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SUMMARY OF Ph.D. DISSERTATION

School Student Identification Number SURNAME, First name
[IDA Takahisa

Title
Statistical Methods for Detecting Abnormal Items When There Exist Both
Categorical and Continuous Variables

Abstract

The problem of detecting abnormal items is discussed as a hypothesis testing problem for
the case when both continuous and categorical variables are observed. Assuming the location
model where continuous variables are multivariate normally distributed with common
covariance matrix when categorical variables are observed, detection methods are derived
with the false alarm probability as near the nominal value as possible for both cases when
parameter values are known and unknown.

For the case when all parameter values of the distribution for the group of normal items
are known, three detection methods are constructed. Conditional (C) method is based on the
conditional distribution of continuous variables when categorical variables are observed.
Mahalanobis distance (M) method uses the squared Mahalanobis distance by replacing the
categorical variables by their dummy variables. Likelihood ratio (I) method is based on the
likelihood ratio test. For these three methods, it is shown that the test statistics are expressed
as the sums of Mahalanobis distance based on continuous variables and the correction terms
which are determined by the probabilities of categorical variables. So, the distribution of
these test statistics for normal items i1s a mixture of shifted 2 distributions. Based on this
result, critical values are determined so that the nominal value of the false alarm probability
1s attained.

For the case when the parameter values are unknown, two types of detection methods are
considered. One is estimative method, where estimates are substituted for the unknown
parameters in the test statistics of C, M, and L methods. The other is the testing method (T
method), which is derived as the likelihood ratio test using all data including initial data for
normal items and testing sample.

Some basic properties for these methods are shown concerning their false alarm
probabilities and conditional powers given the frequencies of categorical variables in the
initial data and/or the values of categorical variables of testing sample. For comparing these
methods, their expected error rates for normal items and the detecting powers are
numerically evaluated when one dichotomous variable is included. For the case when
parameter values are known, L. method has higher power for a wide range of parameter
values compared to other methods. For the case when parameter values are unknown, T
method performs better in the sense that it has stable false alarm probability and higher
power for a wide range of parameter values.
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(1) a(1/2) = (1/2) = . limp1 op(p) = o, limyyq aq(p) = 1.
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(@) a1(p) 0 1/2<p< 10000 pOO0DO0DO0DOOl—a<p <100 p*00000
p*<p<10a(p)=10000
(v) ap(1 —a) 0 1 — F((1 = 20) /(a1 — @))).

Co)p 0 pO00D00D0DN0NDN0NDN0DND K(p)ODOOOOX =20000000
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00X =000000000000«0000000p010000000(2.12)00000 K(p)
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gogoooooo
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E(X)=Ap, E(Y)=Mp=up,,
E(XX')=ADA', E(YY')=X+ MDM', E(YX')=MDA

000000000000 o00o000000000000U000D0UD00DUO0D0OE=D —pp
gboobboodaooad

V(X)=ADA — App'A' = AEA', V(Y)=X+MDM' — Mpp'M' =+ MEM',
Cov(Y,X)= MDA — Mpp'A' = MEA'.

0000000000000 000 V(X)=AFADOODUOODOOODODODOOUOOOOOOOtOO
Ope>00000000000000000000000O0COO0O0O0O0O0O0OOO0C0
OOooooog Qo

V(Y) Cov(Y,X)
Cov(X,Y) V(X)

Y+ MEM' MEA
AEM' AEA’

0O000O0O000oO00ooOoO0oDoOoOoobObOOoO Qbgooooooo

-1 -1
o = —gH_l (AEA’)‘I{JrgH_lG’ (2.18)
ooooood
G = (ABA) 'AEM', H=%X+ MEM' — MEA'(AEA") 'AEM'
00000000000000 A20000Q°'00000
,
[i{‘_z‘jﬁ 0! [?’(‘_Z‘jﬁ (2.19)

gobobooooobo
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0000000000000000000000H=Y0000X=2000 A%20 (26)000
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e = po + At (2.20)
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gbooooooobobooooboob 2000000000000 0o00ob00b0o0obOOoDOoDbO
gbboobooboobboobuoooboobbooboboboobooboobogboo
gbooobooboooboooon

pe 0000000000000 MOOOO

M= pol' + AA = [uo A}B (2.21)
000000000B =1 4] 0000100000000 102000000000 (221)0

OMODOO0D0O0O B 0000000000 0O0OODDDOODDOODODDO0OOD0O0OUDOOOOODOOOO
gbobgoogon

ob2200000000000D00DO0D0O0 H=X0O0OOO

goooogdg
El=D-pp)1=D1—-pp'l=p-p=0

0000000000000 00 MO0000 BO00000000000mUOO0000 p
Omx k00D AOODOOOM =1pu,+A'A 00000D0O0O0DOO0OO

