic)) < C)\HVT('( (2.3.25)

k) k)
Iz.0 “L2<D$“%>’

where Q¥€ ) = QW N Q) x (0,T). Consequently, n*)7*) is uniquely determined
in Qr, and R is well-defined.

Clearly, R is a linear operator on Hy,;. To calculate the norm of MF, we
rewrite the problem (2.3.19) in coordinates {z} in the neighbourhood Q® N Q
of €. Then,

( owk) vy (€R)) 1
ot DT ) 00(€%)
VW (2,6) = VO (PG, 1)) in QP

ABwO (1) + VOT® (2, 1) = (WE(x, 1),

[ w¥], =0 n0®no, w®=c®d@t) onG,

(2.3.26)
where Q% = (Q® N Q) x (0,T), G¥ = QW NT) x (0,T), VW = 2.V,
AF) = V&) &) and 2, is the Jacobian matrix of the transformation Zj.

Thus one can obtain

MF = % n<k><”1§

My
i (1E™) A w _ 1(@) Ao (k))
L <Qo(§(k)) 5

S (@) (0 Aw® _ A (n®w®))

b 1 1
_ (k) _ — (k)
2 <go<5<k>> go<z>)v”

M
_ 2n<k>< L owzm_ 1 W(k))
20(E™) 00(T)
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- > ! (nPvr®) — v (n®z®)) (2.3.27)

MF = =3 (V. %® - v. (®wk))

MgF — 0
In the same scheme as [40, 41], we can show that
IMF (I3, < (A + WA F s, (2.3.29)

with ¢ independent of A. Hence, for small A\ and large h, M is a contraction
operator, so that the solvability of (2.1.2) is proved.
Furthermore, from the same way as that of (2.3.29) (see [40, 41]), it holds
that
HW||H;2LH’1H/2(QT) + HVQHHQZ/Q(QT) < CHFHHh,l' (2330)

Thus the estimate (2.2.1) follows from (2.3.30).

2.3.4 Proof of Lemma 2.2.2

Proof of Lemma 2.2.2. The trace theorem implies that there exists the vector
field u* € Wy LA/ ?(Qr) satisfying the initial condition u*|,_,= vo and the
inequality

Hu* HW22+1,1+1/2(QT) < CHVO HW21+l(Q)' (2.3.31)

For the difference U = u — u* we get the problem (2.1.2) with homogeneous

initial condition, i.e.,

(0U  14(y) 1 ou*  v(y)
- BN+ ——vg=f- T Au* =: ,
o wy) o) o ooly)
VU=V.G-V.u=V-G =g (2.3.32)
| Ul,_y=0, U=d-—u'|.=d",
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and the compatibility conditions reduce to
g (-,00=0, d*(-,0)=0, G*|p=d"

Hence from the conditions above, we have f* € H) l/z(Q ), g" €H, 1/2+l/2(QT),
G* € H,2L+l 1+l/2(QT), d* e H,?:/2+l 3/4+l/2(GT). By applying Lemma 2.2.1 to
(2.3.32) and taking into account (2.3.31) and Remark A.2.1, the assertion of

Lemma 2.2.2 immediately follows.

2.4 Auxiliary estimates

Before proving Theorem 2.2.1, we begin with auxiliary propositions.

2+l,1+l/2(QT)

In this section we assume that u € W, satisfies

T1/2|| || (2+1,141/2) <5 (241)

with sufficiently small § > 0.
The problem (2.1.1) is rewritten in the form

( Ou

00—, — v(e)Au+ Vg = 1 (w, q) + 20/ (00) D (1) Voo
—g(vff)vff)g )Vauto — BAue0Vaugo + obu,  (242)

| V-u= 15 (u), ul,_,=vo, ulp=0,

where (V(J vl QO) is a 3 x 3 matrix whose (i, j) element is given by vivy 00,

1V (w, s) = v(00)(Au — A)w — (Vu — V)s,
(2.4.3)
$(w) = (V= Va) - w=V-L(w).

Hereafter we estimate the right-hand side of (2.4.2), which is neccesary to
prove the solvability of the problem (2.1.1). Let us introduce the following

notation:

t 0uz

aij = 0ij + bij, by = T
j

dT, Aij = (51']' + Bij;
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where A = (A;;) (see p. 14). For i # j, j # k, k # i from
A = AjiAkk — AjkALj, Aij = OQkiQjk — Qj;Qkk
it follows that
B;i = bj; + brr + bjibrr — bjkbr;,  Bij = —bj; + biibjr, — bjibgy. (2.4.4)
Consequently, we have

3
8wi

BI(w) = —(B'V) - w==3  Biize =~V - (Bw),

ij=1

since 2321 %ﬁf = 0 for ¢ = 1,2, 3. This yields that

L™ (w) = —Bw. (2.4.5)

We denote by a.., b, Al

170 Yigy L g

vector field w'(z,t), and set bi; = by — bij,

B;; the same functions corresponding to another
Eij = B;; — B;;, etc. We have

R

Eii = Bjj(l + bkk) + Bkk(l + b;]) — bka)jk — b/‘kgk:j7

J

(2.4.6)

Bij = _Z;ji<1 + bkk) — l;kkbgl + Z;jkbki + b;kl;kz
Finally, set

ou, 0*u; ou,
Du = {8 : , D*u= 5 81 , |Dul|g = maxsup 5 -
Lj)ij=1,23 LjOTk ) ;ik=1,23 bI o zeQ

9 1/2
) , etc.
w3 (Q)

We proceed to estimates of the functions (2.4.4) and (2.4.6). All lemmata

Y

Lj

3

. | Dullwy) = (Z

j=1

82Ui
81‘j8$k

u
an

|D?ulp = maxsup
.5,k e

stated below were proved mainly in [39].

Lemma 2.4.1 Ifu, u’ € WQQH’HZ/Q(QT), then

t
Bt <2 [ D(a-w)ldr
0
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t t
X (1 +/ |Du|gd7'+/ |Du’|Qd7) ) (2.4.7)
0 0

t

¢ t
X <1+/0 ||Du||W21+z(Q)d7'/0 HDu'HWzW(Q)dT), (2.4.8)

I1Bi;(-,t) — Bij(,t — )| Ly

t t t
S 2/ ||D(u — u/)HLq(Q)dT, <1 +/ |Du|QdT, —|—/ |Du’|gd7">
t—T1 0 0
t t
+2 [ D= w)lad” [ (1Dl 0+ 1D e@)drs  (249)
0 t—1

‘IVE,L](, t) - véz]<7t - T)HL2(Q)

t t t
§2/ 1D2(u — ) 1 dr” <1+/ |Du|QdT'+/ |Du'|QdT'>
t—1 0 0

t t
+2 [ 1D = )y [ (1Dul ey + D ey
0 t—T
t t
#2 [ 106 = w)lads’ [ (1D%ulye) + D o)
t—r 0

t t
42 [ID(@ = wladr’ [ (1D + D rm)dr’s  (2:4.10)
0 t—T

where T € (0,t). Such estimates (with u' = 0 on the right hand side) also hold
for the functions B;;.

Inequalities (2.4.7)—(2.4.10) can be obtained directly from formulae (2.4.6).
In the proof of (2.4.10) we used the Holder inequality

1£9ll o) < 1l 2o ll9ll o)
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We note that

t
/O Dl gy dr < VE [ull im0, < 0 (2.4.11)
t
/ 1D 35y < VI 21100 < (2.4.12)
0
dr 251/2 1/2 1/2
[ 1Dl < < / Dt )
T'/? §

<
_\/1—1 1—-1

hold.

