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Summary

In the present work we study the relation between forbidden induced subgraphs
and the resulting properties in large enough graph. More formally, we study the
following problem. Given a property P on graphs, find all the families of connected
graphs F such that every large enough F-free graph satisfies P. This problem has
been studied before for several properties in particular. For example, Hamiltonian
graphs, traceable graphs, graphs containing a 2-factor, pancyclic graphs, Hamilton-
connected graphs, cycle extendable graphs, graphs containing a perfect matching,
etc.

In this thesis we give a full characterization of all families of forbidden sub-
graphs for several classes of graphs: claw-free graphs, star-free graphs, graphs hav-
ing a perfect matching, graphs having a near perfect matching and ¢-tough graphs.
Concretely, for each of these classes, we give a complete characterization of all the
families of connected graphs F such that every large enough F-free graph is in the

desired class.
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Chapter 1
Introduction

In this chapter we give an introduction to the problems addressed in this thesis.
In Section 1.1 we do a brief introduction to the general topic of forbidden induced
subgraphs. In Section 1.2 we present some results on the subject found in previous
works. In Section 1.3 we describe the particular problems studied in this thesis and

present our main results.

1.1 The forbidden induced subgraph problem

Let G and H be two graphs. G is said to be H-free if G does not contain H as an
induced subgraph. Let F be a family of connected graphs. G is said to be F-free if
G is H-free for all H € F. In this case, we say that F is forbidden in G.

The forbidden subgraph theory studies the relation between the family of for-
bidden subgraphs F and resulting properties in the graph G. In this theory, we
can think mainly of two problems. Given a family of graphs F, find the properties
that F-free graphs have. Or in the opposite direction, given some property, find the
families of graphs F such that the F-free graphs satisfy the desired property. In
this thesis, we concentrate in the later.

If we think of the simplest graphs that can be forbidden, we can start from the
smallest connected graphs, like P, P,, P3 (the path on one, two and three vertices,
respectively). But Pj-free graph, P-free graphs and Ps-graphs are not interesting.
There are no P;-free graphs. P,-free graphs are just edge-less graphs. And Ps-free
graphs are just a collection of complete connected components. None of these classes
of graphs have any interesting structural property. Therefore, we will only consider
forbidden subgraphs with at least three edges.

There are three non-isomorphic connected graphs with three edges: K3, P, and
K 3. One of them, K 3, appears in the theorem that might be considered the most
basic result in forbidden subgraph theory.



Theorem 1.1 ([32],[24]). Every K 3-free connected graph of even order has a perfect

matching.

This theorem shows a property of K s-free graphs. But, as we stated before,
we can ask the opposite question. That is, what other forbidden subgraphs imply
a perfect matching? In [30], the authors showed that K3 is essentially the only
forbidden subgraph implying a perfect matching, even when allowing a finite number

of exceptions.

Theorem 1.2 ([30]). Let H be a connected graph of order at least three. If there
exists a positive constant ng such that every H-free connected graph of even order

at least ny has a perfect matching, then H = K5 or H = K 3.

These two theorems provide basic examples of the kind of results found in forbid-
den subgraph theory. But it is possible to consider several variations and restrictions.
For example, fixing or limiting the number of forbidden subgraphs, allowing a finite
number of exceptions, not allowing exceptions at all, considering only connected for-
bidden subgraphs, etc. In the following section we show several theorems including
some of these variations and restrictions.

In Section 1.3 and Chapter 5, we show and prove generalizations of Theorems

1.1 and 1.2 by allowing more than one forbidden subgraph.

1.2 Background

In this section we present some results on forbidden induced subgraphs found in
previous works.

When we state results concerning forbidden induced subgraphs, the following
definition is very useful to compare families of graphs. If F; and F; are two families
of graphs, we say that F; < Fy if for each Hy € Fy, there is an H; € F; such that
H, is an induced subgraph of H,. It is easy to see that the relation “<” defines
a quasi-order (reflexive and transitive). Furthermore, if 7} < F, then any Fi-free
graph is also an Fa-free graph (see for example Lemma 3 of [18]).

A graph is said to be Hamiltonian if there is a cycle passing through all its
vertices. Such a cycle is called a Hamiltonian cycle. During the 1980’s, a number
of results were proved showing that forbidden some subgraphs implies the existence
of a Hamiltonian cycle in a 2-connected graph. The most basic and fundamental of

them is the following result.

Theorem 1.3 ([11]). Every 2-connected {K; 3, N }-free graph is Hamiltonian.



Where N = Nj 1., being N, the graph consisting of K3 and three vertex
disjoint paths of lengths 7, j and k rooted at its vertices. Define also W = Ny
and Zz = Ni’(]’().

Later, some additional results showing other forbidden pairs were proved.
Theorem 1.4 ([6]). Every 2-connected { K, 3, Ps}-free graph is Hamiltonian.
Theorem 1.5 ([3]). Every 2-connected { K, 3, W }-free graph is Hamiltonian.

Finally, Bedrossian[3] showed that these are essentially all possible pairs.

Theorem 1.6 ([3]). Let R and S be connected graphs. Then every 2-connected
{R, S}-free graph is Hamiltonian if and only if R is an induced subgraph of K, 3 and
S is an induced subgraph of one of Ps, N and W.

Faudree et al.[13] considered a variation allowing a finite number of exceptions.

Theorem 1.7 ([13]). Every 2-connected { K, 3, Z3}-free graph of order at least 10 is

Hamiltonian.

Theorem 1.8 ([13]). Let R and S be connected graphs. Then every 2-connected
{R, S}-free graph of order at least 10 is Hamiltonian if and only if R is an induced
subgraph of K13 and S is an induced subgraph of one of Ps, N, W and Zs.

These results include all variations concerning a pair of forbidden subgraphs for
Hamiltonian graphs. Several other works show similar characterizations for triples
of forbidden subgraphs implying the existence of a Hamiltonian cycle in all graphs
([7, 14]), and in graphs of sufficiently large order ([16, 15]). See also [19] for a survey
on Hamiltonian graphs including some of these results.

A graph is said to be traceable if there is a path passing through all its vertices.
Such path is called a Hamiltonian path.

Theorem 1.9 ([11]). Every {K; 3, N}-free connected graph is traceable.

Theorem 1.9 shows an example of a pair of forbidden subgraph implying the ex-
istence of a Hamiltonian path. Faudree et al.[13] showed that such pair is essentially

the only one.

Theorem 1.10 ([13)). Let R and S be connected graphs. Then every {R,S}-free
connected graph is traceable if and only if {R, S} < {Ki3,N}.

In [20, 21], the authors considered three forbidden subgraphs. In [22], they com-
pleted the characterization of triples of forbidden subgraphs implying the existence

of a Hamiltonian path in large enough graphs.



We now present some other results connecting forbidden subgraphs and Hamil-
tonian properties like cycle extendability, pancyclability and Hamiltonian-connect-
edness.

A graph is said to be cycle extendable if any non-Hamiltonian cycle can be

extended to a cycle containing exactly one more vertex.

Theorem 1.11 ([13]). Let R and S be connected graphs.Then every 2-connected
{R, S}-free graph of order at least 10 is cycle extendable if and only if {R,S} <
{ K13, Za}.

A graph of order n is pancyclic if it contains a cycle of length i for each 3 < i < n.
Let L be the graph consisting of two vertex-disjoint copies of K3 and an edge joining
them.

Theorem 1.12 ([23]). Let R and S be connected graphs. Then every 3-connected
{R, S}-free graph is pancyclic if and only if R is an induced subgraph of K; 5 and S
is an induced subgraph of one of P;, L, Nyoo, N310, Nogo and Naj ;.

A graph is said to be Hamiltonian-connected if there is a Hamiltonian path

between any pair of distinct vertices.
Theorem 1.13 ([31]). Every 3-connected {K 3, N }-free is Hamiltonian-connected.
Theorem 1.14 ([4]). Every 3-connected { K 3, L}-free is Hamiltonian-connected.

For both Hamiltonian graphs and traceable graphs, no results for forbidden fam-
ilies of size bigger than 3 are known. For Hamiltonian-connected graphs, there is not
even a characterization of the forbidden pairs. This suggest that in general finding
a complete characterization (without restrictions on the size of the family of for-
bidden subgraphs) is a difficult problem. However, in this thesis we show complete

characterization for several classes of graphs (see the next section for details).

1.3 Problems studied in this thesis

In this section we present and formally state the problems studied in this thesis,
along with the main results we obtained.
Every time we say that “some large enough graphs satisfy some property”, we

mean that the number of such graphs that do not satisfy the property is finite.



Claw-free graphs

The graph K 3 is also called the claw. A graph is claw-free if it does not contain
a K3 as an induced subgraph. Claw-free graphs have been widely studied in the
literature, as they are closely related to line graphs, and on the other side, there
are many interesting results in connection with matching theory and Hamiltonian
graphs theory. See [12] for a survey on claw-free graphs.

