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Preface

Malliavin suggested a new stochastic analysis at an International Symposium at Kyoto
University in 1976. It was not enough accurate mathematically at the time. However,
Ikeda and Watanabe noticed the importance of his idea. After that, by the contribu-
tions of many mathematicians including many Japanese, the analysis was progressed
dramatically and established fully as a new method of stochastic analysis, which is called
Malliavin calculus now. Malliavin calculus is another version of the theory of Sobolev
spaces. In Malliavin calculus, one discusses integrals and differentials on infinite dimen-
sional Gaussian spaces instead of Euclidian spaces with the Lebesgue measures. Because
of fine properties of Gaussian measures, one can make analogies of the theory of Sobolev
spaces, though Gaussian spaces might be infinite dimensional. It is also called “Analysis
on Wiener spaces.”

Malliavin calculus was established in order to know regularity properties of distribu-
tions of solutions of stochastic differential equations. Thereby we can see that the density
has regularity according to the smoothness of the coefficients of the stochastic differential
equation. The first result on this fact was proved by Kusuoka and Stroock [13, 14, 15].
Their theory was simplified and made arrangement later by many mathematicians, which
can be found in [24]. On the other hand, there are variety of Malliavin calculus, because
many mathematicians had tried to formulate original Malliavin’s idea. One of them was
given by Bismut [1]. After that, many applications and extensions of Malliavin calculus
were established, one of which is Malliavin calculus to stochastic differential equations
on manifolds (c.f. [26], [2]). Another important extension is Malliavin calculus for Lévy
processes (c.f. [6]). This is useful for mathematical finance, and is a hot topic right now.
A result of the present author [17] is related to this theory. There is an application to nu-
merical analysis (c.f. [12]), which is also for mathematical finance and plays an important
role in practical business.

The aim of this thesis is to apply Malliavin calculus to stochastic differential equations
which have never been attacked. Two results are shown. The first result [16] is an
application of Malliavin calculus to stochastic differential equations whose coefficients are

not necessarily Lipschitz continuous. In Malliavin calculus, Lipschitz continuity of the



coefficients is always assumed. If one tries to apply Malliavin calculus to equations with
non-Lipschitz continuous coefficients, many difficulties will occur. The second result [17] is
an application of Malliavin calculus to stochastic differential equations driven by rotation-
invariant stable processes, where we mean stable processes in the sense of [23]. The theory
by Di Nunno et al [6] can be applied to the equations driven by square-integrable Lévy
processes. However, the present author makes another formulation of Malliavin calculus
for such stable processes, because their theory is not applicable to the problem concerned.
The formulation given by the author is also applicable for subordinated Brownian motions.
Here, we mean subordinated Brownian motions in the sense as in Section 4.4. In this
thesis, after a short review of Malliavin calculus for Brownian motions, the problems

mentioned above will be discussed.
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Chapter 1
Introduction

Malliavin calculus is well known as a method to prove regularity properties of distributions
of solutions of stochastic differential equations, and one of the most important results is
that regularity of the density of a stochastic differential equation is inherited by the
smoothness of their coefficients under some suitable conditions of ellipticity. The present
author applies Malliavin calculus to stochastic differential equations which it have never
been applied to, and obtains two results.

The first result is to apply Malliavin calculus to equations whose coefficients are not
necessarily Lipschitz continuous. Let T > 0, d and r positive integers, (B(t)) an r-

dimensional Brownian motion, and
o= (J;‘)izl,,..,d,jzl,...,r € G([0,T] x R;RY®@ RT),
b= (bi)izl,...,d € Ob([(), T} X Rd; Rd).
We consider the d-dimensional stochastic differential equation:

X () = o(t, X (£))dB(t) + b(t, X (£))dt,
X(O) =X € RY.

We assume that this equation has some conditions about ellipticity, for example uniformly

elliptic, Hormander condition, and so on. As we see in Section 2.3, if n € N,
o€ G0, T x RERY®@RY),  be G"([0,T] x RGRY),

then the distribution of the solution P o X (¢)~! has its density, which belongs to CJ*(R?).
Concerning the existence of the density, as we see in Section 2.4, there is a result of
Bouleau and Hirsch [4]. This result implies that under some conditions about ellipticity

and Lipschitz continuity with a constant K

]a(t,x) - U(tay)‘ + ‘b(tax) - b(tay)’ < K|$ - y|7 xr,y € Rdat € [O7T]7



then the distribution of solution P o X (¢)~! has its density function.

Roughly speaking, under some conditions about ellipticity, it seems that the solution
has its density, even if Lipschitz continuity is not satisfied on the coefficients. The author
considers if the solution has its density or not when the coefficients are not Lipschitz
continuous. However, when stochastic differential equations whose coefficients are not
Lipschitz continuous, the solutions would not belong to any Sobolev space in general.
Hence, we prepare the class V}, which is larger than Sobolev spaces, and considered the
relation between absolute continuity of random variables and the class V},. This relation
is associated with a theorem of Bouleau and Hirsch. Moreover, we obtain a sufficient
condition for solutions of stochastic differential equations to belong to the class V},, and
show that solutions have their densities in a special case by using the class V.

The second result is a formulation of Malliavin calculus for stochastic differential
equations driven by subordinated Brownian motions. As we see in Chapter 2, Malliavin
calculus is well known as a method to know regularity properties of distributions of so-
lutions of stochastic differential equations driven by Brownian motions, and we can see
that the densities of the solution has the regularity according to the smoothness of the
coefficients of equations. There is a natural interest in applying to the equation driven by

stable processes. Consider the following N-dimensional stochastic differential equation:
dX () =Y " ou(t, X (t—))dZy(t) + b(t, X (t))dt
k=1

X(0) = zo,
where {Z;} are independent rotation-invariant stable processes, and the coefficients are
Lipschitz continuous. The indices of the stable processes may be different. The definition
of the stochastic integral can be found in [9], and the detail of the definition is given in
Section 4.4. If the equation satisfy some conditions about ellipticity, it seems that the
distribution of the solution has its density function at each time.

On the other hand, there is Malliavin calculus for Lévy processes (c.f. [6]). The
method works in mathematical finance very well. However their theory is not applicable
to the problem concerned. Another idea is needed for the problem concerned here.

By using subordination, the classical formulation of Malliavin calculus is applicable
to functionals of rotation-invariant stable processes. This method enables us to prove
that the ellipticity of a stochastic differential equation driven by subordinated Brownian
motions implies existence of the density of the solution. In this thesis, we mean subor-
dinated Brownian motions in the sense as in Section 4.4. We can find Malliavin calculus
for equations driven by subordinated Brownian motions in [18]. In [18] the case that the
number of subordinators is one and the subordinator is an increasing Lévy process with

some condition is considered.



We consider the case including that the number of subordinators is more than one and
the subordinators are not necessary increasing Lévy processes. We prove our theorems
in a similar way to [24], and show regularity properties of distributions of solutions of
equations driven by subordinated Brownian motions. The proof consists of two parts. One
is Malliavin calculus for stochastic differential equations driven by Brownian motions with
deterministic time change, and the other is the inheritance of the regularity of densities
from those of conditional probabilities. That is because the discussion is simplified by
considering the equation under the conditional probability given by the o-field generated
by the subordinators. Hence we make two steps to prove it. In the last section, we
consider the case of stochastic differential equations driven by stable processes. We show
that the ellipticity of equations driven by stable processes implies existence of the density
of the solution. Moreover, in the case r = 1, we can also prove the regularity of the
density according to the regularity of the coefficients.

In this thesis, we discuss the results. Before stating the results, we give a short review
of Malliavin calculus for Brownian motions in Chapter 2. We discuss the first result and

the second result mentioned above in Chapter 3 and in Chapter 4, respectively.



Chapter 2

Review of Malliavin calculus

In this chapter, we review the standard formulation of Malliavin calculus given in [24]. [19]
and [6] are also elementary textbooks of Malliavin calculus, but the notation is different

from [24]. In this section, we use the notation of [24].

2.1 Preliminaries

Let B be a Banach space, B* be the dual space, and (, ) be the pairing of the components
of them. For a Hilbert space H, we denote the inner product by (, ) and the norm by
| - |- We often identify a Hilbert space and the dual space.

First we give the notation of functional spaces. Let
Co([0,0); RY) := {w; w is R%valued continuous function, w(0) = 0}

The probability measure on Cy([0, 00); R?) which is the law of a d-dimensional Brownian
motion is called the Wiener measure. The pair (Cy([0,00); R%), 1) is called the Wiener
space.

Let T' > 0. We restrict the Wiener space on [0, 7] and consider (Cy([0, T]; R?), ). We
define a Hilbert space Hp by

Hr = {heCy([0,T];R?Y); h is absolutely continuous
with respect to the Lebesgue measure and i € L%([0,T]; R%)}.

Here h means the derivative of h. Then Hy is embedded in Cy([0,T]; R%) continuously
and densely. The triplet (Co([0, T]; R%), Hp, i) is also called the Wiener space.

As an extension of the Wiener space, we have abstract Wiener spaces as follows.



Definition 2.1.1 Let B be a separable Banach space and H o Hilbert space embedded in

B continuously and densely. Let o be a Gaussian measure on B satisfying that

u’}, @€ B*CH.

1
[ eV Tlw o) uldu) = expl~ 3¢
B
The triplet (B, H, p) is called an abstract Wiener space.

Then we have

2
H*-

/B (w, )2 u(dw) = |1

B* is a subset of H* by the embedding (* : B* — H*. Thus the mapping from H* to a
subspace of L?(u) is isometry. Therefore we can define (w, h) for h € H. If h,k € H are

orthogonal, then

a"}.

/Bexp{\/—_1<w, h+ k) }u(dw) = exp{—%|h H*Q}exp{—%ﬂf

Therefore (w, h) and (w, k) are independent under .

Second we define H-derivative which plays the most important role in Malliavin calcu-
lus. Let K be a separable Hilbert space, and E?Q)(H ;R) be the n-linear Hilbert-Schmidt
class operators on H x ... x H. E?Q)(H :R) is a Hilbert space with the inner product

(8. T) gy, rimy =
i1

where {e;} is H a complete orthonormal system.

Definition 2.1.2 K-valued function F' on B is H-differentiable at x € B if there exists
an h* € H* such that

@) =n), hen
dt t=0

We call h* an H-differential of F' at x, and denote it by DF(x).

We define the class S by the total set of F' satisfying that

F(z) = f((z, 1), (z,0n)) (2.1.1)

where n € N, pq,...,¢, € B*, f € C*°(R"), and all the derivatives of f are growing in
polynomial order. We can define the class S(K) of K-valued functions similarly.
We define LP-norm for K-valued functions F' on B by

Il = ( [ 1) %u(daz))’l’.



Let LP(B, u; K) be the completion of S(K) by LP-norm. Then H-derivative D can be
regarded as a closed operator from LP(B, u; K) to LP(B, u; L2y(H; K)).

Now we define Sobolev spaces with respect to H-derivative.

Definition 2.1.3 For k € N, we denote the completion of S with respect to the norm
Zf:o [|D'f|], by W*P, and call them Sobolev spaces.

Next we consider H-derivative of stochastic integrals. Let (By(t);[0,7]) be inde-
pendent d-dimensional Brownian motions associated with (B, H, 1) and (.%;) the o-field
generated by (By(s);0 <s <t k=1,2,...,7).

We define some classes of stochastic processes. Let (Co([0,T];R?), Hr,p) be the
Wiener space, K a separable Hilbert space, and p > 1. In this section, we use E[|
as the expectation with respect to the Wiener measure.

We define £P(w; K) by a class of R‘@ K-valued (%;)-adapted processes ® = (&, @y, ..., D )
satisfying that
1/p

I |¢><t>|§d®Kdt}p/2] <o

where |®(t)|gegx means the norm of ®(¢) on R? ® K defined by

’ Rd®K Z ’@

Then, £P(w; K) is a Banach space with the norm ||-||zr(w;k), and we can define stochastic

|| o iy = E

integral for elements of £P(w; K).
We define £P(dt; K) by a class of K-valued (#;)-adapted processes ¥ satisfying

T
[leriai i= | EIW@)dt < o
0

We define LF(w; K) by a class of R® K-valued (.%;)-adapted processes ® = (&, @, ..., &)
such that ®(¢) € W™P(R? ® K) for all t, D¥® € LP(w; E’&)( K)) for k =1,2,...,n

and
n 2 1/1’

T p/
Z{/ D" ()[R HKdt} < 0.
om0 0 (2 )

We define £™P(dt; K) be a class of K-valued (.%#;)-adapted processes ¥ such that
U(t) € WnP(K) for all t, DV € E”(dt;ﬁl&)([{; K)) for k=1,2,...,n, and

[|®|cnp(ur) = E

|| zrop a1y := Z/ [[DFw( (2)(HK)] Pat < oo.



Using the classes mentioned above, we can give the proposition about the H-derivatives

of stochastic integrals as follows.

Proposition 2.1.4 Let A = (A1, As,..., Ay) € LP(w; K), B € L"P(dt; K), and T =
(['(t);0 <t < T) K-valued (F)-adapted processes such that T'(t) € W™P(K) for all t,
DFT is EfQ)(H; K)-valued (%)-adapted for k =1,2,...,n, and

E [ sup |D*T(t) < 0.

Ek
k=0

0<t<T () H:K)

Let

t

d t
U(t) = Z/O Ai(s)dw' + | B(s)ds +T(2).

0

Then, U(t) € W™P(K) for allt, D*W is E’(CQ)(H; K)-valued (%;)-adapted fork = 1,2,...,n,

and
DU (t)[n] = Z/t DA (s)[h)dw} + ) /t R'(s)A'(s)ds + /t DB(s)ds + DT(t), h € Hr,

where DU (t)[h] means the value D¥(t) at h.

2.2 Smoothness of distributions on Wiener spaces

In this section, we consider regularity property of Wiener functionals. The results of this
section are of the H-differential version of the theory of Sobolev spaces with the Lebesgue

measure. Let (B, H, 1) be an abstract Weiner space.