Lemma 2.4.2 [fu, u’ € W22+l’1+l/2(QT) satisfy condition (2.4.1), then for
t<T

t
1Bijllwp+1(q) < c/o ID(u = ) [|yyr41ydr, (2.4.14)

1/2
([ 1B = Bt~ g 1)
[D(u—u' ||Wl(Q)
<c</ ID(u = u') [+ dT+/ =) dr (2.4.15)

Such inequalities (with ' = 0 on the right side) hold also for B;;.

To derive (2.4.15) the fact that W, (Q) is embedded in C(Q) (and also in
Le(Q)) and Wi(Q) is embedded in L3() is used.

Lemma 2.4.3 Ifu, u’ € W22+l’1+l/2(QT) satisfy condition (2.4.1), then for any
fe ng’l/z(QT) and b c W21+l,1/2+l/2<QT)

- (1,1/2)
|Bus|, < eVl =G 15161 (2.4.16)
T
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\|§ijhy|w21+l,1/2+l/2@ﬂ < eVT|u — |5 o2

X(hllyzetarzirz g, + 1VAIIGE ™ + IAllgy ™). (2.4.17)

Setting u’ = 0 in (2.4.16) and (2.4.17) and noting (2.4.11) and (2.4.13), we

arrive at the following proposition.
Lemma 2.4.4 If u satisfies (2.4.1), then
By FISYD < es 1 £llgy ™, (2.4.18)

HBZ'jh||W21+l,1/2+l/2(QT)
< b ([hllystarznn g, + VRIS + RS, (2.4.19)

Lemma 2.4.5 Let u € Wy ""V2(Qp), Ty > 0. It holds that
1,1/2) (2+1,1+1/2
|Dul & < o(Ty) (T2 ullgE 2 4+ T2 fu(, )y ) (24.20)
for any T < Tj.
(2.4.20) is derived from the interpolation inequality

IDfllza( < e(ellD* Fllzag + &7 I llza(@)-

We proceed to estimates of 15“) (w,s) — lgul)(w,s), léu) (W) — léul)(w) and
L®(w) — £ (w), where 11V, 1{*?] etc., are determined by formulae (2.4.3)
on the basis of the vector fields u and u'.

From (A.1.7) for gy € W, satisfying go(z) > Ry > 0 we have

(o) FllG™ < ellv(o0) ety IFIS? < cloo) [ £ISY? . (2.4.21)

where

1
C(QO)ZC{ sup |u<g>||9|z+( sup |V'(9)|+||V90||W£(Q)) ||V00||W5(9)},

Ro<o<R1 Ro<0<R;

and Ry = sup,¢q 00(7) < CHQ0HW21”(9) < +00.

Then we obtain the following estimates:
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Lemma 2.4.6 Let u and u’ satisfy condition (2.4.1). For arbitrary w €
Wt 2 Gt holds that (Qr), Vs € Wo'?(Qr)

(1,1/2)

Qr

< VT lu— ,H (2+1, 1+l/2)(H ||(2+l A+/2) Vs ||(ll/2) (2.4.22)

1 (w. ) — 10w, 5

ngll) (w) — lgu )(W)||W21+z,1/2+z/2(QT)

+l 1+1/2 2+l 1+1/2
< eVT|u—u||5 T w| gt

T Y

(2.4.23)

(0,1/2)

6 !
HE(L(w(w) — £ (w)) < C(ﬁHu “(2+z 141/2)

_ 2lll2
FTY22 (-, 0) = W (-, 0) fyey ) IWHGE 2. (2.4.24)

If w|,_y= 0, then (2.4.24) is valid also without the second term in the paren-
thesis of the right hand side.

Setting u’ = 0 in (2.4.22)—(2.4.24), we obtain that

Lemma 2.4.7 If u satisfies condition (2.4.1), then

u (Li/2)
2w, S)HQT <o (WIS 4 vs| &), (24.25)
||l§ ( )||W1+l 1/2+l/2(Q ) < C(SH H (2+1, 1+l/2)’ (2.4.26)

(0,1/2)

H—ﬁw (o T O g ) G (2427

In the case W|t:0: 0 the second term in the parenthesis of the right hand side
of (2.4.27) can be dropped.

The next auxiliary proposition concerns the difference

bu(z,1) — bu(z,t) =b(Xu, 1) = b(Xw,1)

3 1 t
Z/ ka ugy )d@/ (uk - u;)dT, (2428)
0 0

k=1
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where u—u’' =a, uy =u'+6u (0 € (0,1)), Xy = x—i—fg udr, Xy = x—f—fot u'dr
and X, =z + fo updr.

Lemma 2.4.8 If b satisfies the conditions of Theorem 2.2.1 and condition
(2.4.1) is satisfied, then

T
1l
Ibu—bull§ < eT) [ u =yt (2.4.20)
0
where ¢(T') is a nondecreasing (power) function of T.

Finally, we remark that by elementary calculation we have

_ 1,1/2) (1 c
o' fllg, <= Hf|| 2 ﬁHQOHWEH(Q)||fHL2(Q)‘ (2.4.30)
0

2.5 Proof of Theorem 2.2.1

Proof of Theorem 2.2.1. We solve the problem (2.4.2) by the method of suc-
cessive approximations, setting up = 0, ¢o = 0 and determining (W41, ¢mi1)

(m=0,1,2,...) as a solution of the problem

( Ou,
Qo (9t+1 —v(00) A1 + Vmi1
= 1" (W, ) + 20 (00) Do (W) Vi 00
p (2.5.1)
—g(Viﬁ)Vﬁ?Qo)Von — BAR00Vmoo + 00bm,
\ V- Wpt1 = lém)(um>v um+1|t:0: Vo, um+1|p =0.

Here V,, = Vu,., Am = Ay, 1§m) = lg“m), lgm) = lg“m), Dp(w) = Dy, (W),
b,, = by,,. From Lemma 2.2.2 and the estimates in §§ 2.3 and 2.4 it follows

that (Wmt1, V@nt1) is uniquely determined, and (uy, ¢1) is a solution of problem

(2.5.1), i.e.,
ou; v 1 )y (i
1 (QO)Aul 1 Vg = _i(vw)v(z)go)vgo _ EAQOVQO +b,
ot 00 Q0 300 Q0

Vou =0, wl|,_y=ve, ufp=0

(2.5.2)
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with the estimates

(241,1+1/2) i/2) B ; (Li72)
Ny, qrli= [ [EH 1w, & H VOV ) Vg0

Qr

1 (L,1/2)
+ H_AQOVQO
0o

(L,1/2)
+||bl| S +HV0HW;H<Q)>
Qr

_ 1,l/2)
<oy (T2 4 TV212) o3z + DI + IVollygorgy ) 5 (25:3)

where ¢ is a nondecreasing function of 7T'.
For the differences Z, 11 := Wpni1—Wm, Pri1 = Gmi1—qm (m=1,2,3...),
we have

( aZm—i—l
Qo ot

= lgm)(zm’ Pm) + lgm) (um—17 Qm—l) - lgm_l) (um—la Qm—l)

— V(00)AZy1 + VP

+2V/(QO) (Dm(um)vaO - Dm—l(um—l)vm—lQO)