A 2-factor is a spanning subgraph such that every vertex has degree two. Let
0(G) and A(G) denote the minimum and the maximum degree of G, respectively.

Consider the following theorem about graphs having a 2-factor (see Section 3.2

for graph definitions).

Theorem 1.15 ([1]). Let G be a connected graph with §(G) > 2 and A(G) > 3.
(1) If G is {Z1 3, K1 3}-free then G has a 2-factor.
(i) If G is {Z13,Y3, W3, Ka3}-free and |V(G)| > 9 then G has a 2-factor.

Because Z 3 is an induced subgraph of itself, and all three graphs Y3, W3 and
K53 contain a K3 as an induced subgraph, then every {Z; 3, K 3}-free graph is
also {Z; 3, Y3, W3, Ky 3}-free. In this sense, we can say that (ii) is more general than

(i) in Theorem 1.15. But on the other hand, we have the following result.

Theorem 1.16 ([1]). Let G be a connected graph with 6(G) > 2, A(G) > 3 and
\V(G)| > 9. If G is {Z13,Y3, W3, Ka3}-free, then G is also K 3-free.

The interesting point about Theorem 1.16 is that even though no graph belong-
ing to the family H = {Zs3, Yy, W3, K53} is an induced subgraph of K3, when
considering the H-free graphs under certain conditions, the graph Kj 3 is also for-
bidden. The authors of [1] were interested in finding a family of forbidden subgraphs
implying a 2-factor that does not contain a star. But even though there is no star
in {Yy, Zo3, W3, Ky 3}, by Theorem 1.16 it is somehow implicitly forbidden. That is
why the authors of [1] called this phenomenon implicit forbiddance.

In this thesis, we further research the implicit forbiddance for K; 3. Concretely,
we look for other families of graphs that forbid K 3 implicitly. We do not consider
the conditions on the minimum and maximum degree from Theorem 1.16 since
those are necessary conditions related to the problem studied in [1]. We can state

our problem as follows.

Problem 1.1. Characterize all the families of connected graphs F such that every

large enough F-free connected graph is K 3-free.

In this thesis, we solve Problem 1.1. The solution is expressed in the following

theorem (see Section 3.2 for graph definitions).

b}



Theorem 1.17. Let F be a family of connected graphs. Then the following are

equivalent.
o Lvery large enough F-free connected graph is K, 3-free
o F < Full,q) for somem >1,1>4 and q > 3,

where Fp(l,q) = {K1,, Wq?’, Ty, Dy Yimio, Zigs ooy Zmg )

Additionally, in Chapter 3 we show all the families of graphs that we get when
restricting the size of the family of forbidden subgraphs (Theorem 3.4). Concretely,

Theorem 3.4 solves the following problem.

Problem 1.2. Given k > 1, characterize all the families of connected graphs F
such that |F| < k and every large enough F-free connected graph is K, 3-free.

In Chapter 3 we show the proofs for Theorems 1.17 and 3.4.

Star-free graphs

A star is a graph of the form K, with ¢ > 3. In particular, K; 3 is a star. We

consider a natural extension of Problem 1.1 to star-free graphs.

Problem 1.3. Givent > 3, characterize all the families of connected graphs F such
that every large enough F-free connected graph is K ,-free.

In this thesis, we solve Problem 1.3 for all ¢ > 3. The solution is expressed in

the following theorem (see Section 4.2 for graph definitions).

Theorem 1.18. Lett > 3 and F be a family of connected graphs. Then the following

are equivalent.
o Lvery large enough F-free connected graph is K ;-free
o F < F(l,q) for somem >1,1>4 and g > 3,

where Fl (1, q) = {K1,, WY ULY) . Zt ..., 2L J U T (q) UD (q) UYZ(m,q).

1,9

Theorem 1.18 gives for each ¢ > 3, a complete characterization for the families of
forbidden subgraphs that imply the property of being K ;-free. In other words, it
gives a characterization of the families of forbidden subgraphs that implicitly forbid
K 4-free.

Theorem 1.18 is a generalization of Theorem 1.17. In particular, F3(l,q) =
Fm(l,q). We show the proof of Theorem 1.18 in Chapter 4.



Graphs having a perfect matching

A perfect matching in a graph G is a set of disjoint edges covering all the vertices
of G. It is clear that having even order is a necessary condition for having a perfect
matching.

The following result was proved independently by Sumner [32] and Las Vergnas
[24].

Theorem 1.19 ([32],(24]). Every K 3-free connected graph of even order has a

perfect matching.

Plummer et al.[30] showed that K3 is essentially the only graph with that
property.

Theorem 1.20 ([30]). Let H be a connected graph. If every large enough H-free

connected graph of even order has a perfect matching then H is an induced subgraph
Of K173 .

Fujita et al.[18] extended Theorem 1.20 by considering two forbidden subgraphs.

Theorem 1.21 ([18]). Let Hy, Hy be a pair of connected graphs. If every large
enough {Hy, Hy}-free connected graph of even order has a perfect matching then one
of Hy and Hs is an induced subgraph of K 3.

Ota et al.[27] continued this line of research and characterized the families of
forbidden subgraphs containing at most three graphs. (see to Section 5.2 for graph
definitions).

Theorem 1.22 ([27]). For every l > 4 and r > 3, there is an ng = no(l,r) such
that every { Ky, Py, Z1, }-free connected graph of even order at least ng has a perfect

matching.

Theorem 1.23 ([27]). For everyl >4, m > 3 andr > 3, there is an nyg = no(l, m,r)
such that every {K1,,Ym, Z; . }-free connected graph of even order at least ng has a

perfect matching.

Theorem 1.24 ([27]). Let F be a family of connected graphs with |F| < 3. If every

large enough F-free connected graph of even order has a perfect matching, then
o there is an H € H such that H is an induced subgraph of K3, or
e there exist | > 4 and r > 3 such that F < {Ky;, Py, Z1,}, or

e there exist 1 >4, m > 3 and r > 3 such that F < {Ki,, Yo, Zl}}.



In this thesis, we complete this line of research started in the 1970’s by removing
the restriction on the size of the family and so characterizing all the families of for-
bidden subgraphs implying a perfect matching in large enough graphs. Concretely,

we solve the following problem.

Problem 1.4. Characterize all the families of connected graphs F such that every

large enough F-free connected graph of even order has a perfect matching.
The solution is expressed in the following theorem.

Theorem 1.25. Let F be a family of connected graphs. Then the following are

equivalent.

e Fuvery large enough F-free connected graph of even order has a perfect match-
mg.
o F < Fnl,q) for somem >1,1>4 and q > 3,

where Fo(l,q) = {K11, Y2, Wos Z1gs -+ Zing}-

Additionally, in Chapter 5 we show all the families of graphs that we get when
restricting the size of the family of forbidden subgraphs (Theorem 5.8). Concretely,

Theorem 5.8 solves the following problem.

Problem 1.5. Given k > 1, characterize all the families of connected graphs F
such that |F| < k and every large enough F-free connected graph of even order has

a perfect matching.

In Chapter 5 we show the proofs for Theorems 1.25 and 5.8.

Graphs having a near perfect matching

A near perfect matching in a graph G is a set of disjoint edges covering all but one
vertex of G. It is clear that having odd order is a necessary condition for having a
near perfect matching.

Let T,, be the graph obtained by attaching 2 independent vertices to each end of

a path on n vertices. The following result was proved in [18].

Theorem 1.26 ([18]). Let F be a family of triangle-free connected graphs. Then

the following are equivalent.

e Fuvery large enough F-free connected graph of odd order has a near perfect

matching.

o F<{T,:n>1}.



Theorem 1.26 is a partial solution to the following problem.

Problem 1.6. Characterize all the families of connected graphs F such that every

large enough F-free connected graph of odd order has a near perfect matching.

In this thesis we generalize Theorem 1.26 and give a complete answer to Problem
1.6. The solution is expressed in the following theorem (see Section 6.2 for graph

definitions).

Theorem 1.27 ([18]). Let F be a family of connected graphs. Then the following

are equivalent.

e Fuvery large enough F-free connected graph of odd order has a near perfect

matching.
o F < F(l,n,m,q) for somel>5,n>1m>1andq> 3,

where F(l,n,m,q) = {K1,;}UV(q)UZ(m, q)UT (n)UY(n, q)UD(n, m,q)UL(n, m,q)U
W(n, q) UM(n,q) UJ(n,q).

We show the proof of Theorem 1.27 in Chapter 6.

T-tough graphs

Let t be a positive real number. We say that a connected graph G is t-tough if for
every cutset S of G, t-w(G — S5) < |S|, where w(G — S) is the number of connected
components of G —S. The toughness of GG is the maximum ¢ for which G is ¢t-tough.
See [2] for a survey on toughness.

Broersma[b] proposed to study the relation between forbidden subgraphs and
the resulting toughness of G'. Toughness also has some relation to the other classes
of graphs studied in the present work as shown by the following theorems. Theorem

1.29 is an easy observation.
Theorem 1.28 ([9]). Every 1-tough graph with even order has a perfect matching.