Theorem 2.2.1 Let p > N. For an Wiener functional F : B — RN, we assume that
there exists a vector K = (K1, Ka, ..., Ky) satisfying that

E[dj¢po F|=E[(po F)K;], ¢€C¥, j=12,...,N.
Here C% s the total set of functions in C* with compact support.

(i) If K € LP(u), then the image of the measure p = po F~' has a bounded continuous
density function f € Cy,(RYN) and there exists a constant C = C(N, p) such that

1flleymay < ClIE[Zo-

10



(ii) Assume further that for Hy € LP(u), there exists an Re-valued function
H = (Hy,H,...,Hy) € LP(u) satisfying that

El(9;6 0 F)Ho) = E[(¢0 F)H,), ¢€C¥, j=1,2

5 goeeey

N.

Then v = (Hop) o F~! has a bounded continuous density function k € Cy(R”Y) and
there ezists a constant C = C(N,p) such that

N 1-N 1—1
Elley@ay < ClHI| Lol Holl Lo gy 1 e, rovy -

(iii) Let a be a multi-index. If, in addition, for 0 < |a| < n there exists H, € LP(u)
satisfying
E[(0a¢ o F)Ho] = E[(¢ 0 F)Hs], ¢ € CF,

then k € C~Y(RN) and there exists a constant C = C(N, p) such that

1—-1
1kllgp=1 oy < C | 1Hollzo + D 11 Hallzeg | 11]]ey Ry

0<|a|<n

Next we consider non-degeneracy of Wiener functionals.
Fix F = (FY,F? ..., FN): B — RV,

Definition 2.2.2 Let p > 1 and F € WY (RY). We define A : B — RN @ RN by
Ay = (DF', DF7)y-.
A is called Malliavin’s covariance matriz.

Then the non-degeneracy can be expressed as the integrability of (det A)~'. We can
know the diffusivity from it.

Now we give a formula of the integration by parts formula. Set

®,G := D* (i(det(Al))ijDFjG> :

j=1

where D* is the dual operator of D in L% For a multi-index o = (ay, o, . .., an) let
Q.G =P o DPF?o... 0 PNG.

These definitions depend on F. We have an estimate of ®, as follows.

11



Proposition 2.2.3 Let k=0,1,2,..., p > 1, a multi-index. We define
1 5 3
Mo, k) = =|a|” + z|a| + klal.
2 2
Let v > 1. Assume that F € WkHel+LAND - A=1 ¢ [20(y)) and G € Whtlalr,

Then ®,G € Wk where s is defined by
1 Mo,k 1
1_ Mk 1

Y

5 P r

and there exists a constant C = C(N, k,p) satisfying

OINM (k) (| A 11 M0k
120G lks < CUDFI A 2p ™G litfol
In particular, if G = 1, it holds for r = oo, ||G||nr = 1.

We can describe the integration by parts formula.

Proposition 2.2.4 Let p,r > 1 satisfying 1 > % + 1. IfF e W22NP(RN), (det A)~! e
L%, and G € WY, then

E[(0;¢00 F)G] = E[(¢p o F)®;G], ¢ € CFRY), j=1,2,...,N.

Furthermore, for multi-index «, we choose p and r such that 1 > @ + % If F €

Wlel+LANe - A=L € [20(1), and G € WebT | then
E[(0a¢ 0 F)G] = B(¢ 0 F)®,G], ¢ € CF(RY).

The integration by parts formula is a remarkable idea of Malliavin. It is also called
Malliavin’s trick. From the results above, we can conclude the following theorem about

existence of densities and their regularities of Wiener functionals.

Theorem 2.2.5 Let p > N. If F € W*¥"P(RN) and A™' € L, then po F~' is
absolutely continuous with respect to the Lebesque measure, and its density function f
belongs to Cy(RYN) and there exists a constant C = C(p, N) such that

2 _
11,y < ClIDF s, AT

Letn € N, M =n?/2+3n/2. Assume that F € WnTHANMp gng A=Y € L2MP(y). Then,
it follows that f € C7 ' (RN) and there exists a constant C' = C'(p, N,n) such that

- -7
[ fllop-rgy < C (14 DN AT 350) Il Gy

12



2.3 Malliavin calculus for stochastic differential equa-

tions

In this section we give applications of Malliavin calculus for stochastic differential equa-
tions.

Let (Bg(t);[0,T]) be independent d-dimensional Brownian motions and (.%;) the o-
field generated by (Bk(s);0 < s < t,k = 1,2,...,7r). We consider the following N-

dimensional stochastic differential equation:

dX(t) = ;Uk(ta)((t_))dBk(t) +0(t, X(t))dt (2.3.1)
X(0) = xo,

where {o}} are R? @ RY-valued measurable functions on [0,7] x RY, b is also an R"-
valued continuous function on [0,7] x RN, and zy € RY. Moreover they satisfy with a

positive constant K
ml?x |O-k:(tax> - Uk(t7y>| + |b(t,{1)) - b(tay)| < K|fL’ - y|7 T,y € R'N7 te [O’T]
Then we have the following theorem.

Theorem 2.3.1 The equation (2.3.1) has the unique (%;)-adapted solution X = (X (t))
satisfying that

? M
E | sup [X@®)|P| < zoe™,
0<t<T
for all p > 1 where M is a constant depending on r,p and K.

Now we apply Malliavin calculus to the solution X = (X (¢)) of the equation (2.3.1).

Theorem 2.3.2 Let n € N. We assume that o, € C."([0,T] x RV;R¢ @ RN) for
k=1,2,...,7, be CP"([0,T] x RY;RN). Then we have X (t) € W™P(RN) fort € [0,T],
and there exists a constant M depending on r,p,n and the bounds of the spatial derivatives

of o, and b up to order n such that
X (8)||np < moe™*, ¢ €[0,T].

Next we consider the relation between the ellipticity of equations and the non-degeneracy

of Malliavin covariance matrices.

13



Theorem 2.3.3 We assume that o), € Cg’l([O,T] xRY;RE@QRY) fork =1,2,...,7,
be CPH[0,T] x RN;RN), and that there exists a positive constant € such that

Zak(o,xo) ‘01.(0,29) > €.

k=1
Then, Malliavin covariance matriz A(t) = ((DX*(t), DX? () 1+ )ij 1s invertible, and there
exists a constant C' satisfying that for all p > 1

Eldet(A(t))™?] < CtNPe® t € [0,T].

Thus, applying Sobolev’s inequality with respect to H-derivative, we have the following

theorem.

Theorem 2.3.4 In (2.3.1) we assume that o}, € CY"*([0,T] x RV;R? @ RN) for k =
1,2,...,7, b€ CY"2([0,T] x RN;RN), and there exists a positive constant ¢ such that

Zak(o,mo) ‘01(0,20) > €.
k=1
Then the law P(t,xq,dy) of X(t, o) is absolutely continuous with respect to the Lebesque

measure and whose density function p(t,z,y) has the estimate

max sup }Vlyp(t, Zo, y)’ < cymin{g;(t);i =1,2,...,r} “exp {02 (t + Z gzﬁk(t)) }
k=1

0<i<m , cRa

(2.3.2)

with positive constants cy, ca, c3. Moreover, if there exist positive constants € and ty such
that

> ow(t,x) oi(t,x) > e, te0t], xRV,
k=1
then we can choose constants ¢y, cq, c3 in (2.3.2) dependently only on tg.

There are further known results. In the last theorem, we assume the non-degeneracy
of the diffusion coefficient at starting point. However, this condition can be relaxed to
Hormander’s condition. The result is also seen in [24]. On the other hand, there is a
similar theorem for Itd’s equations in [13]. It6’s equations mean stochastic differential

equations whose coefficients depend on the past.

14



2.4 The method for absolute continuity by Bouleau
and Hirsch

Bouleau and Hirsch studied existence of densities of solutions of stochastic differential
equations when the coefficients have less regularity. They also used Malliavin calculus,
and they applied coarea formula instead of the theory in Section 2.2. In this section, we
give the outline of their theory.

The following theorem is the coarea formula. The precise arguments of the coarea

formula can be found in [7].

Theorem 2.4.1 Let m and n be positive integers satisfying that m > n, and H™™" be the
(m — n)-dimensional Hausdorff measure on R™. We assume f: R™ — R is Lipschitz

continuous, and let J, f be the Jacobian of f. Then we have

[ o= [ ([ o) ay

for all Borel measurable positive function g on R™.

The idea of Bouleau and Hirsch is to apply the theorem to Gaussian measures. Any
non-degenerate finite-dimensional Gaussian measure is absolutely continuous with respect
to the Lebesgue measure. Furthermore, the symmetrization of the Jacobian is associ-
ated with the Malliavin covariance. Thus, the absolute continuity follows from the non-
degeneracy of Malliavin covariances. By the method, the following theorem is obtained.

It is a simple version of a theorem given by Bouleau and Hirsch.

Theorem 2.4.2 We consider the stochastic differential equation (2.3.1), and assume that
{ok; k =1,2,...,r} and b are Lipschitz continuous in the spacial component. And there

exists a positive constant € such that

> k(0 20) ok (0, 29) > €.

k=1

Then, the law of X (t) is absolutely continuous with respect to the Lebesgue measure.

Bouleau and Hirsch also used the result of the previous section for the non-degeneracy
of Malliavin covariances.

Bouleau and Hirsch obtained further results. In the above theorem, we assume the
non-degeneracy of the diffusion coefficient at starting point. However, this condition can
be weaken to Hormander condition. We remark that Hirsch showed a similar theorem for

[t6’s equation in [8].

15



Chapter 3

Existence of densities of solutions of
stochastic differential equations by

Malliavin calculus

In this chapter, we discuss application of Malliavin calculus to equations whose coefficients
are not necessarily Lipschitz continuous. We will introduce a class V}, of random variables
and discuss it in Section 3.1, and the relation between the solution of stochastic differential

equation and the class V}, in Section 3.2.

3.1 Analysis in class V},

First we introduce a class of random variables. When we consider stochastic differential
equations whose coefficients are not necessarily Lipschitz continuous, the solutions would
not belong to any Sobolev space in general. So we need a larger class than Sobolev space.

Let (2,.%, P) be a probability space which is an orthogonal product measure space of
an abstract Wiener space (B, H, i) and another probability space (€', .#’,v). Of course,
our argument includes the case that ' is trivial, for example, ' = {0}. Throughout this
chapter we identify w € Q as (z,w') € B x 0.

Let F' be a random variable on (£2,.%, P). When the limit

1
lim E(F(x +eh,w') — F(z,u"))

exists for h € H, then we denote this limit by Dy F'(z,w'). D, is regarded as the derivative
in direction h.

We prepare some notation. Let h € H be fixed and {h;} a complete orthonormal

16



normal system of H* such that h = hy. Since B* C H* is a continuous embedding,
B>z ((z,hy),{x,ha),...) € R®
is injective. Here we denoted (z, h) in the sense of Wiener integral of 1-order. Hence let
y={(x,h) €R, T=((x, he),(x, hs),...) € R™,

then we can identify = as (y, ).

Next we describe the measures of y and Z. By the orthogonality of {h;} in H*, if
k # j, (%, hi) and (Z, h;) are independent under p. Since {(x, hy)} is a Gaussian system
under pu, {(z, hi) } are independent. In particular, y = (z, hy) and & = ((z, ha), (z, hs3),...)
are independent under p. We regard the measure space (B, p) as an orthogonal measure
space for y and . Moreover we have the following decomposition:

- 1
B=R x B ,u%’
’ V2

Here we used the fact that y = (z, hq) has a normal distribution with mean 0 and variance

2
e~ Tdy ® fi.

1 under . We denote partial derivative with respect to y by 0,.

Definition 3.1.1 We define V,,(BxQ') by the total set of random variables F' on (Q, F, P)
such that there exists a random variable F on (Q, F, P) satisfying that F' = F a.s. and

~

F(z+th,w') is a function of bounded variation on any finite interval with respect to t for
all z and w'. If Q' is trivial, for example, ' = {0}, then we denote it by Vi, (B) simply.

Now we give a criterion for a random variable to belong to the class V},.

Theorem 3.1.2 Let (2, %, P) be a probability space which is an orthogonal product mea-
sure space of an abstract Wiener space (B, H, 1) and another probability space (¥, 7" v).
Let p > 1, h € H, and F € LP(Q,.%,P). We assume that there erists a sequence
{F,:n €N} in LP(Q,.Z,P) so that

(i) F, converges to F' almost surely,
(ii) {F.} are uniformly bounded in LP(Q), F, P),

(ili) Fn(x + th,w') is absolutely continuous in t with respect to the one-dimensional

Lebesgue measure for all x and n,
(iv) {DyF,} are uniformly bounded in L*(Q, .7, P).