—g{(vﬁi)vﬁ)go)vm@o (V9 vl 1Qo)Vm_1Qo}

—B (AmeoVimoo — Am—100Vm-100) + 00(bm — bm_1),

Vo Zir = I (Zin) + 15 (W) = 17 (W),

. Zm+1|t:O: 0, Zm+1|l—\: 0

We suppose that the condition (2.4.1) is satisfied for u,, (n < m). Then the
lemmata in § 2.4 yield

(1,1/2)

(1,1/2)
1™ (Zun, )|
[ @, P,

+ Hl(m Wm—1, Gm— 1) _lgm_l)(um—qu_l)‘

T

) (HZmH(2+l 141/2) 1 HVP H (1,1/2) ) ,

||Dm(um)vm00 - Dm—l(um—l)vm 100 |

< clloolly2+ (o (1 + T2 l/2||V0||Wl )T1/2||Z || (2+1,1+1/2)
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N ; 1,1/2)
H(V%)V%)Qo)vmgo—(v v 1@0)Vm—190)

T
< C||Qo||§vz+z Q)(T1/2 4 T/ l/2)T1/2||ZmH (2+, 1+l/2)’
1800V im0 — Ap100V 10015 L,1/2)
< C||Qo||f4,2+l(9) (T2 + T1/2—l/2)T1/2||Zm||8;—l,1+l/2)’
by — by 1”(l 2 CT1/2||Zm||g;_l’l+l/2)’

1™ ()l sar200r2 gy + 1057 (W) = 15770 () sz

Then, we obtain that

< C(SHZmH(Q-H 1+l/2)’

(0,1/2)

(0,1/2)
5 (6 ) = £ )

Qr
< C(5||Zm||(2+l 1+l/2)

N(Zpr1, Pris] = 1 Zonsalr ™ 4+ 11V P [,
<C (6N[Zm, P + TY2|| 2|3 1”/2)) , (2.5.4)

where C' = C(T'; vg, 00) is a nondecreasing function with respect to 7. Taking
into account the condition (2.4.1) for u, (n < m), we also have (2.5.4) for

m=20,1,...,m — 1. If we choose § satisfying Cd < 1/4, we obtain

1
N[Z, 11, Pra] < ZN[Z P,] + CT1/2HZ || (2+1,1+1/2)
1 1 "

forn=0,1,...,m. Weset X,i1 = > " N[Zy11, Pry1]. Since

m

Zm-{—l < Nuy, 1 Z( +CT1/2> <c {(T1/2+T1/2 l/Q)HQ ||W2+l ©)

L,1/2)
FIDIS + vallgoia 3 (3 +07)

n=0
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we obtain

NWni1, Gmi] € 2oy + Nu, g < {(T1/2 + T1/2_l/2)||90||?4/22+l(9)

1,1/2 " /1 "
IS 4 vl oy {1 'y (z ; CT1/2> } (256)
n=0

Note that ¢; and C' are nondecreasing functions of 7', then condition (2.4.1)
for W, is satisfied if CT'/? < 1/4 and

3TY2¢, ((Tl/z 1 T1/2_l/2)||90||%/22+l(m + ||b||g,;/2) + ||V0||W21+Z(Q)) < 4. (2.5.7)

The left-hand side does not depend on m. Thus, N[u,,,qm] is uniformly
bounded, the sequence {u,,, ¢} converges in the norm N|-, -], and the limit
is a solution of the problem (2.4.2).

The solution is unique, since the difference of two solutions w = u — u/,

s = q — ¢ satisfies the relations

(O
Qoa—vZ —v(00)Aw + Vs

— 1 (u,q) — 11" (', ¢) + 2/ (00) (Du(1) V0o — Dy (') Vi 00)

_g {(Vg)VS)Qo)Vqu — (Vfi)fo/)go)Vuf@o}

—B (Au0Vuoo — AwooVwoo) + 00(by — buw),

Vew =15 (w) + 15 (u) — 15 (),

L Zm+1|t:0: 0, Zm+1|F: 0.

Applying to this problem the estimate (2.2.2) and repeating the arguments

carried out, we arrive at inequality
Nlw,s] < (6 +TY?)Nlw, s].

This implies (w, Vs) = (0,0), and Theorem 2.2.1 is proved.

39






Chapter 3

Initial-boundary value problem
under the generalized Navier’s

slip condition

3.1 Introduction

The motion of inhomogeneous incompressible fluid-like bodies under the gen-
eralized Navier’s slip condition is studied in this chapter. We should pay atten-
tion to the slip phenomena of the granular body at the boundary. Unlike the
adhering behaviour of Newtonian fluids at the boundary, non-Newtonian fluids
including granular materials may slip in general at the surface of the solid in
contact with the fluids. Moreover, this slip effect may cause the significant
consequence for motion. Thus, taking into account this slip phenomena, we

analyse the motion of inhomogenous incompressible fluid-like bodies.

The system of equations of interest is (1.4.4), namely

0
Qoa—?:Vu~Tu+gobu, Va-u=0 forzeQ, t>D0,
u|,_,=vo forzeQ, (3.1.1)

u-n,=0, u+KJ,Tyn,=0 forzel, t>0.
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The aim of this chapter is to prove a theorem on local in time solvability of
problem (3.1.1) in Sobolev—Slobodetskii spaces.

Furthermore, we consider the following linear problem:

( 0
00() a—ltl = —Vq+ v (x)Au+ go(z)f forz €Q, t >0,

cu=g f Q
V-u=g forx e, t>0, (3.1.2)

ul,_,=vo forreQ, u-n=b-n forzel, t>0,

u + 2vy (2) K (z, t)IID(u)n = K(z,t)d forz €T, t >0,

\

where v (z) is a given positive function defined in ©, (f, g) and (b, d) are given

functions defined on §2 x (0, +00) and on I" x (0, +00), respectively.

3.2 Mathematical Results

Let us describe the results in this chapter. First of all, we consider the problem
(3.1.2) in the spaces H}ZLHJHQ(QT) and H;L’I/Z(QT). The following lemma is
proved in § 3.3. Note that Q)7 and G are the same as those in Chapter 2,

respectively.

Lemma 3.2.1 Let Q be a bounded domain in R3 with a boundary T € W25/2+l,
L€ (1/2,1), 0 < T < 400, vo = 0, oo € W5™(Q), 0o(z) > Ry > 0, 11 €
W2H(Q), infry(z) >0, K € W23/2+l’3/4+l/2(GT) and inf K > 0. For arbitrary
fe H,*Qr), 9=V G, Ge H """Qr), b e H*" /" (Gr), b=Gl,
d e H;ll/2+l’1/4+l (Gr), and d - n = 0, problem (3.1.2) has a unique solution
uc Hi+l’1+l/2(QT), Vq € H,{b’l/z(QT), provided h is sufficiently large. And this

solution satisfies the following estimate:

HuHHiﬂvl“/?(QT) + HVQHHIZLJ/Q(QT) < C(T) (HfHH;Lvl/Q(QT) + HgHH}llel/Q”/?(QT)
+HGHH2’1H/2(QT) + HbHH2/2+z,3/4+z/2(GT) + HdHH}L/2+z,1/4+z/2(GT)> , (3.2.1)

where ¢(T') is a non-decreasing function of T.
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This lemma is proved in the same way as that in Chapter 2; we first consider
the constant coefficient case in the half-space, then the function coefficient
case in a bounded domain. In the case of the half-space we give an explicit
formula for the solution, and in a bounded domain we prove a priori estimates
and establish the solvability of the problem (3.1.2) by the construction of a
regularizer (see, for example, [24, 36]).