Theorem 1.29. Every K, 3-free connected graph is %—tough. More generally, every

K -free connected graph is ﬁ—tough.

Following the same ideas as in the classes of graphs previously mentioned, we

propose the following problem.

Problem 1.7. Given a positive real number t, characterize all the families of con-

nected graphs F such that every large enough F-free connected graph is t-tough.



In this thesis, we solve Problem 1.7 for every positive real number ¢. The solution

is expressed in the following two theorems (see Section 7.2 for graph definitions).

Theorem 1.30. Let 0 <t < % and let F be a family of connected graphs. Then the
following are equivalent.

o Fuery large enough F-free connected graph is t-tough.
o F < FA,m,q) for somel>n+2, m>1andq> 3,
where n = L%J and FX1,m,r) = {Ky,, Yoo Ll s Z;,‘L’q}.

Theorem 1.31. Let t > % and let F be a family of connected graphs. Then the
following are equivalent.

o Fuvery large enough F-free connected graph is t-tough.
o F < FB(l,m,q) for somel >3, m>4andq> 3,
where FB(l,m,r) = {K1y, P, Zy}.

In Chapter 7 we show the proofs of Theorems 1.30 and 1.31.

10



Chapter 2
Definitions and Preliminaries

In this chapter we give some basic definitions of Graph Theory that are used through-
out this thesis. For an introduction to Graph Theory, see [8].

2.1 Graphs and subgraphs

A graph is an ordered pair (V, F) where V is a non-empty finite set and F is a
set of unordered pairs of elements of V. The elements of V are called vertices and
elements of F, edges. If G = (V, F) is a graph, define V(G) =V and E(G) = E.
The order of a graph G is the size of V(G). The size of a graph G is the size of
E(G).

Let G; and Gg be two graphs. A function f : V/(G1) — V(Gs) is an isomorphism
if it is bijective and for every vy, ve € V(G1), v1v9 € E(Gy) if and only if f(v1) f(ve) €
E(G3). In such a case, we say that G; and G5 are isomorphic and we write G = Gs.

If G=(Vg, Eg) and H = (V, Ey) are two graphs, we say that H is a subgraph
of Gif Vf C Vg and Fyg C Eg. If G is a graph and V is a non-empty subset of
V(G), the subgraph of G induced by V is (V, E), where E is the subset of E(G)
whose elements contain only elements of V. Such a subgraph is denoted by G[V].
If G and H are two graphs, we say that H is an induced subgraph of G if there is a
non-empty set V' C V(@) such that G[V]| = H. In such a case, we write H < G. If
H < G, we do not distinguish between H and the vertex set of G defining H.

Let G be a graph. If H is a graph, we say that G is H-free if H £ G. In such a
case, we also say that H is forbidden in G. If F is a family of graphs, we say that
G is F-free if GG is H-free for every H € F. In such a case, we also say that F is
forbidden in G.

If G is a graph and V' C V(G), the graph G — V is G[V(G) — V]. A subgraph
H of a graph G is said to be spanning if V(H) = V(G).

11



2.2 Paths, cycles and connectivity

Let G be a graph. A track in G is a sequence vvy--- vy (k > 1) such that for all
1 <i<k-—1,vv. € E(G). The length of a track vjve--- vy is k — 1. A path is
a track whose vertices are pairwise distinct. The length of a path is the length of
the underlying track. If P = vjvy--- v, is a path in G, the vertices v; and v are
the ends of P. We also say that P is a path between v; and vg. A cycle in G is a
track vivs - - - vy of length at least three such that v; = v, and v, - - - v, _; are pairwise
distinct. The length of a cycle is the length of the underlying track.

Let G be a graph. A path P in G is said to be an induced path if there is no
edge of G between any two non-consecutive vertices of P. A chord in a cycle C' of
GG is an edge of G between two non-consecutive vertices of C. A cycle is said to be
chordless if it has no chords.

For n > 1, denote by P, and C, the graphs such that V(P,) = V(C,) =
{v1, ..., }, E(P,) = {viviy1 : 1 <i <n—1} and E(C,) = E(P,) U{v,v1}. The
graphs P, and (), are called the path and the cycle of order n, respectively.

Let G be a graph, and v, w € V(G) be two vertices of G. If there is at least one
path in G between v and w, define the distance between v and w as the length of a
path between v and w of minimum length.

A graph is connected if there is a path between every pair of distinct vertices. If
k > 1, a graph G is k-connected if |V (G)| > k + 1 and for every V' C V(G) with
V| =k —1, G —V is connected. The connectivity of a graph G is the maximum k
for which G is k-connected, and we denote it by x(G). Notice that a graph of order
at least two is connected if and only if it is 1-connected.

The connected components of a graph G are the maximal connected subgraph of
G. Define w(G) as the number of connected components of G. Notice that if G is
connected, then w(G) =1 and G itself is its unique connected component.

If G is a graph, a set V C V(G) is a cutset of G if G — V is not connected.

2.3 Neighborhood and vertex degree

Let G be a graph. Two vertices vy, vy of G are adjacent if vivy € E(G). If e = vyvy
is an edge of G, we say that e is incident with v; and with vy, and that v; and v
are the ends of e. Two edges of G are disjoint if they do not share an end.

Let G be a graph. If v € V(G), the neighborhood N¢g(v) of v is the set of vertices
adjacent with v. If v € V(G) and i > 0, define N},(v) as the set of vertices at
distance ¢ from v. Notice that N2(v) = {v} and N}(v) = Ng(v). If the graph G is
clear from the context, we write N(v) and N*(v) for Ng(v) and N} (v), respectively.
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Let G be a graph. The degree of a vertex v € V(G) is the size of Ng(v). The
minimum degree of G is the minimum degree over all the vertices of GG, which is
denoted by §(G). Define similarly the maximum degree, which is denoted by A(G).

For k > 0, we say that a graph is k-regular if all its vertices have degree k. A

graph is just regular if all its vertices have the same degree.

2.4 Complete graphs and Ramsey numbers

A graph G is complete if every two distinct vertices of G are adjacent. The complete
graph of order n is denoted by K,.

Let G be a graph. A clique of GG is a non-empty set of pairwise adjacent vertices.
An independent set of G is a non-empty set of pairwise non-adjacent vertices of G.
Independent sets are also called stable sets.

For [,r > 1, the Ramsey number R(l,r) is the minimum positive integer n such
that any graph of order at least n contains either an independent set of size [ or a
clique of size r. The Ramsey number R(l,r) exists for every pair of positive integers
[ and r (see for example Theorem 12.2 of [§]).

A graph G is said to be bipartite if there are two disjoint sets A, B C V(G) such
that AU B = V(G) and both A and B are independent sets of G. In other words,
every edge of G has one end in A and the other one end in B. The sets A and B
are called the partite sets of G.

A graph is complete bipartite if it is bipartite and every vertex in one partite set
is adjacent to every vertex in the other partite set. For n,m > 1, denote by K, .,

the complete bipartite graph with partite sets of sizes n and m.

2.5 Families of graphs

A family of graphs F is said to be redundant if there are two different graphs
H,, Hy € F such that H; < H,.

When we study the families of forbidden subgraphs implying some property in
graphs, it is easy to see that we can restrict ourselves to considering only non-

redundant families, as the following proposition shows.

Proposition 2.1. Let F be a family of graphs. Let Fr = { H; € F: 3Hy € F such
that Hy # Hy and Hy < Hy } and F' = F — Fr. Then F' is non-redundant and a
graph G is F-free if and only if G is F'-free.

If /1 and F5 are two families of graphs, we say that F; < F; if for each Hy € F,
there is an H; € JF; such that H; is an induced subgraph of H,. It is easy to see
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that the relation “<” defines a partial order in the set of non-redundant families of
graphs. Furthermore, if F; < F, then any Fj-free graph is also an Fa-free graph

(see for example Lemma 3 of [18]).

2.6 Particular classes of graphs

The claw is the graph Kj3. A graph is claw-free if it is K s3-free. See [12] for a
survey on claw-free graphs.

Let G be a graph. A matching in G is a non-empty set of disjoint edges of G.
A perfect matching of G is a matching of G covering all its vertices. A near perfect
matching of G is a matching of G covering all but one of its vertices. It is easy to
see that if G has a perfect matching (near perfect matching) then G has even (odd)
order. The deficiency of G is |V (G)| — 2| M| where M is a maximum matching of G,
which we denote by def(G). From the definition of deficiency, it is clear that G has
a perfect matching (near perfect matching) if and only if def(G) = 0 (def(G) = 1).

If t is a real positive number, a connected graph G is said to be t-tough if for
every cutset S of G, t-w(G — 5) < |S|. The toughness of G is the maximum ¢ for
which G is t-tough, which it is denoted by 7(G). See [2] for a survey on toughness.