Then F € Vi (B x ).
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Proof. To simplify the notation, we assume that |h|g = 1. Since {F,} are uniformly
bounded in LP(Q2, %, P), {F,} are uniformly integrable. Since F), converges to F' almost
surely, F, also converges to F in L'Y(£,.%, P). For given a positive number M let us
define a function ¢ € C*°(R) such that

L if |y < M,

0<¢<1, 0<¢ <2 ¢<y)_{o if |yl >M+1

Then for ¢, s € [-M, M] we have

/,//'F“”W (y +1) = Fly +5,3,)(y + 5)|

e (—%) dyi(dT) ()

~ lim / | /B /R Foy + £, 7,0)6(y + 1) — Foly + 5,5, 0)b(y + 9)|

X

n—oo

x L exp (—y—2> dyji(dF)(de)

V2 2
< hTrLrilorolf \/—_ /Q/ /B /R |Fn(y + t,i",w')gb(y + t) — Fn(y + s, gf,w')gb(y + S)|
xdyi(dz)v(dw')
= liminf —— y+0,z,w)o(y + v)|dv| dyi(dz)v(dw')

gliminfﬁfs /Q//B/R](GyFn(y—l—v,i,w))QS(y—l—v)+Fn(y+v,f,w)¢(y+v)’

X dyp(dz)v(dw")dv
. . ]' ¢ ~ ! ~ / /
—timint—— [ [ [ [ 10,705,000+ Fa(0.2.0)0 )
X dyp(dz)v(dw")dv
(M+2)
< st [ [ ] o | HOF 500+ 1Fuly, 6 W)
xdyi(dz)v(dw')
<ot st [ [ [ 0, )+ 1B )]
/ (M+2)

% \/127 exp (-%) dyji(di)v(d)

(M+2)
< 2e

sup( [ Enllzi) + [[DnFnllLi@) )-

Therefore for s,t € [—M, M]

/ /B/R [Py + 1.2,y + 1) = Fly +5,3,0)0(y + 9)

18



2
\/12_7T exp (—%) dyi(di)v(dw')
< Cult — s, (3.1.1)

X

where C)y is a constant depending only on M and sup,,(||F||1 ) + || Dadol|Lr)). We
define a functions {F})"} on B x Q by

1

F'(y, ,w") :—2’”/02 Fly+v,2,0)¢(y +v)dv,  m=123,....

y ~, /
1 1 1, 1
<y+2—maxaw>¢<y+2—m>—F(?J+Waxaw)¢(y+2m+l)'
g 1 s

o 1 i o

— 2m+1 /
R

1
m—+1
= gm / 10, / U F(y + u,@,0) oy + u)duldy
R 0

- / 10, F (4, 7, dy.
R

This means that { [ |0, F}"(y, #,w')|dy} are increasing in m. Thus, from (3.1.1), it follows
the inequality

/ , /B (Sgp /R lang”(y,:%,w’)\dy) [i(dE)v(dw')
- Slnlwp///]; (/RQ " (‘“ zim > ¢ (y+ 2%) - F(?/,f,w’)gzﬁ(y)‘ dy>

X fi(d)v(dw')
< V2rexp ((M+ D ) sup {2m

(o gm) oo )

P00 <= e (-2 ) dui(anyv(a)

/
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< V271 exp ((MTH)Q) Chr.

This implies that for i x v-almost all (Z,w’)
sup/ 0, F3" (y, %,w")|dy < oo.
m JR

On the other hand, by the definition of F}", there exists a function F(-, 7,0 for all (7,w')
so that

lim F(;n(y,i,w/) = F(y,z,u")o(y),

m—00

F(,#,W) =F(-,%,u), dy-a.e.

Hence, by Corollary 5.3.4 of [30], F'(-,Z,w")¢ is a function of bounded variation on R for
fi X v-almost all (Z,w’). For fi x v-almost all (#,w) and for all M > 0, F(-,%,u') is a
function of bounded variation on [—M, M], from which we have that F' € V,(B x @'). O

Example 3.1.3 Let (2,.%, P) be a probability space, L a Lévy process on (), %, P),
FL a o-field generated by L, and F an % ’-measurable random variable on (Q, 7, P).
Then, from the Lévy-Itd6 decomposition and A3.2 in [29], we can regard F' as a random
variable on a product space generated by a space (W, ZB(W), i) of the part of Brownian
motions and a space (£,.%,v) of the jump part. We denote the Cameron-Martin space
associated with (W, Z(W),u) by H. Now let h € H and p > 1. Assume that there
exists a sequence of random variables {F,, : n € N} in LP(W x ', p ® v) so that {F),}
converges to F almost surely and {Dy,F,} are uniformly bounded in L*(W x ',y ® v).
Then F' € V,(W x ).

Now we give an application of V}. The following theorem tells the relation between

the class V}, and the absolute continuity. It is associated with that of Bouleau and Hirsch.

Theorem 3.1.4 Let (2, %, P) be a probability space which is an orthogonal product mea-
sure space of an abstract Wiener space (B, H, 1) and another probability space (Y, F' v).
Let F be a random variable such that F € V(B x ). If F is the modification of F
appeared in the definition of V(B x ), then the measure

(IDLE|P) o F!

15 absolutely continuous with respect to the one-dimensional Lebesque measure.
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Proof. Since F (-, &,w') is a function of bounded variation on any finite interval, a limit

function

exists, which is a right-continuous version of F'(-,%,w’). Hence we have
F=F P-ae.

Fix a constant M > 0. To translate the domain, we define a function F(y,z) on
0,2M] x B x Q' by

Fu(y,2,0) = F(y — M, %,4'), ye[0,2M], i € B, ' €.

Then for every nonnegative continuous function f on R we have
M ~ AN
L[] rEwawio,f.swlddn()
rJBJ-Mm
IV -
[ [ [ tFut iz Fu.s @), 612
rJB Jo

Now we interpolate the discontinuous points of Fy(y, #,w’) linearly with respect to
y, and make a continuous function. First we fix 7 and w’. Let C C [0,2M] be the set
of continuous points of F;(y, #,w') with respect to y, and {&} C [0,2M] discontinuous

points of Fy(y, ¥,w) with respect to y. Set

j;f7w/ . [O,2M] — ]R,7
jfc,w’(y) = FM(ya j’)w’) - FM(/y_v 5:7 w/)>

where
FM(@/_7 ia w ) - hﬁ)lFM(y — &, x,w'),
and
Jiw 2 [0,2M] — R,
Jo@) = 3 L&)
0<€r<y
Define 7 by

7 [0,2M + i (2M)] — [0,2M],
gy [ € 0 2M ]t T w) > ), I € 0,20 Ty (2M)),
7(9) :==
Y oM, it §=2M+ Jso(2M).
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Since 7 is an inverse function of the increasing function - + J; .. (-), it is continuous and
increasing. Then the function Fy (7, Z,w’) defined on [0,2M + Jz . (2M)] x B

F(9,2,w') == Fu(7(§), 2,0") + sgn(jzw (TG — (Jzw (T(7) + (@)},

1, if u>0,
sgn(u) :=4¢ 0, if u=0,
-1, if u<O,

is continuous with respect to §. When 7(g) € C,
FM(?}? jaw/) = FM(T(Z;)a 'i.?w/)'

From the fact that the total set of discontinuous points of a function of bounded variation

is a null set with the Lebesgue measure, for every nonnegative continuous function f it

holds

2M
f(FM(yai>w/))|ayFM(yai7w/)‘dy

0

- / FFraly, 7,010, Far (9, 7)1 (y)dy
2M+J; 0 (2M) -

_ / FFEr(r(@), 7 0 DN@,Far) (r(5), 7 &) 1 ((7))dr ()
2M+J5 0 (2M)

- / (a5 3, ) 1o (r@)[(0,Fan) (r(5), 3, ) dr ()
2MA+J, (2M) o

< / F(Fri (5, 7,0 1o (r(@) [dsPar(7(3), 5, )|
2MA4J, /(2M) 3

< / (PG, 3,y Far (7, 5, ). (3.1.3)

By Theorem 6.4 of Chapter IX in [22], we have the following lemma.

Lemma 3.1.5 Let 1) be a function of bounded variation on [a,b], and N[lﬁvb](c) the number

of crossing points on [a,b] between the graphs y = ¥(x) and y = ¢ for ¢ € R. Then

/f Davta) = [ FNE ), S € CR),

From this lemma we have

2M+J; 0 (2M) ~ o0 Far ()
/ F(Pu @3, Dy Por(§ 20| = [ F@ONGHES aapy (),
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This and (3.1.3) yield

2M 00 - -,
/0 fFuly, @,w))10,Fu(y, &,0")|dy < / f(U)N[ggziﬁ?;w,@M)](U)du

for fi X v-almost every (Z,w’). From this and (3.1.2) one can derive
M o~ ~
L[] rFwse)io,F. s did )
JBJ-Mm

: / , /B / F)NGs ary (W duii(dd)(d) (3.1.4)

for every nonnegative continuous function f, and hence for every nonnegative Lebesgue
measurable function f. It is easily seen that

M
/ / / La(F(y, &, 0|0, By, &, o) |dyji(di)v(de) = 0
' JBJ-M
holds for any null set A in R. Since this equation holds for all M > 0,
|| [ 1P a.010,F (0.5, dyitdz v(ds) = o
+JBJR

This means
E[14(F)|DyF|] = 0.

3.2 Applications to stochastic differential equations

In this section we consider if solutions of stochastic differential equations whose coefficients
are not Lipschitz continuous have their densities or not. We begin with the following

lemma which plays the most important role in this chapter.

-----

R"-valued adapted function on [0,T] x Q, and b an adapted function on [0,T] x 2. Let
a one-dimensional (F)-adapted continuous process X = (X (t)) on (Q, F, P) satisfy the

equation
Tt t
X(t) :x0+2/ aj(s,w)X(s)dBj(s)—l—/ b(s, w)ds,
j=1"9 0
where xqy is a constant. Assume that

max sup |o; (¢, w)| < oo,
J t,w
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and there exist constants M, K and a finite measure n on [0,T] satisfying

b(t, w)] < M + K (/0 [ X (s)ldn(s) + IX(t)I) , (Hw) €[0,T]x &,

Then there exists a constant C which depends on only T, xo, M, K, and n([0,T]) such
that
ElXH)<C,  telo,T].

Proof. We choose 1 > a; > ay > ... > 0 such that

1 a Ay —

1 11 mll
/—duzl,/ —du:2,...,/ —du=m, ....
a1u as u am, u

It is obvious that a,, — 0 as m — oo. For {a,,}, we can define continuous functions t,,
on [0,00) such that

2

SUPP Y C (A @), 0 < @y (u) <
mu

am—1
: / U (u)du = 1.
It is easily seen that the functions

omly) = / " du / pn(2)d

defined on R have the properties

om € C2R), || <1, only) /|yl (m— o).

[t0’s formula leads to

Elem(X(1))]

1 T t t
— o) + 5 3 [ B (X(6)) (o5, PX(5) s + [ Bl (X(5))blss )l
j=1"0 0
The second term of the right hand side is estimated as follows;

12/0 B[, (X (s))(0(s,w))*(X (5))]ds




For the third term

/0 Bl (X(s)b(s. w)lds| < / E(|b(s,w)Jds

< Mi+K / ( / " B{X (w)ldn(u) + E[X(s)[)ds

< Mt+K(77([O,T])+1)/Ot sup E[|X (u)])ds.

0<u<s

Therefore, letting m — oo, (3.2.1) yields

sup E[|X(s)[] < [zo| + Mt + K(n([0,T]) + 1)/0 sup E[| X (u)|]ds.

0<s<t 0<u<s
Applying Gronwall’s lemma to this inequality, we have
sup E[|X(s)]] < K(|zo| + MT)eX0OID+DT
0<s<t

O

Now we give some notation. We denote Sobolev space with respect to H-derivative
with indices k and p by W*P and the total set of smooth functions on C([0,T]; R¢) by
C>=(C([0,T); RY)), where the smoothness means that in the sense of Gateau derivative.
The precise definition of C*°(C([0,T]; R?)) can be seen in [13]. We define Cg°(C([0, T]; RY))
by the total set of the elements of C*°(C([0,T]; RY)) whose derivatives are bounded. We
denote partial derivative with respect to spatial component by 0,. For real numbers a
and b, we denote max{a,b} and min{a,b} by a V b and a A b, respectively. Let r be a

positive integer and T be a positive number. For fixed r and T', let
W= {we ([0, T;R"); w(0) = 0},
H := {heW; hisabsolute continuous and /T W(t)?dt < oo, j=1,2,...,r},
0
and let i be the Wiener measure on W. Clearly (W, H, i) is an abstract Wiener space.

The following lemma is a version of Lemma 3.2.1 about H-derivative of a stochastic

differential equation.

Lemma 3.2.2 Let T > 0 be fized. Let d and r be positive integers, (W, H, P) the r-
dimensional Wiener space, (B(t)) the r-dimensional Brownian motion associated with
(W,H, P), B(W) a Borel o-field of W, (#) a reference family,

0= (Ui‘)izl ..... d,j=1,...,r € Cb([O,T] X Rv Rd ® RT)) O-;'(tv ) € COO(R)v le [OaT]a

J/ =4y

.....

bi(t, ) € C=(C([0,T;RY), te[0,T].
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We assume that a d-dimensional (F;)-adapted continuous process X = (X(t)) on
(W, (W), P) satisfies the stochastic differential equation:

dX'(t) =) okt X' ()dBI (t) + bi(t, X)dt, i=1.2,...d,
j=1

X(O) =g € Rd.

Moreover, we assume that there exist constants M, K and a finite measure n on [0, 7]

satisfying that
max|0 (t,x)| <M, (t,z)€|[0,T] xR,
w0, 0) = (001 < K / u(s) = w(s)ldn(s) + alt) ~ ()],
€ [0, 7], w,w" € C([0,T]; R).

Then, for allt in [0,T], k=1,2,..., and p > 1, X(t) belongs to W*P, and there exists a
constant C which depends on only M, K, and n([0,T]) such that

E[|DyX'(t)] < Clhly,  heH, i=12,...d.

Proof. By the Lipschitz continuity of the coefficients and theorem (2.19) of [13], X
can be expressed as a functional on (W, H, 1) which is the Wiener space generated by the
Brownian motion (B(t)), and we have X (t) € W*? for any positive integer k and p > 1.
Hence it’s sufficient to prove the existence of a constant C'. Let h € H be fixed. Consider

the H-derivative of the stochastic differential equation for X, then we have

DX (1) Z /a (5, X () DX (5)dBY s)

+Z/ B (s)o' (s, X (s ds+/DthsX)d

i=1,2,....d
From the condition of b, it follows that for almost all w
‘Dhbi(t X(w))]
= };En g|bz(t X(-,w+eh)) —b(t, X (w))]
<lim / X (5,10 + £h) — X(s,0)|dn(s) + | X (6, w + eh) — X (£, w)))

— K( / D3 X (5,10 dn(s) + [ Da X (t,w)]).
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Hence we can show the estimate by similar discussion to the proof of Lemma 3.2.1. [

Now we will give a sufficient condition for solutions of stochastic differential equations
to belong to the class V},. The advantage of the following theorem is that we assume only

bounded on the diffusion coefficient o.

Theorem 3.2.3 Let d and r be positive integers, (B(t)) an r-dimensional Brownian mo-
tion, and

.....

