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Abstract

In number theory, it is important to study ideal class groups. In this thesis, we
study the Galois action on the class groups of CM-fields. Stickelberger’s theorem
(1890) is an important classical result about the Galois action on the class groups of
abelian number fields. This theorem states that the Stickelberger element, which is
defined by the special values of partial zeta functions, annihilates the class group of
an abelian number field. The Iwasawa main conjecture states that the
characteristic polynomial of the Iwasawa module of the cyclotomic Z,extension of
an abelian number field coincides with the p-adic L function, which is constructed
from the inverse limit of the Stickelberger elements. This conjecture was proved by
Mazur and Wiles (1984), and in their paper they asked as an open question what
the Fitting ideal of the class group of an abelian number field is.

Concerning this problem, Kurihara defined a new Stickelberger ideal and
conjectured that this new Stickelberger ideal equals to the Fitting ideal of the class
group (2003). In this thesis, we prove this conjecture completely. This result
answers the question of Mazur and Wiles, and gives a refinement of Stickelberger’s
theorem and of the Iwasawa main conjecture. Moreover, we study abelian
CM-extensions over a general totally real number field and determine the Fitting
1deal of the class group of the CM-field under certain conditions. More precisely, our
assumption is that the structure of the Galois group of the CM-extension is similar
to that of a cyclotomic field, and that the CM-field does not contain a primitive p-th
root of unity. We also study the case the Galois group is cyclic of order p, and the
case the CM-field contains a primitive p-th root of unity under certain conditions on
the class number and the regulator of the base field. For each of these cases, we
determine the Fitting ideal of the class group of the CM-field. In these cases, the
Stickelberger element is contained in the Fitting ideal of the class group (we call
this property (SB)).

Greither and Kurihara proved that (SB) does not hold in general and gave explicit
conditions and numerical examples for which (SB) does not hold. Greither proved
that if the Equivariant Tamagawa Number Conjecture holds true and the CM-field
does not contain a primitive p-th root of unity, then the Fitting ideal of the
Pontrjagin dual of the class group contains the Stickelberer element (we call this
property (DSB)). Then it has been a problem whether (DSB) holds true in general.

In this thesis, we give explicit conditions for which (DSB) does not hold. We also
give a numerical example for which we verify by direct computation that (DSB) does
not hold. We also give explicit conditions and numerical examples for which neither
(SB) nor (DSB) holds.