A graph is said to be Hamiltonian if there is a cycle passing through all its ver-
tices. Such a cycle is called a Hamiltonian cycle. A graph is said to be traceable
if there is a path passing through all its vertices. Such path is called a Hamilto-
nian path. It is easy to see that every Hamiltonian graph is 2-connected and every
traceable graph is connected.

There is a long standing conjecture relating toughness and Hamiltonicity.

Conjecture 2.1 ([9]). There is a positive real number ty such that every to-tough

graph is Hamiltonian.

For k > 1, a k-factor of a graph G is a k-regular spanning subgraph of G. A
1-factor is the same as a perfect matching. A connected 2-factor is the same as a

Hamiltonian cycle.

2.7 Preliminaries

Let G be a graph and let S C V(G). For S C S, define Bs(S') = {v € V(G) :
N(w)nsS =5}

If we have two sets N, S C V(G), the set { NN Bg(S") : S" C S } gives a
“partition” of the vertices of N according to how they are connected to S. If the
size of each of those sets is bounded, we can bound the size of N as the following

proposition shows.
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Proposition 2.2. Let G be a graph and N, S C V(G). If there is a constant k such
that for every S' C S, [N N Bg(S")| <k, then |[N| <21 k.

Proof. From the definition of Bg(S’), we have that N = U (N N Bs(S")), where
S'CS
the union is disjoint. Then |N| = Z INNBg(S)| < |{S": S8 CS}-k=25k O
s'CS
We use the definition of Bg(S’) and Proposition 2.2 in several proofs throughout
this thesis. Concretely, we use it in Chapters 3, 4, 5, 6 and 7.
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Chapter 3
Claw-free graphs

The graph K3 is also called the claw. A graph is claw-free if it does not contain
a K3 as an induced subgraph. Claw-free graphs have been widely studied in the
literature. See [12] for a survey on claw-free graphs.

In this chapter, we study the relation between claw-free graphs and forbidden
induced subgraphs. The main result in this chapter is Theorem 3.5, which shows
a characterization of all families of forbidden subgraphs that imply the property of
being claw-free in connected graphs of large enough order. All the new results we

prove in this chapter can be found in [17].

3.1 Introduction

If we have several families of forbidden subgraphs implying some given property, it
is important to compare them to understand which families lead to more general
results. Concretely, if we have two families of graphs F; and JF», and every JFi-free
graph is also F-free, then we can say that F, is more general, in the sense that a
result that states that all F,-free graphs satisfy some property is more general than
one that says that all F;-free graphs satisfy the same property.

To do such comparisons, one usually uses the relation “F; < F5” that we defined
in Section 1.2 (see also Section 2.5). But the authors of [1] showed that sometimes
such a comparison might not be enough. Consider the following theorem about
graphs having a 2-factor (see Section 3.2 for graph definitions). Remember that a

2-factor is a 2-regular spanning subgraph.
Theorem 3.1 ([1]). Let G be a connected graph with §(G) > 2 and A(G) > 3.
(i) If G is {Z1 3, K1 3}-free then G has a 2-factor.

(i) If G is {Z13, Y3, W3, Ka3}-free and |V (G)| > 9 then G has a 2-factor.
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Because Z; 3 is an induced subgraph of it self, and all three graphs Y3, W3 and
Ky 3 contain a K3 as an induced subgraph, we can say that (ii) is more general

than (i). But on the other hand, we have the following result.

Theorem 3.2 ([1]). Let G be a connected graph with 6(G) > 2 and A(G) > 3. If
G is {Z13,Y3, W3, Ko3}-free and |V (G)| > 9, then G is Ky 3-free.

Theorem 3.2 says that {Z; 3, K1 3}-free graphs and {Z; 3, Y3, W3, Ky 3}-free are
essentially (under some conditions) the same. This is not clear just by looking at
the graphs in the families.

Another interesting point about Theorem 3.2 is that even though no graph of the
family H = {Z, 3, Y3, W3, K53} is an induced subgraph of K7 3, when considering the
‘H-free graphs under certain conditions, the graph Kj 3 is also forbidden. The authors
of [1] were interested in finding a family of forbidden subgraphs implying a 2-factor
that does not contain a star. But even though there is no star in {Z; 3, Y3, W3, Ks 3},
by Theorem 3.2 it is somehow implicitly forbidden. That is why the authors of [1]
called this phenomenon implicit forbiddance.

In the view of the previous results, in order to get more information about the
implicit relation between families of forbidden subgraphs, it is important to research
further this phenomenon. As a first step, we consider the case of K s-free graphs,
also in an effort to try to extend Theorem 3.2. We can state the problem in the

following way.

Problem 3.1. Characterize all the families of connected graphs F such that every
large enough F-free connected graph is K 3-free.

In this chapter, we give a full answer to Problem 3.1. In Chapter 4, we do a
generalization to star-free graphs.

The rest of the chapter is organized as follows. In Section 3.2 we make all needed
definitions and present our main results. In Sections 3.3 and 3.4 we give the proofs
for those results. In Section 3.5, we show an application of our results. Finally, in

Section 3.6 we make some discussion and propose some open problems.

3.2 Definitions and main results

Define G as the set of all non-redundant families of connected graphs. Define H
as the set of families H € G such that there is a constant ng = ng(H) with the
property that all H-free connected graphs G with |V (G)| > ng are K 3-free. Then,
our problem is reduced to finding all the elements in the set H.

To state our results we define the following graphs (see Figure 3.1).
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Y, is a path on m vertices with two extra vertices attached to the first vertex
of the path. The last vertex of the path is called the tail of Y,,.

th is the graph obtained by joining a K, with h extra vertices.

Ty is the graph obtained by identifying two degree one vertices of a claw with

the two “extra” vertices of a Wy ,.

T, is T, minus its only vertex of degree one.

D, is the graph obtained by attaching an extra vertex to a “non-added vertex”

of a Wa,.

Z,, 18 the graph obtained by identifying a vertex of a K, with the end vertex
of a path of order m + 1.

Zm, 1s the graph obtained by identifying a vertex of a K, with the tail of a
Y.

L L,

m,r )

Figure 3.1: Some forbidden subgraphs
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Define the following families of graphs.

H?(an T) = {K17laY;'+27 WqQa Zl,?“a EIRI) Zi,r} (fOI‘ [ Z 1)
HiB<l7m>qar) = {Kl,hYTm Wq27 Zl,ra R Zifl,ra szr} (fOI‘ { 2 2)
HE(L g, 1) = {K14, Yia, W3, Dy, Ty, Zoy, . .., Ziy} (for i > 1).

HiD(l,m,q, 7’) = {Kl,layrm W;, Dq,Tq, Zl,?"v cvey Zi—l,'r; Z;r} (fOI' 7 > 3)

Define the following subsets of G.

Flz{HEGZHS{KLg}}.
Fs={HeG:H<{Ky,Y, K,} for somel >4, m >3, r>3}

F,={HeG: HL {KU,Ym,W;’,ZiT} for some [ > 4, m > 3, ¢ > 2,
r > 3}.

Fs={HecG: H< {Kl}l,le,WqS’Dq,ZLT} for some | >4, ¢ > 2, r > 3}.

Fo={HeG: N<{KyYnW} Dy Z,,2;,} for some | > 4, m > 4,
q>2,72>3}

FA={HecG: HSHM,q,r)forsomel>4,¢qg>2 r>3}(i>1).

FB={H e G HLSHEI m,q,r)forsomel >4, m>i+3, q>2 r>3}
(i > 2).

FC={HecG: H<H(, qr)forsomel >4, q>2 >3} (i>1).

FP={HeG:HLSHP(I,m,qr)forsomel >4 m>i+3,¢>2r>3}
(i > 3).

First, we show that the families in the sets Fy, Fs3, Fy, F5, Fs, F#4, FB F¢ FP
actually families of forbidden subgraphs that implicitly forbid K 3.

Theorem 3.3. The following statements hold.

1.
2.
3.
4.

5.

F, CH forallie{1,3,4,5,6}.
Ff‘ngoralliZL
FB CH foralli>2.
FiCQHforalliZI.

FZDQHforaHiZS.
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Then, we show that these families are exactly the maximal families of forbidden

subgraph when the size of the family is limited to some positive integer k.
Theorem 3.4. Let k > 1 and let H € H with |H| < k. Then
o HeF,; for somei € {1,3,4,5,6} withi <k or

HEF{‘farsomelgigk—B or

HGF?forsomeZﬁigk—?) or

HGFicforsomelgigk—5 or

H € FP for some 3 <i<k—5.

Finally, we prove that the families in F{' give the characterization of families of
forbidden subgraphs that implicitly forbid K; 3. Theorem 3.5 is our main result in
this chapter.

Theorem 3.5. H € H if and only if H € FS for some i > 1. That is, H = UFZC

i>1

3.3 Proof of Theorems 3.3 and 3.5

First we show that it is enough to prove Theorem 3.3 only for F{ (i > 1).
Lemma 3.6. The following statements hold:

(1) F; CF{, F3 CFy, Fy C Fg, F5 CFY and Fg C FY.