Assume that there exist constants M, K and a Radon measure n on [0,T] satisfying
max|o’(t,2)| < M, (t,7) € [0,T] x R,
2y}
t
)~ 00,0 < 5 ([ o) = o/ 0)kdnts) + o) - w'0)] )
v 0
t€[0,7], w,w' € C([0,T];RY).

In addition, we assume the d-dimensional stochastic differential equation:

dX'(t) =) okt X ()dBI (t) + bi(t, X)dt, i=1.2,...d,
j=1
X(0) =z € RY

has pathwise uniqueness.
Then the solution (X (t)) can be defined on the Wiener space (W, H, 1) and X'(t) is in
V(W) for allt in [0,T], i = 1,2,...,d, and h € H. Moreover, if we denote the version

—

of X'(t) appeared in Definition 3.1.1 by X(t), then
(‘Dh)ﬁ(\t)‘ ,u> o X'(t)™!
15 absolutely continuous with respect to the one-dimensional Lebesque measure.

Proof. Pathwise uniqueness of the equation implies that the solution X can be ex-
pressed as a functional on the Wiener space (W, H, i) generated by the Brownian motion
(B(t)). By Lemma 5.2 of [8], there exist the sequences {o,,} and {b,}

{0} C C([0,T] x RRE@ R, {by} € Cy([0,T] x C([0,T]; R); RY)
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which satisfy that

{on(t, )} CGER), - im [lon(t, ) = o(t, )|, mmaxrr) =0
max |(o)j(t,0)| < M, (t,z) € [0,T] x R,
{bu(t, )} € C2(C([0, T RY),
lim |b,(t,w) —b(t,w)| =0, te0,T], weC(0,T);RY,

n—oo

bu(t,0) — ba(t, )| < K ( / w(s) — w(s)|dn(s) + () —w'<t>|) ,
te0,T], w,w €C([0,T];RY).

Let {X,} be the strong solutions of the stochastic differential equations mentioned above
with coefficients o and b replaced by o, and b,, respectively. By [10], we have for all
tel0,7T]

X,(t) — X(t) as..

On the other hand, by a standard method of stochastic differential equations, we have for
all t € [0, 7]
sup B[| X, (t)]?] < oo.

Therefore we can use Theorem 3.1.2 so that we have X'(t) € V(W) for all t € [0,T] and
1=1,2,...,d. The last assertion follows from Theorem 3.1.4. 0

In the arguments above, we did not assume the ellipticity. In the case that the coef-
ficients are Lipschitz continuous, it is known that some conditions about ellipticity of a
multi-dimensional stochastic differential equation implies the positivity of
| det(DX(t), DXI(t))x|. In general when the coefficients are not Lipschitz continuous,
these facts may not hold. However in a special case we can show the positivity of | D, X*(t)|

for a special h as follows.

Theorem 3.2.4 Let r be a positive integer, and (B(t)) an r-dimensional Brownian mo-

tion. Assume that the one-dimensional stochastic differential equation:

= o(t, X(£))dB(t) + b(t, X (t))dt
X(O) =129 € R
has pathwise uniqueness, when the coefficients

o= (05)j=1,.r € Gp([0,T] x R;R"), be CW([0,7] x R;R),
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are assumed to satisfy

max |o;(t,z)| < M, (t,z) €[0,T] x R,
J
b(t,z) —b(t,y)| < K|z —y|l, z,yeR, te]l0,T]

with some constants M and K. In addition we assume that there is a closed subset S of
[0, T] x R satisfying that o is in C¥*(([0, T] x R)\S) forall j =1,2,...,r, and }7'_, 0;
is positive on ([0,T] x R)\ S. We set S* := {z;(t,x) € S}.

Then

po X)) g s

is absolutely continuous to the one-dimensional Lebesque measure restricted on R\ S* for
all t in [0, 7).

Proof. 1t is sufficient to prove the case t = T'. Theorem 3.2.3 implies that the solution
(X (t)) can be defined on the Wiener space (W, H, 1) and X(7T) € V,,(W). For simplicity
we also use X(T) in the place of X (¢) in the definition of V;(W). Now we can choose
o™ = (0,210, € Co([0,T] x R;R") and 0™ € C4([0,7] x R;R) for n = 1,2,3,...
so that

U§n)(t7)€C§O<RﬂRT>’ j:172a"'7T7 te[O’T}’

lim  sup |a](-n)(t,x) —o(t,x)|=0, j=12,...r
n—0 ¢ef0,7],7€R

b, ) € CR(R: R),

lim sup [|b™(t,z) —b(t,x)| =0,
N0 ¢€(0,T],2€R

p(t x) = b (ty) < Klz —yl, zyeR, te0,T],

and for any closed subinterval I of R\ S

lim  sup 8xa§n)(t,x) — 8xaj(t,x)‘ =0, j=12,...m

n—00 te(0,T),xel

lim  sup a§a§”>(t, x) — 8§0j(t,x)‘ =0, j=1,2,...rm

N0 +el0,1],xel

lim  sup |8xb(”)(t,x) — 0,b(t,z)| = 0.

N0 ¢e(0,T],wel

Let X,, be the solution of the following stochastic differential equation:

dX,(t) = Z o\ (t, X, ())d B () + b (¢, X,,())dt

X,,(0) = 7.
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Then, from the result in [10] we have

lim F

n—oo

sup | X, (t) — X(t)]2] = 0.

t€[0,T]

Hence, we can choose a subsequence of {X,,} which converges to X in the topology of
C(]0,T]) almost surely. For simplicity we denote the subsequence by {X,} again. Thus

we have
lim sup |X,(t) — X(¢)] =0, as. (3.2.1)

=00 ¢e(0,T

Calculating the H-derivative of X,,(7T"), we have
T T )
DuXo(T) = Z / 0,0 (5, X.,()) Du X0 (t)ABI )
— Jo

+Z/h3 jnsX( dS—i—/ab (8, Xn(s))DpXy(s)ds.

For given X,, this equation can be regarded as a stochastic differential equation of
DX, (-)[h] with linear coefficients. Thus by Problem 6.15 of Chapter 5 in [11] we have

Dy X, (T) = /0 (Zhj(S)aj(.”)(S,Xn(S))> exp (Z/ 8x‘7](-n)(U,Xn(u))dBj(u)
_%/S ;[axaj(n)(u,Xn(u))]?du—i-/s axb(n)(U,Xn<u))du> ds.

Take
R (t):=t, t€[0,T], j=1,2,...,7

Then h € H,

DpX,(T) = / <Za<n (5, Xn( )eXp (Z / 0,0\ (u, X, (u))d B (u)
——/ Za o) ))]Qdu+/T&,;b(")(u,Xn(u))du> ds,

(3.2.2)

and
DpXo(T) >0, n=123,....

To obtain some information about the exponential part, we consider the time-reversal

process of (X,,, B) by following the argument given in Section 4 of Chapter VII in [21].
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Let A be the point of one point compactification of R™™2 and Z, an r + 2-dimensional

Markov process defined by

Zot):=| B'(t) |, if 0<t<T, and Z,(t):=A, if t>T.

We denote the starting point of Z,, by Zy. Clearly Z,(0) = Z¢ = (20,0,...,0). Let Wr+2
be C([0,00); RTT2UA), B(W7+2) a Borel o-field of Wr+2 and Py, a probability measure
on (Wr+2 Z(Wr+2)) the law of Z,. We define ¢ by

C(w) == inf{t > 0;w?(t) > T}, weWr

where w? means the second component of w. It is clear that ¢ is the lifetime and ¢ = T a.s.
under P, . Moreover, ( becomes co-optional time, because of the definition of (. Since
Z, is a Markov process, we can define a semi-group associated to Pz, . Let {T;} be the

Feller semi-group on C(R™2 U A), where

Co(R2UA) = {f € C(R™2UA) ; lim f(z) =0}

|z|—o0

We define a measure v on R™2 U A by
f(x)v(dr) = / T.f(Zo)ds, f€ Co(R™T2UA).
Rr+2 0

By the definition of ¢, this integration is well-defined. Then, it is easy to see that {T;} is
a strong continuous and contractive semi-group on L*(v). Next we define YA} by the dual

operator of Ty on L?*(v). Then we have the following lemma.
Lemma 3.2.5 {1}} is a strong continuous and contractive semi-group on L*(v).

Proof of Lemma 3.2.5. Tt is clear that {T}} is a semi-group on L2(v). Contractivity of
{T,} on L2(v) follows from that of {T;}. Thus it is sufficient to show the strong continuity
on L*(v). Let f and g € Coo(R"2 U A). Then

/ f(ﬁg)dl/ = / (T, f)gdv — fgdv, as t— 0. (3.2.3)
R72UA

Rr+2UA Rr1T2UA

For all f € O (R UA)
/ (T,.f)2dv
R +2UA
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- . @Epsa
S N DIEABIEABITE
— Bl BRS¢+ )220
— B[ @2t + )5 (Zu(s))a
=B (B (Zult + ) (2t + )
B[ BN+ D20+ ) = FZulo)ds]. (32
By the contractivity of {T,} on L%(v) and (3.2.3), we have

'E[ |Gz n e s - B[ sz )2

- / (@ Zo(t+ )} (Zat + ))ds]

g/o{

' /{ N (Zal5))ds)
S/IWQLJA((ﬁ—J)f)fdu +E/O{ 7,1 ) Y2ds] B /f 5))2ds]}

= /WUAfﬂTt = D)f)dv| + (T = D fll2e ]|V
— 0 s 10 (3.2.5)

On the other hand, by the contractivity of {7;} on L?(v), we have

E[/oo(ﬁf)(Z (L + 8))(f(Zn(t + 5)) = [(Zn(s)))ds]

<E/ {Tt W(t+ s) }st 2E/ {f(Z,(t+3)) — f(Z, (S))}stﬁ
/o (BN Z (Y ds]2 /{f (t+5)) = [(Zu(s))Yds]
=|Iﬁf|lL2(y>E[/0 {F(Zo(t + 5)) = [(Za(s))}?ds]?

—0 as t—0. (3.2.6)

Therefore, (3.2.4), (3.2.5), and (3.2.6) yield
R7T2UA 0
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From

o[ e v - 5[ s
ot/ sy

| @ppar- | P
RT+2UA R7H2UA
Therefore, by this equation and (3.2.3)
IR
R7T2UA
:/ (ﬁf)QdV—Q/ (ﬁf)fdl/-f—/ fdv
Rr+2UA Rr+2UA R7+20UA

G AN VG M

—0, as t—0.

<IflI2Zt — 0, as t—0,

it follows that

lim
t—0

=0.

O

Now we continue to prove Theorem 3.2.4. Lemma 3.2.5 implies that a Markov process
associated with {7;}. Let

Zn(C—), if t=0,
Zp(t):=q Z,(¢C—1), if 0<t<,
A, if t>¢.

Let (;:t" be o(Z, ( ); s < t). Then, from Theorem (4.5) of Chapter VII in [21], it follows
that the process Z is a Markov process with respect to (ﬂt”) associated with transition
semi-group {7;}. On the other hand, ¢ = T. The processes (X,(t);t € [0,7]) and
(B(t);t € [0,T]) defined by

~

() = Xn(T—-1t), tel0,T],
B(t) = B(T—t), te[0,T],

—

are (.Z")-adapted processes. Moreover, we define (B(t);t € [0,T]) by

B(t) := B(t) — B(0).
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Since (E(t);t € [0, 7)) is a Gaussian process, so is (B(t);t € [0, T]). By checking its mean
and its covariance, it is easy to see that (B(t);t € [0,7)]) is an (.%;*)-Brownian motion.
By Exercise(2.18) of Chapter IV in [21], we have

r T

0,0\ (s, X,.(5))dB ()

=1 /7T-
Tt

-y / 0,0 (T — 5, %0 (5))dBY(s)
j=1"0

~

r t
+) /0 020 (T — 5, X,,(5))0 (T — 5, X, (s))ds as.
j=1

-y /0 0,0 (T — 5, R, (s))dB (s)

~

T t
+> /0 0201 — 5, X,,(5))0 (T — 5, X,.(5))ds  as.
j=1
(3.2.7)

Note that all of stochastic integrals here are in the sense of It6 integral. Let m be any

positive integer. Let

o inf{t > 0; max { 8xa§”)(T—t,)A(n(t))‘ v |a2et) (1 - t,)?n(t))‘} > m,
S)ST
T . 1 N
ST oMNT —t, Xo(t) < —, or (T — 1, X,(t)) € S} AT
m
j=1
for each m = 1,2,3,.... Then 77" is an (@‘)—stopping time for every m = 1,2,3,....
Hence,
TIVAL - .
E[ sup | 0.0y (T = 5, Xo(s))dB (s)["] < m°T, j=12...r
tef0,T] Jo
THYAL N R
sup | 0201 — 5, X,.(5))0 (T — 5, X,(s))ds| < MmT,  j=1,2,....7.
tel0, 7] Jo

From these one can derive

THUAE

E[liminf sup | 0,0\ (T — s, X,,(5))dB’ ()] < mT, j=1,2,...,r
n—=o0 tgo,17] Jo
T AL . ~
liminf sup | 8305-”) (T — S,Xn(s))aj(-n)(T — 8, X, (8))ds| < MmT, j=1,2,...,r.

n—oo te [O,T] 0
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Therefore we have

™AL
liminf sup | axaj.”)(T — 5, X,(s))dB(s)| < 00 as., j=12 ...,
n—=o0 ¢eo0,7] Jo
™AL N R
liminf sup | 8§0j(.n)(T — s, Xn(s))a](-n) (T — s, Xn(9))ds| <oo, j=1,2,...,7
=0 ¢eo,7] Jo
Let
7™ = inf {t > 0; ; max {10.05(T — t, X (T — t))| V |020;(T — t, X(T — t))|} > m,
<5<

m

S (T - 4, X(T— ) < - or (T~ . X(T — 1) GS}/\T

for m =1,2,3,.... Since }7°_, 0(T"' =, X(T' — 1)) > 5= for all ¢ in a neighborhood of

m

7™, oscillation occurs in the neighborhood of 7. Because of this fact, (3.2.1), and the

definition of 7,*, it follows that

lim 7;" = 7™ as.