Next, problem (3.1.2) is considered in the Sobolev—-Slobodetskii spaces such
as W22+l,1+l/2(QT) and WZI,Z/Z(QT)'

Lemma 3.2.2 LetQ), ', T, 1, oy, Ro, 1 and K be the same as in Lemma 3.2.1.
For arbitrary vo € Wy(Q), f € WQZ’W(QT), g=V-G, Ge¢ W22+l’1+l/2(QT),
d € W§/2+l’3/4+l/2 and d € W;/2+l’1/4+l/2 (Gr) satisfying the compatibility

conditions

Vvo=V-G(-,00inQ, b=GlronI, d-n=0onT,

[Ivg + 21 K (-, 0)IID(vg)n = K(-,0)d(+,0) on T,
problem (3.1.2) has a unique solution (u,Vq) in W22+l’1+l/2(QT) X Wé’l/z(QT)
such that

2+1,141/2 11/2 11/2
HU‘H(QT /2) 4 ||VQHEQT/ ) < ¢(T) <Hf||(QT/ ) + HgHW21+z,1/z+z/2(QT) + ||V0||W21+z(g)

+HGH8}1+Z/2) + HbHW23,/2+z,3/4+z/2(GT) + HdHW21/2+z,1/4+l/2(GT)) , (3.2.2)
where ¢(T') is a non-decreasing function of T.

Finally, we consider the quasi-linear problem (3.1.1), and the following the-

orem on time-local solvability is proved in § 3.5.

Theorem 3.2.1 Let Q be a bounded domain in R3, T € Wi/*™ 1 € (1/2,1),
00 € WZTHQ), oo(x) > Ry > 0, v € C*(R,), v >0,0 < T < 400, b €
ng’l/ 2(Qr). Assume that b(X,t) has continuous derivatives with respect to x
and b, bx, satisfy the Lipschitz condition in x and the Holder condition with
exponent 1/2 in t, that K(X,t) has continuous derivatives up to order 3 with
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respect to X, inf K > 0 and D4 K (Jo| < 3) satisfy the Lipschitz condition in
x and t, and that vo € W) TH(Q) satisfies the compatibility conditions

Vvp=0imnQ, vo-n=0onT,
vo + K (-, 0)II1{2v(00)D(vo)n — (Voo @ Vgo)n} =0 on I.

Then problem (3.1.1) has a unique solution (u,Vq) € W22+l’1+l/2(QTr) X Wé’l/z
(Qp) on some interval (0,T) (0 < T" < T), whose magnitude T' depends on
the data (see condition (3.5.8) below).

3.3 Proofs of Lemmata 3.2.1 and 3.2.2

3.3.1 Problem in the half-space

In this subsection we shall consider the initial-boundary value problem for the
homogeneous Stokes system in a half-space D r = R? x (0,7) = {z3 > 0, 0 <
t<T} (0<T < +00):

( Ou .
E—VOAu—i-Vq:O, V-u=0 in D,p,
uf,_o=0 onR3}, wsl, =0 onDr=R*x(0,T), (3.3.1)
ou; 8U3
u; — VoK —]+—) =d; onDr (j=12),
! 070 (8x3 Oz, 25=0 ¢ 7 )

where vy and K, are positive constants, and d; € H2/2+l’1/4+l/2(DT) (j=1,2)
with I € (1/2,1).

In considering the problem (3.3.1), we extend d; from Dy to D, such that
d; € Hi/2+l’1/4+l/2(Doo) (denoted by the same symbol) and

||dj||H;L/2+l,1/4+l/2(Doo) < Cde||H,1L/2+l’1/4+l/2(DT)’ (332)

where ¢ is independent of h and T (see [38], §2).
Next, extending u = (uq, ug, u3), ¢, d’ = (dy,dy) to the half-space t < 0 by

0 and make the Fourier transformation with respect to ' = (z1,22) and the
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Laplace transformation with respect to ¢t in the same way as in Chapter 2, we

have the following system of ordinary differential equations:

( d2
140 (’/‘2 — —) lALj +1§](j = 0 (j = 1,2),

dx?
d? ) dq dig
v (1% — 4+ — =0, i&uy +i&u + 2= 0,
“( dr3) 7 day T day (3.3.3)
R R da; .. 5
u3‘m3:O: O, 'le — I/oKo <d—3 + 1§ju3) = dj,
x3=0

(4,4) — (0,0) (z3 — +00),

where

S ™o
T2 = V_O + |§,|2a |€,|2 = 5% + 622a argr € (_Zv Z) .

This problem is easily solved by the same way as in Chapter 2, whose solution

is given explicitly by

/ ~

~ o d; 1§10 Ko Zk 11§kdk
b= TR T BT ko ko + 87 + 13
—1i§; Zk 11§kdk- .
Tkt + o) sy U=12)
Uiy = Zk 11€kdk ($3),

voKo(r + |¢']) + 1°

- (€)Y, 6y

L7 T e+ 1€]) + 1) ex(z3),

(3.3.4)

where
e_”‘w?) — e_‘gl ‘:L‘-?)

r=g

In estimating this solution, it is also convinient to use the equivalent norms
| lyhpe and || - [lynp,e in H"?(Dy) and HY?(D,.,), respectively for
v > 0. Then, the formula (3.3.4) and Lemma 2.3.1 in Chapter 2 yield that
for h > 0 the solution (u,q) of the problem (3.3.1) with 7' = oo satisfies the

eo(xs) =€ '3, e1(z3) =

es(x3) = L

estimate

C
||u||g+l,h,D+oo + ||V(]||l2,h,D+oo < i) Hd,”%/%—l,h,Do@? (3.3.5)
0
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where c is a constant independent of h and K.
Consequently, taking into account (3.3.5) and restricting the domain of u

and ¢, we have

Lemma 3.3.1 Let h > 0 and | € (1/2,1). Then the solution (u,q) of the
problem (3.3.1) satisfies the estimate

C
||u||H}2L+l’l+l/2(D+T) + qu“Hi’”Q(Dg) < ?0 ||d/HH}IL/2+Z71/4+Z/2(DT)7 (3.3.6)

where ¢ is a constant independent of h and K.

3.3.2 Proof of Lemma 3.2.1

We shall use the same framework as in Chapter 2. Because of the condition
of 2 and I, in the neighbourhood of an arbitrary point £ € I', the surface I is

represented by the equation

=00, v =Ly eKi (Kqa={y:|y|<d})

in a Cartesian local coordinates system (y;,y2,y3) with the origin at £ and
with ys-axis directed along —n(§), n(€) being the unit outward normal vector
to I' at €. The function ¢ may be considered to be defined on R? such that its
support is included in a disc Kyq and ¢(0) =0, V'¢(0) = 0 (V' is the gradient
with respect to y') and H(,DHW;/zﬂ(RQ) < M (M > 0) hold. It is to be noted that
the constants d and M are taken indepenently of £. Furthermore, ¢ can be
extended into R% (see [38, 40]) so that it belongs to W3 (R3), and ¢(0) = 0,
Ve(0) =0 and

sup |o(y)| < eMA, sup [Vo(y)| < ecMA.
ly|<A ly| <X

Then the transformation y = Y(2) :

Y1 =21, Yo = 22, Y3 = 23 + p(2) (3.3.7)

is invertible if |¢,,| < 1 and maps R? onto the domain {y3 > ¢(y')}.
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The solvability of (3.1.2) will be proved by using the regularizer R (see, for

instance, [36, 41]), which is a linear continuous operator from the data

F = (f,g,b,d) € Hn, = H'*(Qr) x HT*T2(Qp)
XH2/2+1,3/4+Z/2(GT) % HflL/Hl’l/Hl/z(GT)

to the solution (W, V7) € Hi+l’1+l/2(QT) X H;IZ’Z/Q(QT) of
(oW vi(x) 1
— LI YAW+—Vi=f+MF inQr,
o oo e
VW=g+M2F inQTv