(2) Leti>1, then FA C F¢.

(3) Leti>2, then F C F} for some j > 1.

(4) Leti >3, then FP C F]C for some j > 1.

Proof. Statements (1) and (2) are easy to verify.

Proof of (3): Let i > 2 and H € FZ. Since H < HP(I,m, q,r) for some | > 4,
m > 143, q¢>2and r > 3, we have that H < {V,,} for some m > i + 3. Since
Zi} = Zp, for all h >4 and all r > 3, then H € Fflﬂ.

Proof of (4): Let i > 3 and H € FP. Since H < HP(I,m, q,r) for some [ > 4,
m > 143, ¢ > 2and r > 3, we have that H < {V,,} for some m > i + 3. Since
Zi;, = Zp, for all h >4 and all r > 3, then H € F%_Z. O]

Below we prove several lemmas that are the main components of the proof of The-

orem 3.3.
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Lemma 3.7. Let G be a connected graph with an induced K 3 of center xo. If G is
Y,.-free for some m > 3 then N™ 1 (zy) = 0.

Proof. Let Y C V(G) with |Y| = 3 such that {zp} UY is an induced K;3 in
G. Suppose that N™(zg) # (. We will show that G contains a Y,,, which is a
contradiction.

Let P = zoxy - Tymy1 be an induced path of G with z; € N*(zp) for all 0 <
i < m+ 1. Notice that N7(zo) N N(Y) = 0 for all 3 < j < m + 1. Otherwise, an
element v € N7(zg) N N(Y) would have a path of length 2 to zy (passing through
some element of V), contradicting that v € N7(xq). Then N(Y)N P C {xg, z1, 22}

Let Y1 = N(z1) NY and Y3 = N(x9) NY. If |Y5] > 2, then Yo U {xo,..., Zpi1}
contains a Y,,. If |Yo| =1, then (Y — Y2) U{zo} U Yo U{zo,..., 21} is a ¥,,.

Suppose now that |Ys| = 0. If |Yi| > 2, then Y] U {xy,...,z,,} contains a Y,,. If
V1] <1, then (Y — Y1) U{zo,...,Tm_1} contains a Yy,. O

Lemma 3.8. Let G be a connected graph with an induced K, 3 of center xy. Suppose
that G is { K1, Z1,, Dg, W3 }-free for some 1 > 4, r > 3 and q¢ > 2. Then |N ()| <
8- R(l, max(r,q)).

Proof. Let Y C V(G) with |Y| = 3, such that {zo} UY is an induced K 3 in G. Let
Y’ C Y. We will show that |[N(z) N By(Y’)| < R(l,max(r,q)), and since |Y| = 3,
by Proposition 2.2 we get that |N(zg)| < 2% - R(l, max(r, q)).

If Y] <1, then |Y —Y’| > 2. Then |N(z¢) N By (Y")| < R(l,r), since otherwise
(Y =YY U{xo} U (N(z9) N By(Y’)) contains a Z;, or a K.

If |Y'] =2, then |[Y —Y’| = 1. Then |N(z9) N By (Y")| < R(l, q), since otherwise
YUY =Y )U{zo} U (N(z) N By (Y’)) contains a D, or a K.

If |Y'] = 3, then | N (z¢)NBy (Y')| < R(l, q), since otherwise Y'U(N (xo)NBy (Y"))
contains a W7 or a Ki. O

Lemma 3.9. Let G be a connected graph with an induced K, 3 of center xy. Suppose
that G is {KL[,ZLT,ZQ}T,W(?,Tq}-fTe@ for some l > 4, r > 3 and ¢ > 2. Then
|IN?(x0)| < 8- R(I,max(r,q)) - |N(zo)]|.

Proof. Let Y C V(G) with |Y| = 3 such that {zo}UY is an induced K, 3 in G. Let
x1 € N(xg). Let Y/ C Y. Call N = N?(x) N N(z1). By Proposition 2.2, it suffices
show that |[N N By (Y')| < R(l, max(r,q)).

If |Y'| =1, then |Y —Y'| = 2. Then |N N By(Y')| < R(l,r), since otherwise
(Y =Y U{ze} UY' U (NNBy(Y')) contains a Z,, or a K.

If Y| =2, then |Y —Y’| = 1. Then |N N By (Y')| < R(l,q), since otherwise
(Y =Y")U{ze} UY' U (NNBy(Y’)) contains a Tj or a K.

If |Y'| = 3, then |[N N By (Y’)] < R(l,q), since otherwise Y' U (N N By (Y”))

contains a W7 or a Ki.
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Suppose now that |Y’'| = 0, that is NN By (Y')NN(Y) = 0. Notice that if x; € Y,
then N N By (Y’) = (. Then we may suppose that x1 ¢ Y. Let Y1 =Y N N(xy).

If |Y1] > 2, then |[NN By (Y')| < R(l,r), since otherwise Y; U{x1 }U(NNBy(Y”))
contains a Z; , or a Ky .

If V1] < 1, then |Y — Y| > 2. Then |N N By(Y’)| < R(l,r), since otherwise
(Y =Y))U{zo, 21} U(NNBy(Y')) contains a Z,, or a K. O

Lemma 3.10. Let G be a connected graph with an induced K, 3 of center xy. Let
i > 2 and suppose that G is { K1, Zi_1,, Zir, Zit1, }-free for some | > 4 and r > 3.
Then [N (zo)| < R(L,7) - | N*(z0)].

Proof. Let Y C V(G) with |Y| = 3 such that {zo} UY is an induced K; 3 in G. Let
x; € N'(zg) and let P = zoz;---x; be an induced path with x; € N’(zq) for all
0<j<i Let N= N zy) N N(z;). We will show that |N| < R(l,r).

Let Y1 = YN N(zy) and Y2 = Y N N(z3). As in the proof of Lemma 3.7,
NY)NP C {xg,x1,x2}.

If |Ya| > 2, then |N| < R(l,r), since otherwise Yo U {z,...,2;} U N contains a
Zi—1, ora Ky If |Ys] =1, then |Y — Y| = 2. Then |N| < R(l,r), since otherwise
(Y = Yo) U{zo} UYoU{za,...,2;} UN contains a Z;1, or a K.

Suppose now that |Y2| = 0, that is N(x9) NY = 0.

If |Y1| > 2, then |N| < R(l,r), since otherwise Y; U{z1,...,2;} UN contains a
Zi, or a Ky If |Yi| <1, then |Y —Y;| > 2. Then |N| < R(l,r), since otherwise
(Y —Y1)U{zo,...,2;} UN contains a Z;;1, or a K. O

We show now the proof of Theorem 3.3.

Proof of Theorem 3.3. By Lemma 3.6, it is enough to show that F¢ C H for
all © > 1. Let m > 1and7—[€F%. Let [ > 4, ¢ > 2 and r > 3 such that
H<HE(,q,7).

Let G be a H-free connected graph with an induced K; 3 of center xz. We will
show that |V (G)| is bounded by a function depending only on [, m,q and 7.

Note that since G is Y,,o-free, G is also Z; ,-free for all # > m + 1. Hence, G is
Z;iy-free for all © > 1. Thus, G satisfies all the conditions of Lemmas 3.7, 3.8, 3.9
and 3.10.

By Lemma 3.7, N™™3(x) = (). Then we only need to show that |N(z)| is
bounded for all 1 < i < m + 2. By Lemmas 3.8 and 3.9, |N(z)| and |N?(z)| are
bounded.

By Lemma 3.10, [N (z)| < R(l,r) - [Ni(z)| for 2 < ¢ < m + 1. Using an
inductive argument, we get that for all 3 <i < m+2, |N*(z)| < R(I,r)""2-|N?(z)|.
By Lemmas 3.8 and 3.9, we conclude that for all 3 < < m+2, |[N*(z)| < R(l,7)"2-
8% . R(I, max(r,q))>. O
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We finish this section by showing the proof of Theorem 3.5, our main theorem in

this chapter.

Proof of Theorem 3.5. By Theorem 3.3, we already know that for ¢ > 1, every
family of graphs in F¢ is also in H.

Let H € H. Then there is a positive integer ny such that every H-free connected
graph of order at least ng is claw-free. Let n be an integer such that n > max(ng, 4).

Consider the family H' = HE (n,n,n). All the graphs in H’ are connected graphs
of order at least ngy containing an induced claw. Then it must be that no graph of H’
is H-free. In other words, for each H' € H', there is an H € H such that H < H'.
This is exactly the definition of H < H'. Since H' € FY, we conclude that H is also
in F¢. [

3.4 Proof of Theorem 3.4

First, we prove two lemmas that deal with the inductive part of the proof of Theorem
3.4.

Lemma 3.11. Let k > 4 and let H € H with |[H| < k. Suppose that H £ {K13},
/H%FJA foralll1<j<k—-3 and’HgéFf for all2 < 7 <k —3. Suppose also that
there are graphs By, By, B3, Hy € H such that

o By = Ky, for somel > 4.

e By =P, 1 or B =Y, for some m > 3.
e By =W? for some q > 2.

o ), =7, for somer, > 3.