Hence, by (3.2.1) again, there exists a subsequence {n(k)} of N such that
KRN 5 i
lim sup | 0,0, (T — 5, Xny(5))dB’ (s)| < o0 as.,
k—ooyeio Jo
j=1,2... .
w0 s (k) (n(k) %
lim sup |/ 0y0; (T — s Xn(k (8))o; T — 5, Xpy (s))ds| < o0 as.,

k—004ei0,1)

Jg=12...,mr
If we set -
Yn(k:) (t, T) = Z/ ax()'](-n(k))(s, Xn(k)(s))dBj (S),
— Tt
then by (3.2.7) there is a random variable C' such that for almost all w

sup Yo (@t T)(w)] < C(w), k=1,2,3,....
tG[TZL’Ek)(w),T]

On the other hand, by the definition of 7)*(w), for almost all w

sup / (uX()( w))Pdu < rm®T, k=1,2,3,....

n(k) (w),T]
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This and (3.2.2) yield that for almost all w

/ Za(n k) (s, Xy (s, w)) exp (Yn(k)(s,T)

n(k)

——/ (u Xy (u, w))] du+/ 9, bk) (u Xy (1, w))du) ds

r

T
Z/ aj(n)(s, X, (s,w))ds
1 /T (w)

j=

> exp <—C’(w) — %rm2T - KT)

> (T~ 7 (w)) exp (—C’(w) — T~ KT) .

Hence for almost all w

lilgll(i;lf Dy Xy (T, w) > ﬁ exp (—C’(w) - %rm2T - KT) h,?ig,‘f(T — 7 (w)).
If w satisfies X(T,w) € S and liminfy . 70 (w) <T', then
h,?_l,glf Dy, Xy (T, w) > 0.
On the other hand, for almost all w with respect to u

1
Dy X(T,w) = liminf —(X(T,w+eh) — X(T,w))

e—0 €
1
= hmlglfh]gnmf (X (T w 4 €h) — Xy (T, w))

e—0 k—oo &

= hmmfhmlnf /DhX (T, w + uh)du

1
> lim iglf - li]gn inf Dy X0y (T, w + uh)du
£— E 0 —00

= li}gn inf Dy X,y (T, w)h,

h
where lim inf; .o Dp X, ) (T, w) means a right-continuous version of
lim infy o0 Dp Xy (T, w) for direction h. Since any non-degenerate Gaussian measure is

absolute continuous to the Lebesgue measure, we have
Dy X(T) > lilgn inf Dy X0y (T)  a.s.

From this it follows that there exists a null set N;(m) such that if w satisfies X (T, w) € S,
lim infy o0 74y (w) < T and w ¢ N1(m), and hence

Dy X (T, w) > 0.
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Now we define ST by

- 1

ST = {x € R; max [10,0;(T, x)| v |020;(T, z)|] > m and Z;O'j(T, x) > E} .
]:

Then, by the definition of 7.7, and (3.2.1), there exists a null set Na(m) such that

if X(T,w) € SL and w ¢ Ny(m), liminfy .., Tot(w) < T Thus, if w satisfies that

X(T,w) € ST and w ¢ No(m), then
DhX (T, w) > 0.

This implies that

Dy X(T,w) >0, we (X(T)(ST)N (U Ng(?ﬂ)) :

meN

By Theorem 3.2.3 we have the conclusion of Theorem 3.2.4. U

Example 3.2.6 Consider a one-dimensional stochastic differential equation:

dX(t) = /X (t)dB(t) + b(t, X (t))dt
X(0) =z € [0,00),

where (B(t)) be a one-dimensional Brownian motion,
be Cp([0,T] x [0,00);R), b(t,0) >0, te]l0,T],
and there exists constants K satisfying that
|b(t,x) —b(t,y)| < Klx —y|, z,y€[0,00)andt e [0,T].

Let (X(t)) be the solution of the stochastic differential equation. Then, the distribution
of X (t) has its density function for all ¢ in [0, T7.

In fact, the condition of the coefficients implies that there exists a solution (X(t))
with state space [0, 00). Moreover according to the result in [28] tells that the stochastic
differential equation has pathwise uniqueness. Theorem 3.2.4 is applicable to it with
S =10,T] x {0}, so that

po X6 oo
is absolutely continuous to the one-dimensional Lebesgue measure restricted on (0, co) for
all t in [0, T']. Because of the condition of coefficients, it can be seen that po X (¢)~1({0}) =

0. Therefore the distribution of X (¢) has its density function for all ¢ in [0, T7.
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Chapter 4

Malliavin calculus for stochastic
differential equations driven by

subordinated Brownian motions

In this chapter we discuss Malliavin calculus for stochastic differential equations driven by
subordinated Brownian motions. We prepare the techniques for calculating the integrals
with deterministic time change in Section 4.1. These techniques enable us to apply to
the standard stochastic calculus to our case. In Section 4.2, we discuss Malliavin calculus
for stochastic differential equations with deterministic time change. In Section 4.3, we
discuss the inheritance of regularity of densities from those of conditional probabilities.
That is the reason why we consider stochastic differential equations with deterministic
time change. In Section 4.4, we derive the general results from Section 4.2 and Section 4.3.
In Section 4.5 we discuss the most interesting example: stochastic differential equations
driven by rotation-invariant stable processes.

Throughout this chapter, we use {C;;j = 0,1,2,...} as positive constants and the

dependent parameters are written such as Cy(p).

4.1 Malliavin calculus for functionals of Brownian

motions with deterministic time change

For a fixed positive number T, let ¢ be a right-continuous and increasing function on [0, 7]

with ¢(0) = 0, where “increasing” means ¢(t;) < ¢(t2) for t; < to through this chapter.
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We define the inverse function ¢! by

1(s) i { inf{t;p(t) > s}, if se€0,6(T)),

T, it s =¢(T).
Set
W = {w; wis R%valued continuous function on [0, ¢(T)],w(0) = 0},
H = {heC([0,6(T)];R%); h is absolutely continuous and h € L*([0, ¢(T)]; R%)},

and let pu be the Wiener measure on W. The triplet (W, H, u) is an abstract Wiener
space. Hence we can apply Malliavin calculus to the functionals on (W, H, ). Let (B(t))
be the canonical d-dimensional Brownian motion associated with (W, H, u), %, the o-field
generated by (B(s);0 < s < ¢(t)), D the H-derivative operator, and Dj, the differential
in direction h for each h € H. Then for all h € H we have

DnB(o(t)) =

ho(t). te0.7],
Dy / f(HAB(6(1) = / F(OdRo(r), £ € C([0,T)).

Here the integral of the left-hand side is in the sense of stochastic integrals by (%;)-
martingales, and that of the right-hand side is in the sense of Stieltjes integrals. More
generally, we have an analogue of Proposition 6.1 in [24]. We need some lemmas and some

notation before we state the analogue.

Lemma 4.1.1 Let f be a right-continuous function with left limits. Then we have

T o(T)
/0 F(t-)do(t) = / F(67(5)—)ds.

Proof. Since ¢ is a function of bounded variation, the contribution of the small jumps
for the integrals are sufficiently small. We assume that the number N of the jumps
of ¢ is finite. Let {{;i = 1,2,..., N — 1} be the discontinuous points of ¢, & = 0,
Ev =T, and {t;;;7=0,1,..., N;} a partition of [{;_1,&;] for t =1,2,..., N. We denote
max; j(t;; —t;j—1) by A. Then,

/0 f(t=)do(t)

A—0 4
=1

= lim [Z ftiji—=Ho(tiy) — o(tij—1)} + ftini—1— ) o(tin,—) — O(tin—1)}

+ f(tin,—){o(tin,) — d(tin,—)}
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If we set s, := ¢(t;;), then ¢~ (s;;) =t;; for j =0,1,..., N; — 1. Therefore

/f ) (1)

N N;—1
- XE%)Z [ F@ (sig) =805 = siga} + F(O (sivm) =) o(tin—) = sin 1}

i=1 L j=1

+ f(07 (sin) =)o (tin,) — d(tin,—)}

N #(&i—)

:Z/ flo ds+Zf Hsim)){0(&) — o6}

d(&i—1)

Since ¢~1(s) is a constant on [¢(&—), ¢(&)],

o(&)
F(6 (sem) H(E) — B(E—)} = /¢ f6 N (s)-)ds, i=1,2... N

Thus we have

T o(T)
/0 F(t-)do(t) = / F(67(5)-)ds.

Similarly we have the following lemma.

Lemma 4.1.2 Let ¥ be an (%;)-adapted right-continuous process with left limits satisfy-

ay ) B < oo

T o(T)
/0 U(t-)dB(o(1)) = / U(6 1 (s)-)dB(s) a.s.

ing that

Then we have

Here the integral of the left-hand side is in the sense of stochastic integrals by (%)-
martingales, and that of the right-hand side is in the sense of stochastic integrals by
(ZB)-martingales, where (FP) is the o-field generated by (Bs;0 < s < t).

Let A(t) be [B(¢(+)), B(#(+))](t) where the definition of [-, -] is in Section 6 of Chapter
IT in [20]. We show the following lemma which is a version of Burkholder’s inequality (c.f.
Theorem 92 of Chapter VII of [5]).
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Lemma 4.1.3 Let p be a positive number, and V an (%;)-adapted right-continuous pro-

cess with left limits satisfying

B[ [ weyrass) < oo

Then, we have

[( / Tws—fdA(s))g] < GpE | s,

< C)E ( / T\If(s—qus(s))g] .

|

/0 (s—)dB(o(s))

Proof. Theorem 92 of Chapter VII of [5] implies the first estimate. Hence we prove

the second estimate. Let

M) ::/O W61 (5)—)dB(s).

Then, M is a continuous martingale. From Burkholder’s inequality, Lemma 4.1.1, and
Lemma 4.1.2 it holds with a constant C(p) that

E[p / (s )dB(6(s)) } - ELi?ET'MW”"’}
< E| sup [M@®)]
0<t<e(T)
< CO)E [(MH)(T)E]

B P

&(T) 2
- C(pE < / w<¢-1<s>—>2ds>

— CE :( / T\If(s—)?dcﬁ(s))g] .

The following lemma is a version of Gronwall’s inequality.

Lemma 4.1.4 Let o, 3 be positive constants, f a right-continuous positive function on
[0, T] with left limits. If

fo<a+s | Flum)do(u), € 0,7,

then
F(t) < ae®0 e 0,T].
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Proof. Since ¢~ (4(t)) = t, it follows from Lemma 4.1.1 that

o(t)
fwlw@»Sa+54 F(6™ w))du, te0,T],

which implies that

d(t—
f@*@@ﬂ»§a+ﬁl (6 (w)du, € [0,T].
Since ¢~1(s) = ¢ (¢(t—)) for s € [p(t—), 4(t)], we have
f@l@»Sa+ﬂ43wlwww,sem¢@»

Applying Gronwall’s inequality to f o ¢!, we have

Fo7(s)) < ae”, se0,6(T)),

and hence have the assertion of Lemma 4.1.4 by letting s = ¢(t) and the equality
¢~ (o(t) =t m

We prepare some notation. Let p > 1, n a positive integer, K a Hilbert space, W"™P(K)
the Sobolev space of K-valued functions associated with H-derivative with indices n and
p, and Z3'(H; K) the total set of K-valued n-linear operators of Hilbert-Schmidt class

,—/‘ .
on H x...x H. Now let us introduce two classes of stochastic processes. We define
L™P(dB(¢); K) by the total set of (%;)-predictable R? ® K-valued functions « satisfying
that a(t) € W™P(R¢® K) for all t € [0,7] and

po L
n 5|

> { /OT kaa(t—)\ngk(H;RdM)m(t)}1 .

k=0

el gnp@n@)yr) == E

Next we define L£"P(d¢; K) be the total set of (.%;)-predictable K-valued functions (3
satisfying that 5(t) € W™P(K) for all t € [0,T] and

Lrp(dp;K) ~— Z/ Dkﬁ kaK] d¢()

Let o = (aq, g, ..., aq) € LY(dB(¢); K), f € LP(d¢; K), and v = (7(t);0 <t < T') an
(F;)-adapted K-valued process. We assume that v(t) € W™P(K) for all ¢ € [0,T], and
D¥y is an (%)-adapted ZF(H; K)-valued function such that

18]

< 00.

ZE[sup | DFy ()ngK)

0<t<T
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Define & by .
@@y:A a(s—)dB(¢ /73 )do(s) + ().

Then, the following proposition holds.

Proposition 4.1.5 ®(t) € W™P(K) for allt € [0,T], D*® are (F;)-adapted L¥(H; K)-

valued processes for k =0,1,...n, and there exists a constant C such that

E

E[ sup |D*(t)|;

k
0<t<T £3(HK)

0<t<T

<C (HaHWdB )+ 1181l en v +ZE [ sup |D*(t uk(HK)D .

Furthermore, D®(t) is given by

DB(t)[H] = / Da(s—)[HdB((s)) + / a(s—)dh(d(s)) + / DB(s—)[hdé(s)
+Dy(0)[h], ke H.

Here the equality is in the sense of elements of LP(H ® K). Therefore, if we denote one
of the complete orthonormal systems of H by {h*}, then

/0 Da(s—)dB(4(s))

o(t) . t
+ Z @ /0 alp ™ (s)—)hM(s)ds + /0 DpB(s—)do(s) + Dy(t).

Proof. To prove the first assertion, we use induction on n. For n = 0, by Lemma 4.1.3,

I |a<s—>|§d®Kd¢<s>}g]

el zon (@)

we have

] < awe

K

aEy (s )dB(o(s)

0<t<T

The other terms are estimated easily. Thus we have the first assertion for n = 0.
Assuming the result for n — 1, we will show the estimate for n. We check only the

estimate of the stochastic integral, since that of the integral with respect to d¢ follows

similarly and clearly the part of v follows. To simplify the notation, let d = 1. We will

show it in the case that « is a step function such as

Oé(t) = Oé(tj)a for te [tj,tj -+ 1),
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where 0 =ty < t; < ... <ty =T. For the general case it is obtained by taking the limit.
Note that « is left-continuous.