(3.3.8)
W‘t:(): 0 in Q, wW-n = (b + M3F) ‘1 on GT,

Iw + 2v (z) K (z, t)[ID(W)n = K(z,t)(d + M4F) on Gr

\

with MF = (MF, MoF, M3F, M,F) being a contraction operator on Hp,
for sufficiently large h and small 7. The solution of (3.1.2) can be obtained
in terms of the regularizer as (w,7) = R(I + M) }(f,G,b,d). Note that
(I + M)~! can be represented by the Neumann series if M is a contraction
operator, i.e., (I + M)™" =37 (=M}

In order to establish the existence of a solution of problem (3.1.2), we use
the same coverings {Q®} and {w®}, and the same functions {¢*)(x)} and
{n®)(z)} as in Chapter 2 (see §2.3.3).

We define (w,7) = RF by the formula

N

(W, 7)(z,1) = > 0™ (@) (w®, 70) (2, 1),
k=1
where (W), 7*)) (k =1,2,..., M,) are given in the following way.

For k = 1,2,..., M), let {y} be local Cartesian coordinates in the neigh-
bourhood of the point £€®) : y = Cp(z — £®) with C; being an orthogonal
matrix satisfying Cyn(£®) = (0,0, 1), ©® (') be the function defining T
in the neighbourhood of £¢*) and let Y} be the corresponding transformation
(3.3.7). The transformation z = Z(z) = Y, 'Ci(z — £®) maps the domain
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Q® N Q into the half space R} ; = {z € R? |z; > 0} and its Jacobian matrix
is T at £€®). Set

bz, 1) = (B (2, (2))Cb(Z(2), 1),
Az, 1) = (W2, (2)K(Z, (), G2, (2), 1),

and let f*) and G®*) are the same as those in Chapter 2. Then extend them
to the domain R} ; \ Z, ' (2™ N Q) by zero, which are denoted by the same
symbols again.

Let (w®) 7)) (2,t), k=1,2,..., My, be a solution of the half-space prob-
lem

(ow® ™) o

V. - w®(zt) =V, -G®(z,t) in DY),

Vor®(z,t) = £®) (2,1),

w2 t)|, =0 RS, w(zt)], _o=b(2t)|:m0 on DY,

23=0
0 _ e i(e® oy [ 3 I D®
w; n(§™)K (€ ’)<823+82j ) ;T zg:oon T
z23=
\ (] = 172)7
(3.3.9)
where DEL]“% =R3, x (0,T) and DY = OR? , % (0,T). According to (3.3.6)

and Lemma 2.3.3 in Chapter 2, we have

I ety 197 g oty
<c (“f(k)HH,l;l/z(Df%) +[IV- G(k)||H,1l+l’1/2+l/2(D$€:)F)

1
+||G(k)HH2’1H/2(qu)~) + - ||d(k)||H}1L/2+l’1/4+l/2(D(Tk))> (3310)

inf K

with a constant ¢ independent of h and K.
Then for £k =1,2,..., M, we define

v‘v(k)(x,t) = Ck—lw(k)(Zk(g,;),75)7 ﬁ(k)(a;,t) — w(k)(Zk(x),t). (3.3.11)
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For k = My + 1, My +2,...,Ny (w®) 70} is a solution of the Cauchy
problem (2.3.22) in Chapter 2, and let (w®) 7#*)) = (w®) 7®)),

Again we restrict 7 by

/ 7 (z,t)dz = 0. (3.3.12)
Qk)NQ

(k

For such 7*) we have

17O, 0, < MVAR, gy < AIVE®] (3.3.13)

k

)“LQ@ DY)y
where Qg’f ) = (Q®)NQ) x (0,T). Consequently, ™ 7*) is uniquely determined
in Qr, and R is well-defined.

Clearly, R is a linear operator on Hj;. To calculate the norm of MF, we
rewrite the problem (3.3.9) in coordinates {z} in the neighbourhood Q®) N Q
of £€®). Then,

C ow® (k) 1
d (.I',t)— Vl(ék) k
ot 00(E™) 00(§™)

VE . w®(z 1) =V® . (¢(®WG) in ng“)’

A(k)v—v(k)(x? t) + v (k) (k) (z,t) = ¢Wf,

I w® L gyl(g(k))K@(k), 0>ﬁ(k)@(k) (v‘v(k))n(g(k))

= ((k)(x)K(x,t)lzI(k)d on ch),
(3.3.14)

where Q¥ = (Q® N Q) x (0,7), GP = (Q® NT) x (0,T), IWf = £ —

(f - nE®))n(E®W), DB(f) = F(VWE + [VOLT), VO = ¢ 12TV, AW =

V® . v® and Z; is the Jacobian matrix of the transformation Zj.

\

Thus one can obtain M,F in problem (3.3.8) as follows:
M
MF = Z”(k) {v_v(k) - (n(z) - n(g(’f)))} n,
k=1

My
M,F = Z 77(k)g(k)n (ﬁ(k) _ H) d
k=1
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My

~ Y 2®m (Vl(g(m)%n(k)@(k) (% )n(£®)
k=1 !

- I/1<£L‘>H]D)<W(k))n(l‘)>

M)
_ Z vy (z)II (V_V(k) ® Vn(k) + n(k) ® V_V(k)) n(z),
k=1
and M,;F (i =1,2) are the same as in (2.3.27) and (2.3.28).

In the same way as [24, 40, 41|, we can show that
[MFllg,, < {c(A+ T2 + 0D} [Pl (33.15)

with a constant ¢ independent of A\ and 7. Hence, for small A, small 7" and
large h, M becomes a contraction operator on H; 7, so that the solvability of
(3.1.2) is proved on the interval (0,7").

Furthermore, by the same way as that of (3.3.15) (see [40, 41]), it holds
that

HWHHELH’IH/Z(QT/) + HVTTHH}ZL,ZM(QT,) < CHFHHM. (3.3.16)

From this estimate and (3.3.10) the estimate (3.2.1) on (0,7”) follows. Then
it is easy to prove the uniqueness of the solution of problem (3.1.2) on (0,7").

If 7" < T, we next consider the similar problem to problem (3.1.2) on
(T'/2,T):

(Ou*  v(x)

1
* —V * — f i / ’
5 w() u* + (@) q in Qrv/2,377/2,

V-u'=g inQpj2r/2, (3.3.17)

* _ : * _ :
W=l gy nQ, un=b-n inGprpsrps,

| Tu” + 20 (2) K (2, ) 1ID(u*)n = K(z,t)d  in Grvja37 )2,

where Qr, 1, = Q x (11,13), Gpy 1, =T x (T1,T5). To establish the solvability
theorem of problem (3.3.17) we shall rewrite it.
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First, extend u € Hi+l’1+l/2(QT:) to Qoo s0 that u € H}2L+l’1+l/2(Qoo) (de-
noted by the same letter) and

||u||Hi+l,1+l/2(Qoo) < C||u||Hi+l,1+l/2(QT,), (3.3.18)

where c¢ is independent of 7T".
Let u#(z,t) = u*(z,t+71"/2) —u(x,t +T'/2) and ¢* (x,t) = q(z,t +T1"/2),
then (u#,q") satisfies the following equations:

(ou” v (z)

1
Au#+—

Vgt =% in Qp,
ot 00(z) 00(z) 9 in Qr

’ (3.3.19)

u# + 2vy (2) K# (2, ) [ID(u*)n = K#(z,t)d* in Gy,

where

[ f# (o t) = Bzt + T'/2) — (Z—ltl(x, t+T')2) + Z)gi Au(z,t+T'/2),
g (z,t) = g(x,t +T'/2) =V -u(z,t +T'/2),
G#(2,t) = G(z,t +T'/2) —u(z,t +T'/2),
b#(z,t) = b(z,t +T"/2) — (u(z,t + T"/2) - n)n]r, (3.3.20)
K#(z,t) = K(2,t +T'/2),
d#(z,t) = d(z, t +T'/2) —

1
— 11 t+1T1'/2
K#(m,t) u(x, + / )|F

—2v1(2)IID(u(z, t + T'/2))n|r.