Then there are graphs Hs, ..., Hy_3 in H and integers ry, ..., Tx_3 such that for all
2<i<k-3, H =2, andr; > 3. Additionally, m > k.

Proof. We prove by induction on ¢ that there exists a graph H; € H with H,; = Z,,,
for some r; > 3.

Let 2 <1 < k — 3 and suppose that there are graphs Hy,..., H;_; in H such
that H; = ijrj for some r; > 3 and all 1 < j <i— 1. We will prove that there is a
graph H; € ‘H such that H; = Z,,, for some r; > 3.

Let ' = max(ry,...,r;_1). SinceH ¢ FA | and H < {K,, qu, Zgty ooy D}y
then H ﬁ {Y;11}. In particular, By = P,,,1 or By =Y, for some m > i+ 2.

Since H ¢ FP and H < {K1y, Yo, W2, Z14r, ..., Zi—1,}, then H £ {Z;} for all
r>3.
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Since H € H, there is a positive integer ng = ng(#H) such that every H-free
connected graph of order at least ng is claw-free. Let n = max(ng, 3).

Consider G = Z;,,. Since G contains an induced claw, G must contain some
graph in H as an induced subgraph. Since G contains neither K4, P13 nor W3
then B; £ G for all j € {1,2,3}. Furthermore, since Z;3 A G forall 1 < j <i—1,
then H; A G for all 1 < j < i— 1. Then there must be some other graph H;, € H
such that H; < G.

Since H; £ K13, H; £ Yi1 and that H; A Z;, for all r > 3, then H; = Z;,, for
some r; > 3. Notice that if r; = 2, then it would contradict that H; ﬁ Yiiq.

This concludes the inductive proof. We now prove that m > k. Let ¢« = k — 3.
Let r = max(ry,...,r;). If H < {Yiyo}, then H < {Kyy,Yio, W2, Z1r, ..., Zin ),
and hence H < H(l,q,r) (with i = k — 3), a contradiction. We conclude that
H £ {Yiy2} = {Yi1} and so By = P41 or By =Y, for some m > k. O

Lemma 3.12. Let k > 7 and let H € H with |H| < k. Suppose that H £ {K13},
H%F]Cforalllgjgk—S and’HgéFffOrallSSjgk—S Suppose also that
there are graphs By, ..., Bs, Hi, Hy € H such that

o By = Ky, for somel > 4.

e By =P, or By =Y, for somem > 3.

Bs = V[/q?’1 for some q; > 2.

B, = D,, for some qa > 2.

Bs =1~

w 07 Bs =T, for some g3 > 1 and

o Hy =27, for somer; > 3.
o Hy = Zy,, for somery > 3.

Then there are graphs Hs, ..., Hy_5 in H and integers rs, ..., rx_5 such that for all
3<i<k-5, H =2, andr; > 3. Additionally, m > k — 2.

Proof. The proof of this lemma is essentially the same as the one of Lemma 3.11.

Let 3 <@ < k — 5 and suppose that there are graphs Hy,..., H; ; in H such
that H; = Z;,, for some r; > 3 and all 1 < 7 <14 — 1. We will prove that there is a
graph H,; € H such that H; = Z,,, for some r; > 3.

Let ' = max(ry,...,7_1) and ¢ = max(qy,q2,q3). Since H ¢ F{ | and H <
{K1,, W;’, Dy, Ty Ziy. oy Zicap}, then H £ {Yiy1}. In particular, By = Py,4q or
Bs =Y, for some m > i+ 2.

Since H ¢ ¥ and H < {Ky1,, Y, W2, Dy, Ty, Z1v,. .., Zi—1 v}, then H £ {Z7}
for all r > 3.
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Let ng be as in Lemma 3.11. Let n = max(ng,3). Consider G = Z,,. Since
G contains neither K4, P3, W3, Do, T, then B; £ G for all j € {1,2,3,4,5}.
Furthermore, since Z;3 A G forall1 <j <i—1,then H; A Gforall 1 <j <i—1.
Then there must be some other graph H; € H such that H; < G.

Since H; ﬁ K3, H; ﬁ Y;11 and that H; ﬁ Ziy for all r > 3, then H; = Z,,, for
some 1; > 3. Notice that if r; = 2, then it would contradict that H; ﬁ Yii1.

This concludes the inductive proof.
We now prove that m > k—2. Let i = k—5. Let r = max(rq,...,r;). HH <{Yi.},
then H < {Kyy,Yipo, W2, Do, Ty, Z1r, ..., Zir}, and hence H < HE (I, q,r) (with
i = k —5), a contradiction. We conclude that H < {Yij2} = {Yi—3} and so
By =P, 11 or B, =Y, for some m >k — 2. ]

Proof of Theorem 3.4. Suppose that H € H and |H| < k. Contrary to the

theorem, suppose that
o H¢F, forallie {13456} with: <k,

HeEFAforalll <i<Fk-—3,

He¢FBforall2<i<k-—3,

HEF forall1 <i<k—5and
e H¢ FP forall3<i<k-—5.

Since H € H, there is a positive integer ng = ng(#H) such that every H-free
connected graph of order at least ng is claw-free. Let n = max(ng,3). We will
consider different connected graphs G of order at least n containing an induced
claw. Then for each of such graphs G there will be some H € H such that H < G.

Consider G = K;,. Then there is a graph B; € H such that B; <X G. Since
H ¢ Fy, then H £ {K; 3}, and so By £ K; 5. We conclude that

e B = K, for some [ > 4.

Consider G = Y,,. Since G contains no K 4, then B, ﬁ G. Then k£ > 2 and
there is a graph By € H such that By < G. Since By £ K 3 then

e By=P, . or By =Y,, for some m > 3.

Consider G = W?. Since G contains neither K4 nor Py, then B; A G and
By £ G. Then k > 3 and there is a graph Bs € H such that B; < G. Since H ¢ Fs,
then H £ {K,} for all r > 3. Since By £ K3 and Bs A K, for all r > 3, then

o By = VVq21 or By = W;’l for some ¢; > 2.
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Consider G = Z,,. Since G contains neither K4, P nor W3, then B; £ G
for all i € {1,2,3}. Then k > 4 and there is a graph H; € H such that H; < G
(the name H; will be better understand later in the proof). Since H ¢ F,, then
H j{ {Zl_,r} for all r > 3. Since H; ﬁ K, 3 and H, ﬁ Z1, for all » > 3, then

o [, =7, for somer > 3.
Case 1: H < {W2} for some ¢ > 2.

Since H < {qu} for some ¢ > 2 then there is a graph B’ in H such that B’ < I/Vq2
for some ¢ > 2. Notice it may be that B’ = Bj or not. Since B’ £ K; 3 and B’ £ K,
for all » > 3, then B’ = qu for some ¢ > 2.

By Lemma 3.11, there are graphs Hs,..., H;_3 in ‘H such that H; = Z;,, for
some r; > 3 and all 2 < i < k—3. From the same lemma, we have that m > k and so
By = P41 or By =Y, for some m > k. Notice that {By, Bs, B, Hy, ..., Hy_3} C
H. Since |H| < k, then B’ = Bs and H has no other graphs, namely, H =
{B1,B2,Bs,Hy,...,H._3}.

Consider G = Zj_s,,. Since G contains neither K4, Pyy1 nor W3 then B; £ G
for all i € {1,2,3}. Furthermore, since Z;3 A G for all 1 <i <k — 3, then H; A G
for all 1 <7 <k — 3. Then G contains no graph of H, which is a contradiction.

Case 2: H £ {Wa,} for all ¢ > 2.

Since H & {W7?} for all ¢ > 2, then
o B3 = W; for some ¢; > 2.

Consider G = D,,. Since G contains neither K4, Py, W3 nor Z; 3, then B; A G
for all i € {1,2,3} and H; £ G. Then k > 5 and there is a graph B, € H such
that By < G. Since By A K13, By £ K, for all r > 3, By £ W for all ¢ > 2 and
By f Z1, for all » > 3, then

e B, =D, for some g, > 2.

Since H ¢ Fs, then H £ {P,}. Then By = P, for some m > 5, or By =Y, for
some m > 3.

Consider G = T,,. Since G contains neither K4, P5, Y3, W3, Dy nor Z; 3, then
B £Gforalll <i<4and H £G. Then k > 6 and there is a graph B; € H
such that Bs < G. Since H ¢ Fg, then H £ {Z;,} for all r > 3. Since Bs £ Ky,
Bs 2 W2 for all ¢ > 2, and that Bs £ Z;, for j € {1,2} and all 7 > 3, then

® Bs =T, or Bs =T, for some g3 > 1.
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Suppose that H < {Y3}. Since H < {Ki;,Ys, W2, Dy, T4y, Z1,,}, then H <
HE (I, max(q1, g2, q3), 1), a contradiction (since 1 < k —5). Then we may suppose
that H £ {Y3} and so By = P41 or By =Y, for some m > 4.