In this case, the stochastic integral is expressed as

[ st = NZ (1) {B(6(t501)) — B}
It follows that for h € H :
D [ athas(oi)
=3 Dualt) {B(6t0) — B} + - aft) (h(6(t50)) — hot))

_ / Dha()dB(6(1)) + / a()dh(6(2)).

Let I,[h] = fOTa(t)dh(qS(t)). Now we show that I, € W™P(H ® K). Similarly to the

proof of Lemma 4.1.1 we have

&(T)
Lt = [ a7 ()ans).
and hence T .
Io=>) hy ®/0 (¢ (s))ha(s)ds.

From this it follows that
#(T) i
DFI, = Z h ®/ Dk&(¢’1(3))h>\(s)ds,
I\ 0

and

2

o(T)
2 3 .
P lginrony = 2| a6 in(s)is

A

() k —1 2
_ /0 1D a6 () Py ey s

jgk(H;K)

T

0

by virtue of Lemma 4.1.1. Therefore we have that

I, e WP(H @ K),

|ID*Ia |1, < |l comano)sr) s
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and

p( [ awasm) o= [ patimasem + [ awaen) @1

in the sense of elements of LP(H @ K). It is easy to see that the equation (4.1.1) is also
hold with 7" replaced by ¢ € [0,T]. Hence we have

DO()[1] = | Dals—)(dB((s) + [ als=)dh(@(s) + [ DAs—Hda(s) + Do,
0 0 0
he H,
in the sense of elements of LP(H ® K), and the second assertion is obtained. Now we note

that D® satisfies the assumption of n — 1. Indeed, the third term satisfies the assumption

of v for n — 1. Therefore, by the assumption of induction, for £k =1,2,...,n — 1, we have

E [ sup \D’fD@(t)@(H;H@K)]

0<t<T

< 02(29) {HD@Hm—lm(dB(qs);H@K) + HDﬁHE”—LP(dB(qs);H®K)

1 1
’ "4 B | sw [DDy@)]! '
ZF(HHRK) 0o tET T 2k (m.50K)

+E { sup ’Dkfa(t)

0<t<T

1
p
< 2C(p) {Ilallmmdm@;m + 18] nr@neyr) + E Li}% | DF (1) Z@““(H;K)} } '

Thus we have the conclusion for n. ]

4.2 Malliavin calculus for stochastic differential equa-

tions with deterministic time change

We fix T' > 0. Let r be a positive integer, dy,ds, ..., d, positive integers, ¢1, ¢q, ..., ¢,

right-continuous increasing functions on [0, 7| starting at 0. Set

Wi = {w; wis R%-valued continuous function on [0, ¢x(7T)], w(0) = 0},
H, = {hecC(0,¢:(T)]);R™); his absolutely continuous and he L*([0, ¢ (T)]; R%)},

and let p, be Wiener measure on Wy, for k = 1,2,...,r. We define the probability space
(W, P) by

W = Wi xWyx...xW,,
P = m®p®.. Qpu.
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If we set
H::H1®H2®...®Hr,

then (W, H, P) is an abstract Wiener space. Let (By(t)) be the canonical di-dimensional
Brownian motion associated with (W, Hy, ) for k =1,2,... r. Clearly, By, B, ..., B,
are independent under P.

Next we consider stochastic differential equations with deterministic time change. Let
Zi(t) := Bi(¢g(t)) for t € [0,7] and k = 1,2,...,r and % the o-field generated by
(Zp(5);0 < s < t,k =1,2,...,r). Then, Z; is a square-integrable (.%#;)-martingale for

every k = 1,2,...,r. We consider the following N-dimensional stochastic differential
equation:
dX () = oult, X (t—))dZy(t) + b(t, X (t))dt,
P (4.2.1)
X(O) = Xy,
where oy, is an R% @ R¥-valued continuous function on [0, T]x RY for k =1,2,...,r, bis

an R"-valued continuous function on [0, 7] x RY, and zy € RY. We assume the estimate
max oy (t, ) — ox(t,y)| + b(t,x) = bt y)| < K|z —yl,  w,yeRY, t€[0,7],
mkaxlak(t,x)] +|b(t, x)| < K(1+ |z]), zeRN, t€0,T)
with a positive constant K. Then we have the following theorem.

Theorem 4.2.1 The equation (4.2.1) has a unique (F;)-adapted solution X = (X (t))
satisfying for any p > 1

E { sup \X(t)|p] < zgexp {M <T + Z(bk(T)> } : (4.2.2)

0<t<T

where M s a constant depending on r,p and K.

Proof. 1t is sufficient to show (4.2.2) in the case of p > 2. We use Picard’s successive
approximation. Let (.%;)-adapted right-continuous processes {X,} with left limits be
defined by

Xo(t) :=

Xpi1(t) = x0+/0 Zak(s,Xn(s—))de(s)+/0 b(s, X,(s))ds.

k=1

It is to be noted that the discontinuous points of X,, correspond with the discontinuous

points of ¢ for any n almost surely. Now we show that there exists a constant M depending
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on p and K such that

E Ls;igt | Xt1(s) — Xn(s)’p} ’ < % exp {]\/[ (t - Z (bk(t)) } (4.2.3)

by induction on n. When n = 1, it is easy to see that the inequality (4.2.3) holds for
sufficiently large M. We assume the inequality (4.2.3) for n — 1. Lemma 4.1.3 leads to

E [sup | Xa1(s) — Xn(s)|p]
0<s<t

<ZE{sup

0<s<t

1
p}p

/Os(b(u, Xn(w)) = b(u, X1 (u)))du

/ (op(u, Xp(u—)) — op(u, Xp_1(u—)))dZ(u)

+F [ sup

0<s<t

(/ |y (w0, X (u— ak(u,an(u))qusk(u))gr

+E{

pr,

/0 (b(u, X, (w)) — b(u, X, —1(w)))du

(/ X u-) Pdé(u >)] |
+E{</ S

D=

From the assumption of induction we derive

2l Xt - X

0<s<t

< %sz@a K) { (/ exp {2M (U + Z¢k(u—)> } d¢k(u)>
k=1 \“0

k=1

oo E o) b

=1
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K) Lz; exp {M (t + Z¢l(t—)> } (/Ot exp (2M ¢ (u—)) dﬁbk(u))%

12k
+exp (M 3 @(t)) / t eM”du] |
=1 0

Since ¢ (b '(s)—) < s, Lemma 4.1.1 implies
t Pr(t)
| e eaatndn = [ e Moo ()-) ds

®r (1)
< / exp(2M s)ds
0

1
< BY; exp(2M ¢y (t)).

Hence it is holds that

D=

E {sup X (s) — Xn<s>lp}

0<s<t

< SiC(p K [Z exp {M <t+ ;qsl(t_)) } ﬁewk(w
+ exp (MZgbl(t)) %em]
< ;20( K){\/— L}exp{M (HZ@(@)}.

If we choose M sufficiently large such that

(V3 a0 <

then the inequality (4.2.3) holds for n 4 1. Therefore we complete the induction.
The inequality (4.2.3) leads to

E {sup | X (s) — Xm(s)\p] ’ < Qx—iexp {M (t + Z¢k(t)> } :

[\DI»—

0<s<t

for any positive integers n and m such that n > m. This inequality implies that {X,} is
a Cauchy sequence. Hence there exists an (.%#;)-adapted right-continuous process X with
left limits such that the discontinuous points of X correspond with the discontinuous

points of ¢ almost surely, and

B =

lim F | sup |X(s) — X,.(s)]"| =0.

n—oo 0<s<t
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It is easily seen that X is a solution of the equation (4.2.1). The estimate of X follows
easily.
To prove the uniqueness, let X and Y be two solutions of the equation (4.2.1). A

similar discussion as above yields

B sup 1X() - V()]

0<s<t

Applying Lemma 4.1.4 to this inequality, we have

E { sup | X(t) —Y(t)|2} = 0.

0<t<T

O

Now we apply Malliavin calculus to the solution X = (X (¢)) of the equation (4.2.1).

Theorem 4.2.2 We assume that oy, € CO™([0, T|xRY; R*@RN) and Vo, € G ([0, T) x
RY; RV@R*@RN) fork =1,2,...,7,bc Co([0, T|xRN;RN), and Vb € C"™ ([0, T) x
RM; RN @ RY). Then we have X (t) € Wm™P(RN) for t € [0,T], and there exists a con-
stant M depending on r,p, m and the bounds of the spatial derivatives of o, and b up to

order m such that

X (8)lp < exp {M (t +y ¢k(t)> } , telo,T]. (4.2.4)

Proof. 1t is sufficient to show (4.2.4) in the case p > 2. We define X, as in the proof of
Theorem 4.2.1. The proof of Theorem 4.2.1 implies that X,,(¢) converges to X (¢) in LP
for each t € [0,T]. Now we proceed to show that X,,(t) is in W™P for every t € [0, 7] and
all n, and satisfies that the inequality

E | sup |D'X,(s) ;g(H;RN)} ’ < exp {M <t + Z qbk(t)> } (4.2.5)
k=1

0<s<t

with a constant M depending on p, m and the bounds of the spatial derivatives of o} and
b up to order m such that forn =0,1,2,..., 7 =0,1,...,m. For it we use the induction
on (n, 7). By the proof of Theorem 4.2.1, we know that X,,(¢) is in L for each ¢t € [0, T
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and all n, and there exists a constant M such that (4.2.5) holds for j = 0. Clearly X(¢)
is in W™P for each t € [0,7], and there exists a constant M such that (4.2.5) holds for
n = 0. Let jo < m. Next, as the hypothesis of the induction we assume that X, (t)
is in WP for “each t € [0,7T], all n and j = 0,1,...,50 — 1”7 and for “each t € [0,T],
n=0,1,....,npand j =0,1,...,7”, and that there exists a constant M satisfying (4.2.5)
for “all n and 7 = 0,1,...,750 — 17 and for “n =0,1,...,n9 and 5 = 0,1,...,7". Then
we show that X, () is in WJP for each t € [0,T], and that there exists a constant

M satisfying (4.2.5) for ng + 1 and j,. Proposition 4.1.5 gives the explicit expression of
DXno—H

DX, 1(t) = Z/o Vcrk(s,Xno(s—))DXnO(s—)de(s)+/0 Vb(s, X, (5)) DXy (8)ds

r

Pr(t) )
SX Y [ ol (). Xl ()i}

A k=1

where {hy = (h},h3,...,h})}, is a complete orthonormal normal system of H = H; ®

Hy ® ...® H,. Repeating this procedure, we have
DjOXno-l-l(t)

= Z/O {VO'k<S,Xno(s_))DjoXno(S_)

+ Z A;C<S7 Xno(s_))Qf(DXno (S_)’ s >Dj0_1Xno (8_))} de(S)

=1

+/0 {ka(3>Xno(3))DjoXn0(s>

37 A (8, Xy () QF (DX (). DJ'O-ano(s»} ds

T br(t) jofll R
#3030 AT X6 6)
<O DXy (85D, D7 Ko (65 (D)),

(4.2.6)

where AF, AF € CL([0,T] x RY; (RM)® @ R* @ RN) , AF € C'([0,T] x RY; (RM)® @
R% @ RY) satisfy that

max A7 (¢, 2)| < Co({|IV'onlloc }r<icmickar) (1 + |2), =€ RN, ¢ €[0,T],

and QF, QF, QF are (RN)®! @ H’-valued functions whose components are polynomials of
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order [. Therefore, from Lemma 4.1.3, it follows that

3=

E {sup | D7 X 41(s )|$go(H RN):|

0<s<t

S C7(]9>E (Z/ |VO'k<S,XnO(S))Dj0Xn0(S>
k=10
Jo B
+Zﬁmxmwww&m».wﬁ&4»ﬂwwmm0
t ) .
+/ E [|Vby(s, X0 (5)) D7 X0 (5)
0
Jo ~ ~ %
+>Af (5, Xy (8))QF (DX, (), ..., DT X () 2o RN)]
=1
r (t) Jo=! N .
SB[ A6 X0 ()
k=1 0 1=0
Nk DX —1 Djole —1 2 d i
< QDX (67 )+ D7 X (67 ) gy
From Lemma 4.1.1 the last term of this inequality equals to

ZE (/ |2Ak s Xno )Q (DXTLO(S_)’"'7Dj0_1Xno(S_)) ;JO HiRN) d¢k( ))

On the other hand, the induction assumptions imply that

B =

E {sup 1D X, (s )jj(HRN)}

0<s<t

< Cs (m, p, {IV' 0k |oo }r<i<m, 1 <t<rs {1 IV0] oo }1<1<m)

X exp {Cs (m, 0, {11V onlloe h1<icmasizr, {|| Vbl oo }1<i<m) (t +y ¢k(t)> } :
k=1

j:()a]-a"'7j0‘

Hence, by Holder’s inequality, we have
B [ 1A% (5, Xy (D@D Xy (5): - D7 Xy (5D )
< Cy (m,pa {HlekHoo}lglnggkgm {HV bHoo}lglgm)

hSA

X exp {09 (m7p7 {HlekHoo}lgznggkgm {||Vlb||oo}1gzgm) <t + Z ¢k(t)> } .
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The same estimates also hold for A¥QF and AFQF. Then we can make similar argument
to the proof of Theorem 4.2.1, so that X,,,;1(t) € WP and (4.2.5) holds for sufficiently
large M depending on r, p, m and the bounds of the spatial derivatives of o3 and b up to

order m. Thus we have
X,(t) — X(t) in LP,  sup || X, (8)||mp < 0.

In help of Lemma 1.5.3. in [19], we have the conclusion. O

Next we consider the relation between the ellipticity of equations and the non-degeneracy

of Malliavin covariance matrices.