MEM' — MEA'(AEA"Y YAEM' = ME(1py + A'N') — MEA'(AEA") PAE(1pgy + A'A)
= MEA'N — MEA'A
=0

OO0O0OH=X0000

U0 10pe=00000p, 0000000000000 O0OOOOOOOOOOOOODODOOO
goobodobodpe>000000¢0000000000000O0O000000OCO0O0O0O00O00A0
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obo2000
S=AFA'(=V(X))00OUO0OOSO0D00O00D0000D00000D00D00FEOOOOOOD
goooboooobooobo

E—EA'S™'AE = E'?(I — E'?A'STYAE'V?)EY/20 (2.22)
OO000O0(-EY?A'S TAEY?)0000000000(222)00000000000000000

M(E -~ EA'ST'AEYM' =0 & (E -~ EA'ST'AE)M' = O
& R(M'YCN(E—-FEA'S'AE). (2.23)

0000 N(E-FEA'ST'AE)=R(B)YOOOODODOOOODOO
N(E-EA'ST'AE) D R(B')DO0O0O0OO

(E-EA'ST'AE)Y1 =0, (E—-EAS'AE)A' =FA' —FEA =0
00000000000000 rank(E — EA'S™YAE) > 2™ — rank(B') 00000000000
E=(E—-EAS'AE) + EA'ST'AFE
000000000 rank(A+ B) <rankA+rankB 00
rank(E) < rank(E — EA'ST'AE) 4 rank(EA'S™'AE),
O00O00rank(E) =2 -1, rank(EA'S 'AFE) =rank(A) 0000000000000
rank(E — EA'STYAE) > 2™ — 1 — rankA = 2™ — rankB’

goobooo

OO0000O0000OO00DOODOOO0O0O0OO QOOoObooOOm 218000000 H=X000O
gbooao

Q= —(AEA’)IIAEM’ »t [I —MEA'(AEA')—I] + g (AEE)4’)1 (2.24)
D0D0D000000((219000000000000000000

Z =(Y — Mp) — MEA'(AEA") (X — Ap) (2.25)
ooooo

A?=27'S"1Z + (X — Ap)' (AEA") (X — Ap) (2.26)
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good
000022500 (221) 000000 vp=1,1E=0 00000

Z=Y — (uyl' + AA)p — (uyl’ + AA)EA'(AEA") "1 (X — Ap)
=Y — py — Adp — A(X — Ap)
=Y — (p +AX)

goooootooao X:tDDDDZ:Y—utDDDDDDDDDD(2.26)DDDDDD 100
2577 = (Y — ) S NY — ) (2.27)

0000000 mO 2000000000000
(226) 0000000000K000D00000000000 pp=]1",Pr(X;=¢)00000

AFA" = diag(Pr(X; =0)Pr(X; =1))

oboooogoootgb <000 ¢, 000000

(2.28)

0000000200000000000 (226000000 200000000000000000

233 0UU00OOOOOOOoObOObOOOoOn

ubodgboobooboobooboobboobooobuoobooboobooboon
00000000000 mO 200000000 FOOX =t00000000(226)0000
0200060000

SV F(K -b)=1-a (2.29)
t

000000 KODODOOOOOOO A?2>KOO00000D0D (229 0000000000000
b, 000000 F(K-b) 000000000 X =t0000000000 1-F(K-b)000
good

234 UO00O0OOOOOOOLDODOOOOOLDOODOOOODOOD

gbodgbobuodgouodgbooboobuoobooboobooboboobbooboobon
000000((225)0000000 Z00X =t000 Z=Y -, 0000000000000
gboom21900000b000boobon