\

We can see that, for example,
g#ftzo =(g-V- u)‘t:T’/Q =0,
since u is a solution of problem (3.1.2) on (0,7”), and also we have
G#|imo =0, d¥|—9=0, b*|—=0.

Thus f#, g%, G¥, b* and d” satisfy the same conditions as those of Lemma

3.2.1. Repeating the same argument carried out above, one can also obtain the
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solution (u#, ¢#) of problem (3.3.19) on the same interval (0,7") for the same

h and the estimate
||u#||Hi+z,1+l/2(QT,)+ qu#HHi’lm(QT') <c (Hf#HHi’Z/Q(QT/)—i— Hg#HH}ILH’I/QHN(QT')

+||G#||H2’l+l/2(QT/)+ ||b#||H2/2+l’3/4+l/2(GT/)+ ||d#||H,1L/2+l’1/4+l/2(GT/)> . (3321)

Consequently, we obtain a unique solution (u*, Vg¢*) of problem (3.3.17) on
(T"/2,3T"/2).
Due to the unique existence of the solution of problem (3.1.2) on (77/2,T"),

u=u", Vg=Vq on (T/2,T) (3.3.22)
holds. Thus, let
» u on (0,77), » Vg on (0,77,
u = Vg™ =
u* on (77,37"/2), Vg* on (T",31"/2),

then it holds u** ¢ HZ+Z’1+Z/2(Q3T//2) and Vg™ € H,ll’l/z(QgT//g) because of
(3.3.22). Moreover, it is obvious that (u**, ¢**) is a solution of problem (3.1.2)
on the extended interval (0, 37" /2) and satisfies the estimate (3.2.1) on (0, 37"/2)
by virtue of the estimates (3.3.18), (3.3.21).

This means that we can extend the length of the interval by 7" /2, on which
the solution of problem (3.1.2) exists. Repeating this argument up to 7', we
can conclude that a unique solution (u,q) of problem (3.1.2) exists on (0,7
and the estimate (3.2.1) holds.

3.3.3 Proof of Lemma 3.2.2

The trace theorem implies that for any vy € W)™ (Q) there exists u® €
w2 HhIH/2 (@) satisfying the initial condition u®|,_,= vo and the inequal-
ity

||u°||W22+z,1+z/2(Qoo) < C||V0||W21+l(9). (3.3.23)
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The difference U = u — u® satisfies the following equations with the homoge-

neous initial data:

((OU  v(x) 1 ou*  vi(z)
— — AU + Vg=1f— +
ot 00(z) 00(x) 1 ot 0o()

V- U=g—-—V-u*=:¢* inQr,

Au® =:f* in Qr,

U, =0 inQ, U.n=b-n—u*-n=b*-n inGyp,
ITU + 2v(z) K (z, t)[ID(U)n = K(z,t)d — [Tu® — 2v(x) K (z, t)[ID(u®)n
=: K(z,t)d* in Gr,

\

(3.3.24)

and the compatibility conditions reduce to

9°(-,0)=0, b*(-,0)=d°(,00)=0, G°Ir=b*, d*-n=0,
where G* = G — u®. It is easily seen that the conditions above imply f® €
H,*(Qr), ¢ € H,™"*(Qr), g = V-G, G* € H'"(Qr), b* €
H2/2+l’3/4+l/2(GT), d* e H;/2+l’1/4+l/2(GT). By applying Lemma 3.2.1 to prob-

lem (3.3.24) and taking into account the estimate (3.3.23) and Remark A.2.1,

the assertion of Lemma 3.2.2 immediately follows.

3.4 Auxiliary estimates

Before proving Theorem 3.2.1, we begin with auxiliary propositions.

We assume here and in what follows that u € W, HhiH/ *(Qr) satisfies

T2 a5 < (3.4.1)

with sufficiently small § > 0.
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The problem (3.1.1) is rewritten in the form

ou u
20, — v(eo)Au+ Vg =1 (u,9) + 20/ (00) D (w) Viugt
—g(VEf)VEf)Q )Vuoo — BAw00Vuoo + 00bu,
(3.4.2)
V-u= léu)(u), ul,_,=vo, u-n|.= léu)(u)|r7
| u+ 20(00) KIID(w)np= 1 (u) + AKITa(Vugo ® Vaoo)nulr,
where
( VU = (Vsll)v VE,Q)a VElS))’ Au = vu : vu;
IV (w, 5) = v(00) (Au — A)w — (Vi = V)s,
(3.4.3)

(W)= (V-Va) - w=V-LO(w), $w)=w-(n—ny),

1 (w) = 20(0p) (KTID(w)n — K IT,Dy(W)ny,) .

\

In the rest of this section we estimate the right-hand side of (3.4.2), which is
neccesary to prove the solvability of problem (3.1.1).
We use the same notation as that in Chapter 2 §2.4:

t

Ou;

ai; = 04 + bij, bij:/()a_ZdT’ Aij =0ij + Bij, A=1+D5B,
J

where A = (Aij)a B = (Bij)7
Aii = agjarr — ajrarj, Ay = akjQik — ik,

Bi; = bj; + b + bjiber — bjrbrj,  Bij = —bij + bjbix — bijbir

fori,j,k=1,2,3,i#4,j#k, k#1,and L™ (w) = —Bw.
We denote by a;;, b;;, Aj;, Bi; the corresponding functions to another vector

field u'(z,t), and set b;; = b b’ Eij = By; — Bj;. Finally, set

lj’

ou; 0?u;
Du = {a v 5 D2u = 8 81 5
Tj);i=123 LiO%k J i jk=1,23
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0%u;
Ox; oxi |’

Uy

, |D?u|q = Max sup
Z; i,k zeQ

3 9 1/2
| Dy o) (Z ) -
— Wy (Q)

Since, lg“) and léu) are the same as those in Chapter 2, we only proceed to
the estimates of I{™ (w) — I{*)(w), 1 (w) — 18" (w).
DuetoI € W;/QH, we have n € WQE’/ZH(F) It is well known that W5/2+I(F)

is embedded in C**'(T') = {f € C*(")| D*f (Ja| = 2) is Hélder continuous
with exponent '} for 0 <!’ <1 —1/2. Thus one can easily see that

|Du|q = maxsup
LI zeQ

3w]

Lemma 3.4.1 Let u and W' satisfy condition (3.4.1), and let K satisfy the
conditions of Theorem 3.2.1. Then for arbitrary w € W22+l’1+l/2(QT) it holds