Theorem 4.2.3 We assume that o, € C%1([0,T] x RY; R* @ RY) and Vo, is bounded
for k= 1,2,....r, b € C%([0,T] x RY;RY), Vb is bounded, and that there exists a

positive constant € such that

> 01(0,20) ok (0, 29) > €.
k=1

Then, Malliavin covariance matriz A(t) = (DX (t), DX?(t))u+)i; is invertible, and there
ezists a constant C' = C(xg, N, p, e, 7, {||Vk||oo t1<k<rs || V||oo) such that for all p > 1

Eldet(A(t))?] < Cmin{e;(t);i = 1,2, ...,r} Pexp [C(t + max{¢;(t);i = 1,2,...,7})].
(4.2.7)

Moreover, if there exists a positive constant € and ty such that
T
> on(t,x) ou(t,x) > e, te0t], xRV,
k=1

then we can choose a constant C = C(to, N,p,e,7,{||Vor||oo }1<k<r, || Vb||) satisfying
(4.2.7).

Proof. Let

Ak(t) = [Bk<¢k())7Bk(¢k())](t)v te [OvT]w k=1,2,....r

We define two N x N-matrix-valued processes J; and Js as the solutions of the following

stochastic differential equations, respectively.

dJy(t) = Z Vou(t, X (t=)) Ty (t=)dZ(t) + Vb(t, X (t—))Jy (t—)dt,

L(0) =1,
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do(t) = = 3 Bt=)Vou(t, X (t-))dZu(t) — Jo(t—)Vb(t, X (t=))dt
k=1

+ > Ja(t=)Vor(t, X (t=))Vor(t, X (t—))dA(1),

k=1

Corollary 2 and Theorem 29 of Section 6 of Chapter II in [20] imply that J;(t).Jo(t) = I
for all ¢t € [0, T], from which it follows that J;(t) = Jo(t)~* and

T t
S () DX (t)[h] = Z/ Ja(s—=)on(s, X (s—))dhi(x(s)),
k=10
with h = (hq, ha, ..., h,) € H. By virtue of Lemma 4.1.1 this can be expressed as

r éx(t) .
Jo(t) DX (t)[h] = Z/O Jo(y H(w)=)ow(ey " (), X (&5 (u) =) g () du.

k=1

Hence, for a complete orthonormal normal system {h*} of H we have

AW = XY [ B oo . X6 00D

n #1(t) )
x / L () =)o (05 (), X (5 () )i () du Ty (1)
r oK (t)
AT / (6 () =)o (), X (61 () )
k=10
< o (7 (), X (6 () =) Yl (w)—)du Ty (1)

= Ji(t) Z/o Jo(s—)or(s, X (5—)) ‘op(s, X (s—)) To(s—)dor(s) Uy (1).
From this one can derive

det(A(t)) = det(Jy(t))? det (Z/o Jg(s—)ak(s,X(s—))tak(s,X(s—))th(s—)dqék(s)) :

(4.2.8)
For the estimate of det(.J(t)), the following lemma holds.

Lemma 4.2.4

Ef[ det(Ja(t))["]
< Cuo(p, N, 7, {1V Orloc Frrsrs [ V]]oo)
xexp [Cro(p, N7, [V Ok |oo Frcrars [[Vb]oo) (E + max{ei(t);i = 1,2,...,r})].
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Proof of Lemma 4.2.4. Lemma 4.1.3 enable us to make similar discussion in the proof of
Theorem 4.2.1, and it follows

max | sup [(n(6) ||

b 0<s<t

< Cu(p,r {lIVorlloc brksr: [[Vlloo)

« [ maxE [ sup |<J2<u>>ij|p} 4 <s+i¢k<s>> .

0o W 0<u<s

Lemma 4.1.4 yields that

3=

max E[[(2(1); "] < Cu(p,m {lIVor]loo hrzizr, [[VD]]oo)

x exp [C11(p, 7, {|[ Vol b1<ir, [[VO]|s)
X (t +max{;(t);i =1,2,...,r})].
By Holder’s inequality, we have

Bl det (L)) < Nl max E[| (1)) %.

Therefore we have the conclusion of Lemma 4.2.4.

The estimate of Lemma 4.2.4 is sufficient for the part det(.Ji(t)). We estimate the
other part. Let & € SV~ where SV~ is the (N — 1)-dimensional sphere centered at 0.
From the assumption of ellipticity and the compactness of S¥~1, we can choose n € N,

open sets G; in SV! and k; = 1,2,...,r, fori =1,2,...,n such that

OGi = SN-1
i=1
€01, (0, 0) o1, (0, 20) € > 23, EeGy, 1=1,2,...,n.
r

By the continuity of {0y}, there exist R; > 0 and ¢; € (0,7 such that
o, (s,2) oy, (s, 2)€ > 35_7“7 x € B(zo, R;), s €10,t;] ,£ € G,
fort=1,2,...,n. Let R:= min; R; and t; := min; t; We define a stopping time ( by
C:=inf{t € [0,T];|X(t) —xo| > Ror |Ji(t) —I| >0} AT,
where 0 € (0,%g) is chosen so small that

€ (5)or,(5,2) o (5, 2) ()€ >
v € Blao, B). s €[0.0), £ €5V
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To simplify the notation, we denote min{¢;(¢);i = 1,2,...,r} by n(t). We note that 7 is
also a right-continuous increasing function on [0,7]. Since Lemma 4.1.1 yields that for
1=1,2,...,nand £ € G;
T t
€ (Z / Jz<s—>ak<s,x<s—>>tok<s,x<s—>>U2<s—>d¢k<s>>s
k=10

tAC
2/0 §Ta(s=)ow, (s, X (s=)) ‘on, (5, X (s=)) “Ja(s—)€dy, (s)

> Eﬁ(t A GC),
we have
det <Z/{; J2 O'k S X( ))to'k(S,X(S—)) tJQ(s—)d¢k<S)>
NNt A Y.
Hence

E |det <Z/o Jg(s—)ak(s,X(s—))tgk(s,X(s_))tjz(s—)dqﬁk(s)) ]

< AP NPT NP Bt A ¢) )
= ANPp NP NP Bl (8) NP ¢ > 8]+ 4N NPET NP E ()P ¢ < ).

Since n(n~*(u)—) < u, from Lemma 4.1.1 we have
0O =y = Np [ u i
n

(*)
< Np/ n(n™ (u)—) """ du
n(¢)

— Ny /C n(s—) NPt (s).

Hence we have

E |det (Z/ JQ(S—)Ok(S,X(s_))tak(s,X(s—))tjz(s—)dgbk(s)) ]
k=1"0
< AN NP NEy (1) NP P(( > 1)

t
+4NPp NP NP {Np/ n(s—)""P"dn(s) + n(t) VP ¢ < t
¢

= 4NPp NP NPy ()= NP
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t
+4NPpNP NP N B [/ 1(“](s)n(s—)’Np’ldn(s);C <t
0

= 4NPp NP NPy ()= NP
t
+4NP e N / n(s—) " EL g (5); ¢ < tld(s)
0
t
= 4NPpNP=Neg (1) =NP 4Np7"Np5Npr/ n(s—)"NPIP(¢ < s)dn(s). (4.2.9)
0

On the other hand, we have the following estimate for (.

Lemma 4.2.5
P(¢ < t) < 2Nrexp{—Cia(N, 7, R, 8, [|V0][o)n(t) '}
Proof of Lemma 4.2.5. Note that it is sufficient to prove the estimate for small ¢. Set

¢ = inf{t €[0,T];|X(t) —xo| > R} AT,
G = inf{t €[0,T];|(t) —I| >0} AT.
Then it is sufficient to prove the same estimate for ¢; and (. Since the estimates for

(1 and (y are proved similarly, we prove the estimate only for (. We define continuous
martingale (My(t)) by

Mi(t) ::/0 Voo (s), X (67 (s)=))Ji (67 (s)=)dBy(s), k=1,2,....r.

Denoting ZfV]:1<(Mk)m> by (M) for k =,1,2,...,r, we have
b1 (tAC2)
(M) (or(t A G2)) = /0 V(o' (s), X (¢, (5)=)) (¢, (s)—)[Pds
< Ci3(0) et A G2).

From Lemma 4.1.2, it follows that

T

sup |Ji(s AG) =< sup  |[Mi(s)| + Cra(|[V]]oo)t.
s€[0,t] i—1 5€[0,:0r(tAC2)]

Therefore, if t < then by Proposition 6.8 of [24], we have

)
2C14(|[Vb]|o0)

PG <t) < P<SUP |J1(5/\C2)—[|25>

s€[0,t]

- )
P (Z sup | My.(s)| > 5)

=1 S€10,0(tAC2)]

IN
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v

- )
< P sup | My(s)| > —
; <se[o,¢k (tAG)) 2r

= ZP< sup | My(s)| >

| =

I
r

DO

5€[0,01 (tAC2)]

r 52
= ZN;GXP (_ 8N2T2013(5)¢k(t)) '

This completes the proof of Lemma 4.2.5.

(M) (or(t A C2)) < Cr3(0)gr(t A C2)>

From Lemma 4.2.5 it holds that
P(¢ < t) <2Nrexp{—Cia(N,r, R, 6,||Vb||sc)n(t—)""}.

Therefore, by (4.2.9) we have

E

det (Z/o Jg(s—)ak(s,X(s—))tak(s,X(s—))tJQ(s—)d¢k(3)> ]
BN b

t
+22Np+1TNp+1€_NpN2p/ U(S_)_Np_l eXp{_ClQ(Nv T, R7 6a ||Vb| |oo)77(5_)_1}d77(5)-
0

Now we estimate the second term in the right hand side of above inequality. Let

flz) = 2~ Np=1,=Cra(Nm,R3,|[Vbl o)z~

It is easily seen that f is a positive, bounded, and concave function on (0,00), and
the maximum is attained at x = 012(N’Z’V};’j’yw”°°).
(n(t);t € [0,T]) by J. Since u — J < n(p~'(u)—) < u, the following inequalities hold by

Lemma 4.1.1

We denote the maximum jump of

t
/77(3—)Np1€C1Q(N,T,R,6,|Vb|oo)n(5)1dn(8)
0

n(t)
_ / 7](7]71 (U) _>7Np7167012(N7T7R75:‘ [Vb[oc)n(n ™ (u)=) 1 du
0
1o (N, Ry, Vbl [00)

J+ Np+1 _ _
< / v (0 (1) ) ~NP=1 =N R IVHc )t 10-) g,
0

oo
+ / 77(77—1(u)_)—Np—16—012(N,7’,R,6,|\Vb||o<,)r](’rf1(u)—)*1du
J

4+ C1o(N.r .5, Vbl o)
Np+1

012(Na r, Ru 57 ||vb||00)
Np+1

<11l <J+
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+ /OO (u— J)—Np—le—Cu(N,r,R,a,va|oo)(u—J)*1du
I+ N1
012<Na T R’ 57 Hvb’ ’00)>
Np+1

[e.e]
_ _ _ —1
+/ U Np 16 Cl2(N1TaR75)||vb||00)u du‘
0

<11l (J+

Changing variables in the integral of the right hand side, we have
/OO uNP=1e=Cra(Nr RAI[Vbllec)u™ gy — Cia(N,7, R, 6, ||Vb||o) “PT(Np).
0
Here I' is the gamma function. This leads to the inequality
/t77(8_)—Np—le—C12(N,r7R,5,||Vb||oo)77(s—)1d77(3) < Ci5(N,p,7, R, 8,||Vb||oo) (1 + J).
0

Therefore, we can conclude that for all ¢ € [0, 7]

E

det (Z/o Jg(s—)ak(s,X(s—))tak(s,X(s—))tJQ(s—)dgbk(S)) ]

< QPP NPT NPy () NP 4 2N NP NP N2 RO (N, p, 7y R, 6, || VDo) (14 )
< Ci6(N.p, 7.8, R,0,[| VBl [oo) (1 + T + (1) ~"7).

Note that R and ¢ are determined by {||Vog||eo}1<k<r, o, and €. From (4.2.8), this
estimate, and Lemma 4.2.4, the first assertion follows. Since the condition of the second
assertion implies that the constants for the estimates can be chosen independently of x

but dependently on ¢y, the second assertion is derived. O

Theorems 4.2.2 and 4.2.3 enable us to apply Sobolev’s inequality with respect to H-
derivative to the solution of the stochastic differential equation (4.2.1), and the following

theorem follows.

Theorem 4.2.6 For the stochastic differential equation (4.2.1), we assume that oy €
Com+2([0, 7] x RN;R%* @ RYN), Vo € CY™1([0,7] x RY; RN @ R* @ RN) for k =
1,2,...,7, b€ CO*2([0,T] x RY;RN), Vb € CP" ([0, T] x RY; RN @ RY), and there

exists a positive constant € such that

Zak((),xo) ‘01.(0,20) > €.
k=1
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Then, the law P(t,xq,dy) of X (t, o) is absolutely continuous with respect to the Lebesque

measure and its density function p(t,z,y) is estimated as

max sup |Vép(t, z0,y)| < cxmin{g;(t);i =1,2,...,r} “exp {02 <t + Z (bk(t)) } :
k=1

0<I<m , cRd
(4.2.10)
with positive constants cq, co,c3. Moreover, if there exist positive constants € and to such
that

> ow(t,x) oi(t,x) > e, te0t], xRV,
k=1

then the constants ¢y, ca, c3 in (4.2.10) can be chosen independently of xo but dependently

on ty.

Proof. The conclusion follows from Theorems 4.2.3, 4.2.2, and Theorem 5.9 of [24]. O

4.3 Regularity properties of conditional probabilities

In this section, we consider the inheritance of regularity of densities from those of condi-
tional probabilities.

Let (€2, %, P) be a probability space, and ¢ a sub-o-field of .%#. We assume that there
exists a regular conditional probability p(w, dw’) of P with respect to 4. First we discuss

the absolute continuity.

Theorem 4.3.1 If the reqular conditional probability p(w,dw') is absolutely continuous
with respect to a measure v on (Q, F) for almost allw, then P is also absolutely continuous

with respect to v.
Proof. Let A € .F be a v-null set. Since A is also p(w, dw’)-null set for almost all w,
/ 14(w)P(dw) = / / 14(w)p(w, dw')P(dw) = 0.
Q QJa
Thus we have the conclusion. 0
Next we consider the regularity in case of 2 := R" and .# := Z(R”). Assume that

the regular conditional probability p(w,dw’) has the density function p(w,y) for almost

all w.
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Theorem 4.3.2 Let p(w,-) € C(RY) for almost all w and there exists a positive random
variable Y such that E]Y] < oo and for almost all w

10°p(w, Y]oo LY (w), o] < n.
Then P has its density function ¢ € CP{RN).