A*=Z'H'Z + (X — Ap)(AEA")" (X — Ap) (2.30)

gooooogoooobobooboobobobooobob0ob F=¥000000b00Xxoboog
O0000ZOOOODODOO *0000x%-Y?2Z0000000000 1000000000
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O00D0D0OO0OH -Y=MEM' — MEA'(AEA) 'AEM' 000000000000 OO0ODOOO
cooon

H=%+CC
0000000000000
H™'=x"'—n7lc(+ c'sTlo) e
= 2—1/2(1 _ 2—1/20(1 + 012—10)—1012—1/2)2_1/2
000002000
Z'H 1z = (2 V2z)(I -2 V201 + 'S 10) o'y 2)n 12y (2.31)

00XO00O0O0D00000D00000000000010000000002000000000
0000000000000000000 (I-2~Y2c+c's~'o)~'v-Y2)000oo0n0oon
00000000 00000000000000000000000000000000000
0000000000000000000000000000000000

24 0UOO0OO0O0ObOOboOOoOo

googobooboobooboobobooobooboobooboobooboooboooon
gbbodbuooobobboboobooboobboooboobboobooan

241 000OO0OOOOOOOO

000 (v, 0000000027 0000000000
Hy:pe=p, p,=pl?, o=1,..1I (2.32)
000000000000000000000000000(y,2) 0000000000
pi (@2m) 2|8 exp{—(y — p0)' S (y — pl)/2} (2.33)

000000000000000000000000000 H,0O0O0O0OO0O0O00000000
000 H,0OOOOOOOOO0OO0O000(233) 0000000000000000000000
00000000000p,=1,p, =y00000000000000000000000000
(000000 -20)00

(y — )Y~ (y — pl?) — 210g(p?) (2.34)

000000000 10000000000000000000000000000 200000
0000000000000 0000000000000000000000000000000
0a-pypY 00000000000 MOO000000000000000 30000000
0000000000000 000000000000000 2000000000000000
oooo
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gbodgoboobuodgbooboobuooboobooobooboobooboogbuoobon
goooboooobobobooboobobooboobobobobooooD0 X =c0boboonog
0000 X, 000000(234)000000

(y — p0)S7 (y — pl?) - 210g(pY) (2.35)

00000000000000000000000000 »?00000000000000000
(235 00000000000000000000000000000000000000000
00000000000000000
0000000020000 X,0 X,0000000000000000000X,=2z000
0X,=y00000000 p0py, 0000 Xy =2,X, =y 000000 ppypy, 00000
0000000000000000000000000000000000
(234)000000000000000000000000000000000000000000
000 f()0 ¢() 00000000000000000000000000000 20 [(/f{) -

Va®)2dt 0
o= / ViDgbdt = / VaOTF O (t)dt

0000 21—-p)000000000(y,z) 0 (233)00000000000000000000
000000000000000f¢) 000 (233)000000000000000000000
0000g(t)00000000000 (¢, 000 100000000000000000000

~4logp = (y — pl)S (y — p?) - 210g(pl?)

goooooboooboooobbbbboooboobobbboouuouauoboobboooag
Krzanowski(1986) 0 0 0000000

00000000 (2008 000000000000 A0DD0O0OD0O0O0OODOOOOOOODOOODO
0000000000000 000000000 X=2Y=y0OO0OOODODO-1/2<A<00
oo axgogno

AL+ )

MTD = £ () exp (2

A
gbobooboobooooad

(v - u)S; y - ) — 1)

ﬁ log AMTD?) = (y — u{V)'S; (y — pl?) + glog(pg’))
0000000000000000

(234)00000000000000000000000 «0000000000000000
D0000000000000000000 «0000000000000 (2340000000
00000000000000000000000 3000000000000/0000000
02000000000000000000000000000000000000 m0O x200

00000000 FO)OOOOOO
I
> pOF(K +2log(pl”)) =1-a (2.36)
r=1
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00000 KOOODOOOO((236)000000KOOODOODOOOOO((236) 000000 KO
000x20000000000000000000000000000000000000000
gbboobuoobuogbgooboobuooboobboooboobooboobobobo

1 — F(K +21log(p"))

00X =c00000000000000O0DO0DO0ODOO0O0O0OO0OOO0ODO0bOobObOOoOOoDbOb D
o0 Xgooobooooooboooooboooo
robooooobobooboboboboooboobobobbobooboobooboOoobooboon
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