Consider G = Z,,. Since G contains neither K4, P5, W3, Dy, T nor Z 3,
then B; A G for all i € {1,2,3,4,5} and H; A G. Then k > 7 and there is a graph
H, € M such that Hy < G. Since Hy £ K3, Hy £ Y3 and Hy £ Z;, for j € {1,2}
and all » > 3, then

o Hy = Z,,, for some ry > 3.

By Lemma 3.12, there are graphs H;...Hy_5 in ‘H such that H, = Z,,, for
some r; > 3 and all 1 < ¢ < k — 5. From the same lemma, we have that
m > k —2 and so By = P,y or By =Y, for some m > k — 2. Notice that
{By,...,Bs,Hy,...,H,_5} C H. Since |H| < k, then H has no other graphs,
namely, H = {By,...,Bs, Hy,..., H,_5}.

Consider G = Zj_4,,. Since G contains neither K 4, Py, W3, Dy nor T, then
B; £ G for all i € {1,2,3,4,5}. Furthermore, since Z;3 A G for all 1 <i < k — 5,
then H; £ G for all 1 < i < k— 5. Then G contains no graph of H, which is a
contradiction. O]

3.5 Applications

In this section we show an application of Theorem 3.5. In particular we show a family
of forbidden subgraphs implying traceability in large enough connected graphs.

Let N be the graph obtained by adding a pendant vertex to each vertex of a
triangle (see Figure 3.2). The graph N is often called “net”. Consider the following
Theorem.

Theorem 3.13 ([13]). Let R and S be connected graphs. Then every {R,S}-free
connected graph has a Hamiltonian path if and only if {R,S} < {Ki3, N}.

Figure 3.2: The graph N

We use now Theorem 3.5 to prove a variation of Theorem 3.13. We remove the
limit on the number of forbidden subgraphs and replace it with the condition that

the graph N is among the forbidden subgraphs.
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Theorem 3.14. Leti > 1 and H € FZC with N € H. Then there is an integer n > 1
such that every H-free connected graph G with |V (G)| > n has a Hamiltonian path.

Proof. Let i > 1 and H € F¢ with N € H. By Theorem 3.5, we know that every
H-free connected graph G with large enough order is K s-free. Because N € H,
then by Theorem 3.13, every H-free connected graph G with large enough order has
a Hamiltonian path. O

Theorem 3.14 is actually a case of implicit forbiddance, that we discussed in
Section 3.1. Even though that, so far there was no result on forbidden subgraphs
implying a Hamilton path with families of large or infinite size. So, we think the

result is interesting by itself.

3.6 Conclusions and open problems

The characterization we were looking for is given by Theorem 3.5. We extend this
characterization to star-free graphs in Chapter 4.

Regarding the characterization family HS (I, ¢, r), notice that it is not necessary
that the parameters “r” of all the Z,,, are the same. In other words, we could have
r1, 79 and so on. But we think that doing so would make the proof of Theorem 3.3
more difficult to understand and it does not add real value to the result.

Theorem 3.4 characterizes all the families of forbidden subgraphs for claw-free
graphs when restricting the size of the family. In the characterization there are
four “irregular” families (F3, Fy, F5 and Fg) before the four infinite “regular” series
(FA, FB F¢ and FP). We call them irregular because there is no easy way to see a
pattern that describes them. They also include graphs that are claw-free, which are
the result of the intersection of graphs that are not claw-free. These graphs become
necessary because of the restriction in the size of the family. After Fg, the families
“stabilize” and appear the four infinite series.

When searching for forbidden subgraphs implying some property P on graphs,
it makes sense to study only forbidden subgraphs that imply P on graphs that
satisfy some condition, usually related to the necessary conditions for satisfying P.
For example, in the case of graphs having a 2-factor, like in the Theorem 3.1, G
should have minimum degree at least 2 and maximum degree at least 3. Minimum
degree at least 2 is a necessary condition for having a 2-factor; maximum degree at
least 3 is to avoid the trivial case of G being a cycle. Another example is the case
of Hamiltonian graphs, which have a necessary condition of being 2-connected, as
studied for example in [20, 7].

Usual necessary conditions in the literature (Hamilton cycle, Hamilton-connect-

ed[4], 2-factor) appear to be connectivity and minimum degree conditions. When
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studying properties with such necessary conditions, Theorem 3.5 might not be useful
to understand if a star is being implicitly forbidden or not. To try to find generaliza-
tions of Theorem 3.5 that can also be used in these cases, we propose the following

two problems.

Problem 3.2. Let k > 1. Characterize all the families of connected graphs H
satisfying the following property. FEvery large enough k-connected H-free graph is
claw-free.

In this chapter we were able to resolve Problem 3.2 for the case k = 1.

Problem 3.3. Let d > 2. Characterize all the families of connected graphs H
satisfying the following property. FEvery large enough H-free connected graph with

minimum degree at least d is claw-free.

Even a combination of Problems 3.2 and 3.3 is possible.
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Chapter 4
Star-free graphs

In this chapter, we study the relation between star-free graphs and forbidden induced
subgraphs. The main result in this chapter is Theorem 4.1, which shows for each ¢ >
3, a characterization of all families of forbidden subgraphs that imply the property
of being K ;-free in connected graphs of large enough order. This is a generalization
to the some of the results found Chapter 3. All the new results we prove in this

chapter can be found in [17].

4.1 Introduction

In this chapter we further research the phenomenon of implicit forbiddance that we
described and studied in Chapter 3. Concretely, we extend our target class from
claw-free graphs to star-free graphs, studying the implicit forbiddance for the latter.

Our problem can be stated as follows.

Problem 4.1. Givent > 3, characterize all the families of connected graphs F such
that every large enough F-free connected graph is K ,-free.

Problem 4.1 is an extension of Problem 3.1. In this chapter, we solve Problem
4.1 for every t > 3.

The rest of the chapter is organized as follows. In Section 4.2, we make all
needed definitions and present our main results. In Section 4.3, we give the proofs
for those results. Finally, in Section 4.4 we make some discussion, propose some

open problems and comment on the cases t = 1 and t = 2 of Problem 4.1.

4.2 Definitions and main results

Define G as the set of all non-redundant families of connected graphs. Let ¢ > 3 and
define H(¢) as the set of families # € G such that there is a constant ng = no(t, H)

31



with the property that all #-free connected graphs G with |V (G)| > ng are K ;-free.
Then, our problem is reduced to finding all the elements in the set H(¢).

Let t > 2. To state our results we define the following graphs (see Figure 4.1).

e V! is a path on m vertices with ¢t — 1 extra vertices attached to the first vertex
of the path. The last vertex of the path is called the tail of Y!. (m > 1)

. Y;tm is the graph obtained by joining s degree one vertices of a K;,; with the
first vertex of the path on m vertices. The last vertex of the path is called the
tail of Y. (m>1,1<5<1)

° l?stm is the graph obtained by joining s degree one vertices of a K, with the
first vertex of the path on m vertices and adding the edge between the center
of the K, and the first vertex of the path. The last vertex of the path is
called the tail of ?Stm (m>1,1<s<t)

° W; is the graph obtained by completely joining a K, with ¢ independent
vertices. (¢ > 1)

° Tst’q is the graph obtained by joining s degree one vertices of a K, with all
the vertices of a K. (¢ >1,1<s<t)

o D! 4 18 the graph obtained by joining s degree one vertices and the center of a
K, with all the vertices of a K. (¢ > 1,0 <s <)

o Zt 7t and Z!  are the graphs obtained by identifying a vertex of a K,

m,r’ “s,m,r s,m,r N
with the tail of a V), Y, and Y{,  respectively. (m > 1,7 > 1,1 <s<t)

For t > 3, define the following families of graphs.
e THq) ={T{;2<s<t—1}
e D'(q) ={D.;2<s<t—1}.
o Vi(m) :{Yzm: 2<s<t—2}
o Z'(m,r)={2,, 2<s<t—-2}.
o V'(m) :{?Stm 2<s<t—2}.
o Zim,r)={2Zt,, 2<s<t-2}.

o VZ{m,r) =V (m+2)UZ(1,r)U...UZ (m,r)UY (m~+2)UZH1,r)U...U
Zt(m, 7).
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Figure 4.1: Some forbidden subgraphs

o Hi(m,l,q,r) ={Kyy, W;}U{YJHQ, VAR Zﬁw}UTt(q)UDt(q)U)}Zt(m, r).

Notice that for the case t = 3, Yt(m), Z'(m,r), Y'(m) and Z'(m,r) are empty
and both 7*(g) and D*(¢q) have only one element.

For t > 3, define the following subset of G.
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e F(t)={HeG: H<H!(m,l,qr)forsomem>11>t+1,¢q>2r>3}

Our main result in this chapter is the following theorem. It gives the characterization

of families of forbidden subgraphs for star-free graphs we described in Section 4.1.
Theorem 4.1. Let t > 3, then H(t) = F(t).

