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Abstract

A hamiltonian cycle is one of the most well-studied subjects in graph theory. A lot of suffi-
cient conditions have been considered for a graph to contain a hamiltonian cycle. Among them,
Chvatal(1973) introduced the notion of toughness. A graph G is said to be t-tough, if t-w(G —S5) <
|S| for every subset S C V(G) with w(G — S) > 2, where w(G — S) denotes the number of com-
ponents in the graph G — S. It is an easy observation that every graph containing a hamiltonian
cycle is 1-tough. Chvétal conjectured that there exists a constant ¢ such that every tg-tough graph
contains a hamiltonian cycle. This conjecture is still open.

For k > 3, there is a sufficient condition concerning the toughness for a graph to have a k-tree.
A k-tree in a graph is a spanning tree with maximum degree at most k. The property of containing
a k-tree is a relaxation of the hamiltonian property. Win proved in 1989 that if a connected graph
G satisfies w(G — 5) < (k — 2)|S]| + 2, for every subset S of V(G), then G contains a k-tree.

In this thesis, we obtain more sophisticated results on spanning connected subgraphs in terms
of toughness-like conditions. For this purpose, we introduce the notion of total excess.

In Chapter 2, we consider the total excess of spanning trees. For a spanning tree T" of a connected
graph, the k-excess of a vertex v is defined to be max{0, degy(v) — k}. The total k-excess is the
amount of the k-excesses of all vertices. This chapter gives a sufficient condition for a graph to
have a spanning tree with bounded total k-excess, which is a generalization of Win’s theorem.

In Chapter 3, we discuss total excess of spanning trees again. Especially, we consider a t-tough
graph for a fixed ¢. By using the result in Chapter 2, for each integer k£ > 3, we obtain a spanning
tree with certain total k-excess upper bound depending on k, ¢t and |V (G)|. We discuss the relation
between these spanning trees. As a consequence, we prove the existence of ‘a universal tree’ in a
sense.

In Chapter 4, we discuss a more general problem obtaining a spanning connected subgraph.
Suppose that we are given a spanning disconnected subgraph F' of G, and an integer-valued function
¢ with ¢(v) > degp(v) for each v € V(G). We give a sufficient condition to be able to obtain a
spanning connected subgraph by adding edges to F' such that the total ‘p-excess’ is bounded by a
prescribed constant.

In Chapter 5, we deal with spanning walks. A k-walk in a graph is a spanning closed walk
visiting each vertex at most k times. We can define the total k-excess of a spanning walk similarly.
By using the result in Chapter 2, for k > 3, we immediately obtain a toughness condition for a
graph to contain a spanning walk with bounded total k-excess. In this chapter, we also discuss on

a spanning walk with bounded total 2-excess.