HK — Ky HW3/2+l 3/4+l/2 <C\/_Hu H(2+l 1+l/2
||l§u)(w) - l:())u/)( )||W3/2+l 3/4+l/2 <C\/_||ll ||Q+l 1+l/2)|| || 2+l 1+l/2),
ng}l) (W) - L(lu’)(W) ||W21/2+z,1/4+1/2(GT) SC\/THU H (2+1,141/2) || || (2+1, 1+l/2

3.5 Proof of Theorem 3.2.1

We shall solve the problem (3.4.2) by the method of successive approximations:
set (ug,qo) = (0,0) and let (W11, gm+1) (m =0,1,2,...) be a solution of the

problem
( Ou,
6t+1 - V(QO)Aum-‘rl + va-H

=1 (W, Gn) + 2/ (00) Do (W) V00

—g(vﬂ)VSL)QO)VmQO - ﬁAmQOVmQO + QObma

V *Ump1 = lém)(um)a um+1|t 0— Vo, Uyt - n‘r‘: l;(v,m)(um>’[‘7

| Wnst + 20(00) KTID (W s )0 o= 1 (W) + BE I (Vi 00 @ Vi 00) 1 1
(3.5.1)

95



provided that (u,,q,), n = 1,2,...,m, satisfy (u,,Vg,) € W2+l 1+l/2(QT) X
I/VZZ’I/2 (Qr) and the condition (3.4.1). Here V,, = Vu,., Ay = Vi - Vi,
1 = 1) (= 1,4), 1™ = 1" (j = 2,3), D, = Dy, by = bu,,
K,, = K,,,, 1II,, = 1l,,, n,, = n,, . From Lemma 3.2.2 and the estimates
in § 3.4 it follows that (Wmt1, V@ni1) is uniquely determined. In particular,

(u1,q1) is a solution of problem (3.5.1) with m =0, i.e.,

ou v 1 N

— - —(QO)Alh +—=Vq = —i(vmv(l)go)v@o - EAQOVQO + b,
ot 00 00 300 00

V- u; = 07 u1|t:0: Vo, up - n|1": Oa

u; + 2v (o) KIID(wy )n|p= SKII(Voo ® Voo)n|r,

(3.5.2)
where V) = %, and the estimate
1 o 1,1/2) 1,1/2)
<c (§ VIV )V gy V 20V 0
Qr Qr

(&
+ Hb” /2) + ’|V0HW2I+Z(Q) + ﬁHKH(VQo ® VQO)HHW21/2+l,1/4+l/2(GT))

1,l/2)
< atlT) (14 ooz + IBIGY + [Volluz 1) (3:5.3)

holds with ¢;(7") being a non-decreasing function of 7. Thus, if 77 (0 < T} < T)

satisfies

1% 260 (T) (14 ool + IBIGS ™ + IVollwgney) <8 (35.4)
u; satisfies the condition (3.4.1) on the interval (0,77).

Next, suppose that the condition (3.4.1) is satisfied for u,, (n = 1,2,...,m).

Then the differences Z,, 11 := Wni1 — Wy Pt = Gme1 — gm (m=1,2,3...)
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satisfy

( azm—H
00 ot

= 10" (Zu, Pr) + (1 (1, 1) = 1" (@1, G 1))
+2V’<QO) (D (W) Voo — D1 (W—1) Vi—100)

_8
3

_ﬁ (AmQOVmQO - Am—lQOvm—1@0) + QO(bm - bm—1)7

— (00)AZi1 + VP

{(VOVE o) Voo — (VS V5000 Vini00

V- Zir = " (Z) + (1 (1) = " (1))
Zm+1|t:0: 07 Zm+1 . n|I‘: li(%m)(zm) + (l:(sm)(um—l) - l:(),m_l)(um—l)) |Fa

Zinsr + 20(00) KTID(Zyn 0l = 1 (Zin) + (10 (1) = 10" (1t 1))

+ﬁ {KmHm(vaO ® VmQO)nm_-[{m—ll—-[m—l(vm—IQO & Vm—1Q0>nm—1}|1"~

We suppose that the condition (2.4.1) is satisfied for u,, (n < m). Then the
lemmata in §§ 2.4 and 3.4 yield

1/2)

@
@, )| < 00 (12l 57 4 19PN
Qr

- (L/2)
1

(um—h Qm—l) - lgm_l) (um—b qm—l)

T
< o8 (IZall &1 + VPG,
H]D)m(um)vmgo — Dmfl(um—l)vm IQOH 1,1/2)
< C||QO||W22+1(Q) (1 + T1/2_l/2||V0||W2l(Q)> T1/2||Zm|| (2+1, 1+l/2)’

N . 1,1/2)
H(Vf%)vﬁi)é)o)vmgo — (V9 v 1Q0)Vm—190‘

T
< CHQOH?/VM Q)(T1/2 4+ T2 l/2)T1/2HZmH (2+1, 1+z/2)7

vanQOVmQO - Vm 100Vm— 190“ e

< CHQoH%H(Q) (T2 + T1/2—l/2)T1/2HZmH8:1,1+1/2)
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Y

Hb . bm 1|| ll/2 < Tl/QHZm“ 2+l 1+l/2)

m (2+1,1+1/2
||l2 >(zm)||W21+l,1/2+l/2(Q <c5||Zm|| /2,

) () B ) g g, < OBl G4
(0,1/2) (0,1/2)
+ (E(m (Wp1) — E(m_l)(um_l))
ot Or

< C(SHZmHg-H,l—H/?)’
m (2+1,141/2
Hl:(3 )(Zm)||W§,/z+z,3/4+z/2( < C5||ZmH /),
m m—1 (2+1,1+1/2
||l:()) )(llm—l) — l:(,) )(um 1)||W3/2+z Sty S < C5||Zm|| / )7

le(lm)(zm)n L2 a2 < C(sHZmH(Q—H 1+l/2),
Wy (Gr

Hl‘(Lm)(um_l) - L(lm_l)(um 1)||W1/2+l A2 (G < 05||Zm|| (2+L, 1‘H/Q)’

m—11Ln-1(Vin—100® Vi—100)0m-1 HWl/z“’l/““/Q(GT)
T1/2||Z || 2+l 1+l/2).

< T eollfyee1q

Hence, we obtain

N(Zuns1, Past] = |Zonsallgy " + 1V P llgy”
< (T) (6N[Zm, Po] + T2 Z || 3 1“/2>) , (3.5.5)
where ¢,(7') is a non-decreasing function with respect to 7'. Taking into account

the condition (3.4.1) for u,, (n < m), we also have (3.5.5) form =0,1,...
1. Choosing ¢ in such a way that co(7)d < 1/4, we obtain

, M —

N[ZnJrl?PnJrl] < N[Zn,P ] ( )T1/2HZ H (2+1,1+1/2)

| =

< G + CQ(T)TW) N[Z,,P,) <...< G + CQ(T)T1/2)HN[Z1, Py]. (3.5.6)
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Set i1 =Y v g N[Zypi1, Pyta]. Since

m 1 n
S <Nl (3401 ) a1+ lal
0

n—=

1,1/2 (1 "
+ HbH(QT/ ) 4 HVOHW21+l(Q)>Z <Z + CQ(T)T1/2> 7
n=0

it is easy to see that

N[uerl? Qerl] S Zerl + N[ub Q1]

(L,1/2)
<er(®) (14 lleolyzery + IBIS + Vol

X {1 + zmj G + CQ(T)T1/2)n} (3.5.7)

holds. Note that ¢;(T") (j = 1,2) are non-decreasing functions of 7', and
hence the condition (3.4.1) with 77 (0 < 7" < T) for u,,4; is satisfied if
eo(T)T"? < 1/4 and T' < Ty (see (3.5.4) for T1), namely,

T/1/2 . 2C1(T) (1 + HQ()HW2+Z + Hb” ll/2 + “VOHWQI-H(Q)) S 5. (358)

Since the left hand side of (3.5.8) does not depend on m, it follows from (3.5.6)
and (3.5.7) that N[u,,, @] is uniformly bounded on (0,7"). Therefore the

sequence { (W, gn,)} converges to the limit function (u, ¢) in the norm NJ- -]

and this limit is a solution of the problem (3.4.2).