Proof. Theorem 4.3.1 implies that P has its density function ¢. For f € C;°(RY) and

multi-index «, |a| < n we obtain
/ ( / (3“f)(y)p(w7y)dy) P(dw)'
RN RN

/RN ( . (y)(a??‘p)(w,y)dy> P(dw)

< [ (] vonegmela) r)
< [ My [ Vep)

From this ¢ € W™= (RN dz) follows, and hence the assertion by Theorem 2 of Chapter
V in [25]. O

| @ patais

4.4 Regularity properties of solutions of stochastic
differential equations driven by subordinated Brow-

nian motions

In this section, we combine the results of Sections 4.2 and 4.3.

Let r be a positive integer, dy,ds,...,d; positive integers, (€2,.%#, P) a probability
space, and Z(t) a di-dimensional right continuous process on [0, 7] with left limits for
k=1,2,...,r, where {Zy;k = 1,2,...,r} are independent totally. Let (.%#;) be a o-field
generated by {Z;(s);0<s<t,k=1,2,...,r}

We assume that (Zj(t)) can be expressed as (By(7x(t))) for k = 1,2,...,r, where
(Bg(t)) is a dg-dimensional Brownian motion for £k = 1,2,...,r, {m;k = 1,2,...,7}
are one-dimensional right continuous increasing processes starting at 0, and {By; k =
1,2,...,r} and {ry; k = 1,2,...,r} are independent totally. We call such a process Z(t)
a subordinated Brownian motion and 74 a subordinator. Let Z; be the jump part of Z,

for k=1,2,...,r. We define a Poisson point process py by

pi(t) = Z{(t) — Zi{(t-),
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and decompose the counting measure N, (dtdx) on [0,T] x R of p; as
Ny, (dtdz) = 1p(x)N,, (dtdx) + 1pe(z) Ny, (dtdx),

where D is a unit ball with center 0 in R%. Then it holds that

Zl(t) = /0 N /R . 21p(z)N,, (dsdz) + /0 " /R N 21 pe(z)N,, (dsdz).

In additional, we assume that the first term of the right-hand side is square integrable,
and the second term is a function of bounded variation with respect to t. Note that
the first term is martingale. This assumption implies that we can define the stochastic
integrals by {Z]} and therefore by {Z;}. The detail of the definition can be found in [9)].

We consider the following N-dimensional stochastic differential equation:

dX (1) = ; ok (t, X (t=))dZy(t) + b(t, X (t))dt, (4.4.1)

X(O) = 2y,

where o, € C([0,T] x RY; R* @ RY) for k= 1,2,...,r, and b € C([0,T] x RY; R").
It is known that the solution of the stochastic differential equation has pathwise unique-
ness when the coefficients are Lipschitz continuous (c.f. Section 9 of Chapter IV in [9]).
We denote the o-field generated by {ry;k = 1,2,...,7} by #7. Then, the argument
in Section 4.2 is available when we consider the equation (4.4.1) on (Q, %, P(-|#7)), and

the argument in Section 4.3 yields the following theorem.

Theorem 4.4.1 Assume that o, € C*([0,T] x RY;R% @ RY), Voy is bounded for
k=1,2,....,r, b € C%([0,T] x RY;RY), Vb is bounded, and there erists a positive
constant € such that .

> " 01(0,20) ok (0, 29) > €.

k=1
Then the equation (4.4.1) has the unique solution (X (t)), and the distribution of X (t) has
its density for t € (0,T].

Proof. Under the probability P(:|#7) we can apply Theorems 4.2.2, 4.2.3, and The-
orem 1 of Chapter VIII in [25], so that P(:|.#7) is absolutely continuous with respect
to the N-dimensional Lebesgue measure almost surely. Thus the conclusion follows from
Theorem 4.3.1 0J

For the regularity of the density function of the solution, we have the following theorem.
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Theorem 4.4.2 Assume that o, € C%"+2([0, T|xRN; R*@RN) and Vo, € Cy" ([0, T]x
RY; RN @ R%* @ RY) for k = 1,2,...,r, b € CO"2([0,T] x RY;RY), and Vb €
CPm N[0, T) x RN; RN @ RN), and there exists a positive constant € such that

a(0,29) o(0,10) > €

Moreover, we assume that
ZE [(Tk(T))_A exp (AT;C(T))} < 00, forall A€0,00).
k=1

Let (X (t)) be the solution of the stochastic differential equation (4.4.1). Then the distri-
bution of X(T) has its density q(z), and ¢ € C"(RY).

Proof. Under the probability P(:|#7) we can use Theorem 4.2.6. Therefore we have
the conclusion by Theorem 4.3.2. 0

4.5 Regularity properties of solutions of stochastic

differential equations driven by stable processes

In this section, we consider special, but the most interesting, case of above results, that
is, stochastic differential equations driven by stable processes.

Let r be a positive integer, dy,ds,...,d; positive integers, (€2,.%#, P) a probability
space, ap € (0,2] for k = 1,2,...,r, and Zx(t) a di-dimensional rotation-invariant cy-
stable process for k = 1,2,...,r, where {Zy;k = 1,2,...,r} are independent. Let (%)
be a o-field generated by {Zx(s);0 < s < t,k =1,2,...,r}. We consider the following

N-dimensional stochastic differential equation:

dX(t) = ; ok(t, X (t=))dZ(t) + b(t, X (t))dt, (4.5.1)

X(O) = Ty,

where o, € C([0,T] x RV;R%* @ RY) for k = 1,2,...,r, and b € C([0,T] x RY;RY).
The stochastic integrals are defined as in the previous section.

Now we use subordination. (Zx(t)) can be expressed as (By(7(t))) for k =1,2,...,r,
where By, is a dp-dimensional Brownian motion for k = 1,2,...,r, 7 is a one-sided «y,/2-
stable process if ay, # 2 and 74(t) = tif o =2for k =1,2,... ,r;and {By; k= 1,2,...,r}
and {7y; k = 1,2,...,r} are totally independent. If necessary, we extend the probability
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space (£, #, P). Note that the assumptions of Section 4.4 are satisfied. We denote the
o-field generated by {7x;k = 1,2,...,7} by .#7. Then, by Theorem 4.4.1, we have the
following theorem.

Theorem 4.5.1 Assume that o, € C%([0,T] x RY;R% @ RY), Voy is bounded for
k=1,2,....,r, b € CO%([0,T] x RY;RY), Vb is bounded, and there exists a positive

constant € such that

Zak(o,mo) tak(O,mo) > €.

k=1
Then the equation (4.5.1) has the unique solution (X (t)), and the distribution of X (t) has
its density for t € (0,T].

Finally we consider the regularity of the density function of the solution. Theorem
4.4.2 is not available, because the condition of the expectation of exponential function

does not hold. However, in the case that » = 1, the following theorem holds.

Theorem 4.5.2 Assume thatr =1, 0 € CO2([0, T]xRN; R‘@RYN), Vo, € C)™ ([0, T] x
RY;RY @RI@RN), b€ CO*2([0,T] x RV;RN), Vb € Cp" ([0, T] x RY; RN @ RN),

and there exists a positive constant € such that
o(t,r) ‘o(t,x) >¢e, te[0,T], v € RV.

Let (X (t)) be the solution of the stochastic differential equation (4.5.1). Then, the distri-
bution of X(T) has its density ¢ € C"(RY).

Proof. Fix Ty > 0. We define an . "-measurable random time p by
p =sup{t > 0;7(T) — 7(t) > To}.

Let Z™™0 be the o-field generated by 7 and (B(t);0 < t < (7(T) — Tp) vV 0). Consider the

following stochastic differential equation on [0, T — p] under P(-|.Z710):

{ dX(t) = o(p+t, X (t=))dZ(t) + b(p + t, X (t))dt, (4.5.2)

X(0) =&+,
where Z(t) := B(r(p+1)) — B(7(p)),

S = X(p=)+alp, X(p=))(B(T(T) = To) — B((p=))) + b(p, X (p=))(7(p) — T(p—)),
§ = alp, X(p=))(B(r(p)) = B(r(T) = Tp))-
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Note that (Z(t)) is a Brownian motion with deterministic time change and & is a con-
stant under P(-|.#710). According to Theorem 4.2.1, the equation (4.5.2) has the unique
solution X on (©,.7, P(-|.# 7)), and it holds that

X(t)=X(p+t)forte[0,T —p|, P(|F"P)as. (4.5.3)
On the other hand, if (W, H, i) is the Wiener space generated by (B(t);7(T) — Ty <
t < 7(T)), then Malliavin calculus is available for ¢ and (X (t)) under P(-|.#770). It is
easy to see that |DE|y < ||0||e and that D¥¢ =0 for k > 2. By the similar discussion to
that in the proof of Theorem 4.2.2; for all p > 0 there exists a constant M such that

m—+2

D BT 1D ) | < M espQI(T 4 7(T) = (7).

Since 7(T) — 7(p) < Ty, we have

m+2
. T, T} g
S pPUFT) [|DkX(p) Z”Q’“(H;RN)] < Mexp{M(T + Tp)}. (4.5.4)
k=1
Now we consider the case that 7(7") > Tj. From the equation (4.5.2) and Proposition
4.1.5, it is clearly derived that for h € H

DX(T — p)[h]
= D¢lh] + pVU(p +t, X(t=))DX (t—)[h)dZ(t)
+/Tpa(p+t,X(t—))dh(r(p+t)) + o Vb(p+t, X (t)) DX (t)[n]dt.

We make similar discussion to that in the proof of Theorem 4.2.3. Let
At) =2, 2)(t), te[0,T-p)

We define two N x N-matrix-valued processes J; and Jp on [0,T — p| by the solutions of

the following stochastic differential equations, respectively.

dJi(t) = Vo(p+t, X(t=))J.(t=)dZ(t) + Vb(p +t, X (t))J.(t—)dt,

dJy(t) = —Jo(t=)Vo(p+t, X (t=))dZ(t) — J(t=)Vb(p+t, X (t))dt

+Jo(t=)Va(p+t, X(t=))Vo(p+t, X (t—))dA(t),
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By Corollary 2 and Theorem 29 in Section 6 of Chapter II in [20], J;(t).J(t) = I holds
for all t € [0,T — p|, and hence it follows that Jy(t) = Jy(t)~'. To simplify the notation,
let Jo(t) = I for t < 0. By Corollary 2 and Theorem 29 in Section 6 of Chapter 2 in [20]

again, we have

Jo(T = p)DX(T — p)[h] = DE[R] + /0 B Ja(t=)o(p +t, X (t=))dh(r(p +1)).

From this and (4.5.3) one can derive

TAT = )DX(T = )b = D) + [ Jal(t = p)=)o(t, X{e=))dh(r ().
Lemma 4.1.1 and the definition of ¢ yield
Jo(T — p)DX(T — p)[h]

= a(p, X(p=))(h(7(p)) = W7 (T) - To))
~(T)

+/( Ta((r7H(t) = p) =)o (r7H(1), X (771 (8) =) Al (1)) dt

Hence, if we denote the Malliavin covariance matrix ((DX?(t), DX?(t))g+)i; by A(t), then
™(T)

AT ~p) = J(T~p) /(T)_T Ja((77H(t) = p) =)o (T (1), X (77 (1))
X o (T (), X (771 (1)) La((77H(t) — p) =)t “Tu(T — p),

and hence

det(A(T = p))

= det(J,(T — p))? det (/

™(T)

x o (rH (), X (r M (1) =) Wa((r T (t) - P)—)dt) -
Smilarly to the proof of Theorem 4.2.3, we conclude that for p > 1 and 7(T") > T,
EFUZ ™) det(A(T — p)) 7]
< Ci6(N, 2,7, {||Vor[oo hr<her, | VO] o) Ty 7
x exp [C16(N,p, e, {||Vorl|lo h<ksr: [[VO]|oo)(T + To)] -

65



In the case 7(T) < Tp it holds that p = 0. Theorem 4.2.3 implies that for p > 1 and
T(T) S TO
EPUZT0det(A(T) 7] < Cia(N,p e, r || Vorlloo bk, VD] o) (1)
X €Xp [017(N7p7 &, T, {||ng||oo}1§k§r, ||Vb||oo)(T + TQ)] .

For p > 1 and for all 7 we have

EPUZTOAet(A(T) ] < Crs(N,pye, 7, {||Vor] oo r<hars [[ VO] o) (To A 7(T)) NP
x exp [C1g(N, p, &, 7, {||Vor||oo fr<rzr [| VDo) (T + To)] -

Therefore, by (4.5.4) and Theorem 5.9 in [24], the law of X (p) under P(-|.#™™) has its
density function p, 7, belonging to CJ*(RY) P-almost surely and satisfying

max sup !VlypTyTO (T —p, & + &, y)! < (ToNT(T)) @ exp{c(T +Tp)}, (4.5.5)

0<l<m ,cRd

for some positive constants ¢y, ¢o, c3 independent of &
By (4.5.3), (4.5.5), and the Markov property of X under P(-|.#71), we have that for
f € CEO(RN) and a multi-index ﬁ = (ﬁlaﬁ?a s 7ﬁd)7 ‘ﬁ‘ <m,

[EF°F(X(TN| = |EF[E7[0° F(X(T)|.F77"]]]
= [Br [BFO7 0 (00 (T — )|

‘EP { RN O f(y)pry (T — p, &0 + &, y)dy} ‘

IN

57| [ 10 0T = .o+ € )l
< BTy A7) S s o Lo+ T}

Since 7 is a one-sided a/2-stable process and
EF[r(T)™ :/ / / / E[exp(—m7(T))dndns . . . dnp_1dn,,,
0 Jim n3 Y2

we have
EP[(7(T))™®] < o0,

Therefore applying Theorem 4.3.2 leads to the assertion of the theorem. 0
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