The solution is unique. Indeed, the difference of two solutions w = u — u’,
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T = q — ¢ satisfies the equations

( ow u u I u’ ro
QOE —v(00)Aw + Vr = 1§ )(W,7r) + (1§ )(u,q) — 1§ )(u ,q))
+21'(00) (Dy (1) Voo — Dy (1) Vi oo)
g

-3 {(Vﬁ)VE,j)Qo)Vqu — (fo/)fo})go)Vu/go}
—B(Au00Vuoo — AwooVwoo) + 00(bu — bw),
Vow = i w) + (57 ) ~ 18 (w))
Wliog= 0, wenlp= 6 (w) + (6 () - £ (W)) |1,

w -+ 20(00) KTID(w)n|p= 1§ (w) + (10 (w') — 11 ()

+ﬁ {KuHu<qu0 & VuQO)nu - Ku/Hu’(vu’QO & Vu’QO)nu’} ’p-

\

Applying to this problem the estimate (3.2.2) and repeating the arguments

carried out, we arrive at inequality
N[w, 7] < c(6 + T"*)Nw, ).

This implies (w, V) = (0,0), and the proof of Theorem 3.2.1 is completed.
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Appendix A

Function Spaces

A.1 Anisotropic Sobolev—Slobodetskii spaces

A.1.1 Definitions

We introduce the function spaces used in this paper. Let G be a domain in R"”
and v is a non-negative number. By W, (G) we denote the space of functions

equipped with the standard norm
lulliv; g) = |Z | Dl @) + llull}y, g (A11)
a| <y

where

lulliyy g = 2 1Dl

lar|=

if v is an integer, and

| Du(x) — Du(y)|”
||u||2 Z // |m— [n+2{7} dzdy

lal=]

if v is not an integer. Here [7] is the integral part and {~} the fractional part of
r, respectively. The norm in Ly(G) is denoted by || fllzyq) = ([f; 1f(z)[Pdz)"/?,
Def = ool f/oxS1 025 ... Oz is the generalized derivative of the function

f in the distribution sense of order |a| = a3 + as + ... + a,, and a =
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(1,9, ..., ) € Z" is a multi-index.

The anisotropic space W3/ *(®7) in the cylindrical domain &7 = G x (0, T)
is defined by Lo (0,75 W3(G)) N Lo(G; Wg/Q(O,T)), whose norm is introduced
by the formula

T
g ey = [ st + [ Il e

= [[ulliypoqeyy + ullyor:

W2 (®T) (Q5T),

where WI%(&7) = Ly (0, T; W2 (G)) and We™?(61) = Ly(G; Wa'*(0,T)). Sim-
ilarly, the norm in W, / 2(0, T) (for non-integral r/2) is defined by

[r/2] S2
lul —Z(”
dt d/2y dlr/ 2t — 1) > dr
dt[?‘/2] - dglr/2] ri+2{r/2}"

Other equivalent norms of this space are possible. For [ € (0,1) we set

1/2
1182 = g2 RETPTNG
o whl/2(@p) T ) 1L2(&7) ’

1,1+ (&
LI = 1A s,y + (IAIE)
1/2

fe (l l/2 2
+ZOWﬂ|)+ww¢mwm

la|=2 te(0,T

For any finite 7' > 0 these norms are equivalent to the norms in the spaces

WZZJ/2(®T) and WQQH’H[/ *(&7), respectively. Let also

1/2
1192 = g NENPNG
w2 (@) T Tl Ly(&7) :

If G is a smooth manifold (in this paper the boundary of a domain in R3

may play this role), then the norm in WJ(G) is defined by means of local charts,
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1.e., a partition of G into subsets each of which is mapped into a domain of
Euclidean space where the norms of Wy are defined by formula (A.1.1). After
this the spaces W"/*(1) on &7 = G x (0,T) are introduced as indicated
above.

The same symbols WI(G), W3/ (1) are used for the spaces of vector
fields f = (f1, f2,..., fn), etc. Their norms are introduced in standard form;

for example,

I£l%;0) = D I fillivge)-
i=1

A.1.2 Well-known properties
We describe the well-known inequalities of norms in Sobolev—Slobodetskii spaces
(see Lemma 4.1 of [38]).

Lemma A.1.1 For any f € WX(Q), g, h€ WiTH(Q), QC R3, 1€ (1/2,1)

HfQHWQZ(g) < CHJCHWZI(Q)HQHWQW(Q)’ (A.1.2)
||9h||W21“(g) < C||9||W21+l(g)||h||W21+l(g)' (A.1.3)

These estimates also hold in the case n = 2, when the index [ may be replaced
by I —1/2.

For functions f, g depending also on ¢ € (0,7") we obtain the inequalities

||f9||w21»0(q5T) < COZI;ET ||9||W21+l(g)||f||w21»0(q5T)a (A-1-4)
HngWZZ’O(@T) < CoiltlgT HfHWQZ(g)HQHW;‘H’O(@T)? (A'1'5)
thHWQHZvO(@T) < CO??ET H9HW21+Z(Q)‘|hHW21+l’O(®T)' (A.1.6)

And also for f € W)*(&7) and g € WAH(G)

L,l/2 1,l/2
1£9l%" < el flley gl (A.L7)

holds.
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A.2 Weighted Sobolev—Slobodetskii spaces

A.2.1 Definitions

We denote by H,"/>(®1), h > 0, the space of functions u(z,t) with a finite

form

||u||i[}7;,r/2(®T) - ||u||?;I;7O(Q§T) + ||u||2H}(_)L’T/2(Q§T)’

T
2 _ —2ht 2
L A P
T
2 r —2ht 2
=h dt
L

n Te—2htdt || 0P (-, t) A Phug (-t — 1)
A | o Dt 7]

2

dr

Flr2{r)’

L>(G)

if 7/2 is not an integer. Here, uy(z,t) = u(x,t) for t > 0, uy(z,t) = 0 for ¢ < 0.

Remark A.2.1 For T < oo, the space H,"/*(&1) can be identified with the
subspace of W3"/?(&1) consisting of functions u(z, t) that can be extended by
zero into the domain ¢ < 0 without loss of smoothness. In the case » > 1 this

implies that u € H]"/*(&7) satisfies

ik -1
Y =0, forv=0,..., r .
ot |,_g 2

Equivalent norms of these spaces are also possible. In the cases & =
Dio =R} % (0,00) or &7 = Doy = R? x (0,00), it is convenient to use the

following spaces: for v > 0

+oo
11n. = [ ¢ [ 17 n+ig)Prias
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and

p= > [0 [ (di%)jf@',-,hmso){

J<v

2 .
[P0 dg
La(Ry)

dép.

2
Wy (R+)

+ [ Lo [T i)

These norms are equivalent to the norms in H;""*(Ds) and H}"*(D. )

defined above, respectively (see [38]).
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