Theorem 4.1 is a generalization of Theorem 3.5. Concretely, Theorem 3.5 is the
case t = 3 of Theorem 4.1.

4.3 Proof of Theorem 4.1

First, we will prove the following theorem that shows that forbidding some family

of F(t) is enough to imply that the graph is star-free provided it is large enough.
Theorem 4.2. Let t > 3. Then F(t) C H(t).

Before giving the proof, we would like to comment on non-redundancy of the
family H*(m, [, q,r). It is not difficult to check that the family H'(m, [, q,r) is non-
redundant for the parameters used in the definition of F(t) (m > 1,1 >t+1, q > 2,
r > 3). These conditions were chosen so that H(m,[,q,r) is not redundant nor it
contains any induced subgraph of K ;. Moreover, reducing by 1 any of the constants
in the conditions would make H(m, [, q,r) either redundant or contain an induced
subgraph of K;,. For example, if ¢ = 1 then for all m > 1 and all 1 < s <t we
have that T., X Y/, and T;, < Z!, ; additionally W is a K.

We divide the proof of Theorem 4.2 into several lemmas that we state and prove

bellow.

Lemma 4.3 is a generalization of Lemma 3.7.

Lemma 4.3. Let t > 3 and let G be a graph with an induced K, of center xy. If
G s ({YEIUYi(m)U j)\t(m))-free for some m > 3, then N™(xq) = 0.

Proof. Let Y C V(@) with |Y| = t such that {zo} UY is an induced K;; in G.
Suppose that N™(xy) # 0. We will show that G contains a Y!

., some graph of

V'(m) or some graph of Y(m), which is a contradiction.

Let k =m+1 and let P = xgz; - - - 23 be an induced path of G with z; € N*(x)
for all 0 <7 < k. Notice that N7(xo) N N(Y) = for all 3 < j < k. Otherwise, an
element v € N7(zg) N N(Y) would have a path of length 2 to zy (passing through
some element of Y'), contradicting that v € N7(xg). Then N(Y)N P C {xg, x1, 22}

Let Yy = N(x1)NY and Yo = N(z2)NY. If |Ya| > t—1, then YoU{xs, ..., Zpi1}
contains a Vi, If 2 < |Yy| < ¢ — 2, then (Y — Vo) U{zo} UYo U {za,..., i1} is a
Y! ., where s = |Ya|. If [Ya| = 1, then (Y = Yo) U{aot UYoU{ag, ..., 21} isa Y.

s,m?
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Suppose now that |Ya| = 0, that is N(z2) NY = 0. If |Y3] > ¢t — 1, then
Yy U{xy, ..., 2} contains a Y. If 2 < |Vi| <t — 2, then (Y —Y;)U{zo} UY; U
{21, 2} is a Y, where s = |Vi]. If || <1, then (Y — Y1) U {zo, ..., Zpm1}

contains a Y. O

Lemma 4.4. Let t > 3 and let G be a graph with an induced Ky, of center x.
Suppose that G is ({K1y, Z1,, Wi} U D q))-free for some l > t+ 1,7 >3, ¢ > 2.
Then |N(xq)| < 2"+ R(l, max(r, q)).

Proof. Let Y C V(G) with |Y| = t such that {z¢} UY is an induced K, in G. Let
Y’ C Y. We will show that |N(z) N By (Y’)| < R(l,max(r,q)), and since |Y| = t,
by Proposition 2.2 we get that |N(zg)| < 2' - R(l, max(r,q)).

If Y| <1, then |[Y —Y’| >t —1 and so |N(zo) N By (Y')] < R(l,r), since
otherwise (Y —Y") U{z¢} U (N(x0) N By (Y")) contains a Zj, or a K.

If 2 < |Y'| <t—1, then |N(x¢) N By (Y’)| < R(l,q), since otherwise Y" U (Y —
Y') U {zo} U (N(xo) N By(Y’)) contains a DY, , or a K, where s = [Y7|.

If |Y'| = t, then [N (xo)NBy (Y')| < R(l,q), since otherwise Y'U(N (zo)NBy (Y”))

contains a W or a K. O

Lemma 4.5. Let t > 3 and let G be a graph with an induced Ky, of center x.
Suppose that G is ({Kvy, 21 ,, Z3,., Wi} U ZY(1,7) U T (q))-free for some | >t + 1,
r>3,q>2. Then |[N*(zo)| < 2'- R(l,max(r,q)) - |N(zo)|.

Proof. Let Y C V(G) with |Y| = ¢ such that {zo} UY is an induced K, in G. Let
r1 € N(xp). Let Y/ C Y. Let N = N*(z) N N(x1). By Proposition 2.2, it suffices
to show that |[N N By (Y')| < R(l, max(r,q)).

If |Y') =1, then |Y —Y'| =t —1and so [N N By (Y")| < R(l, ), since otherwise
(Y =Y")U{ze} UY' U (NN By(Y')) contains a Z3, or a K.

If 2 <|Y'| <t—1, then [N N By(Y')| < R(l,q), since otherwise (Y —Y’) U
{zo} UY"U (N N By(Y")) contains a T¢, or a Ky, where s = [Y”].

If |Y'| = t, then [N N By(Y')| < R(l,q), since otherwise Y’ U (N N By (Y"))
contains a W/ or a K.

Suppose now that |Y’| = 0, that is NN By (Y")NN(Y) = 0. Notice that if ; € Y,
then N N By (Y’) = (). Then we may suppose that z; ¢ Y. Let Y1 =Y N N(z1).

If |Y1| > t—1, then [NNBy (Y")| < R(l,r), since otherwise Y;U{x; }JU(NNBy (Y”))
contains a Zj . or a Ki.

If 2 <|Y;| <t—2, then INNBy(Y’)| < R(l,r), since otherwise (Y —Y7)U{xo}U
YiU{z1} U (NN By(Y’)) contains a Z\;M or a Ky, where s = |Y1].

If |Yi] <1, then |Y = Y| >t —1and so [N N By(Y')| < R(l,r), since otherwise
(Y = Y1) U{zo, 21} U (N N By(Y")) contains a Z3, or a K. O
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Lemma 4.6 is a generalization of Lemma 3.10.

Lemma 4.6. Lett > 3 and let G be a graph with an induced K, of center xy. Let
i > 2 and suppose that G is ({K14, Z}_y ., Z} ., Z{\, .} U 2'(i — 1,7) U Z(i,r))-free

i—1,r “i,r

for some 1l >t+1 and r > 3. Then |[N"(x)| < R(l,7) - |[N*(z0)|

Proof. Let Y C V(@) with |Y| = t such that {zo} UY is an induced K;; in G.
Let z; € N'(z) and let P = zoxy - --2; be an induced path with z; € N’(z) for all
0<j<i Let N=N"Tzy)N N(z;). It suffices to show that |N| < R(l,r).

Let Y1 = YN N(z1) and Yo = Y N N(x2). As in the proof of Lemma 4.3,
NY)NP C{xg,x1,x2}.

If |[Ya| >t —1, then |N| < R(l,r), since otherwise Yo U {xy,...,2;} UN contains
aZj,,oralkK.

If 2 < |Yy] <t—2, then |[N| < R(l,r), since otherwise (Y — Y5) U {zo} U Yo U
{zg,...,2;} UN contains a Z; ;. or a Ky, where s = [Ya|.

If |Ys| = 1, then |N| < R(l,r), since otherwise (Y —Y3)U{zo}UYoU{zo, ..., z;}U
N contains a Zf,, . or a Ki.

Suppose now that |Y;| = 0, that is N(z9) NY = (.

If |Yy| > t—1, then |N| < R(l,r), since otherwise Y} U{z1,...,2;} UN contains
a Zj, ora K.

If 2 <|Y;| <t—2, then |[N| < R(l,r), since otherwise (Y —Y;) U{zo} UY; U
{z1,...,2;} UN contains a Zﬁw or a Ky, where s = |Y;].
If Y] <1, then |Y —Yj| > t—1and so |N| < R(l,r), since otherwise (Y —Y7)U

{zo,...,2;} UN contains a Z}, ;. or a K. O
We use the above lemmas to prove Theorem 4.2.

Proof of Theorem 4.2. Let H € F(t). Let m > 1,1 >t+1, ¢ > 2 and r > 3 such
that H < H'(m,l,q,7).

Let G be an H-free connected graph. Suppose that there is an induced K;; of
center . We will show that |[V(G)| is bounded by a function depending only on
t,l,m,q and r.

Notice that since G is Y}/ ,,-free, then G is Z} -free for all i > m 4 1. Since we
also know that G is Z] -free for all 1 <4 < m, we conclude that G is Z] -free for
all i > 1. Using a similar argument, we have that G is Z'(i,r)-frec and Z'(i, r)-free
for all 4 > 1. Thus, G satisfies all the conditions of Lemmas 4.3, 4.4, 4.5 and 4.6.

By Lemma 4.3, N™*!(x) = (). Then we only need to show that | N*(x)| is bounded
for all 1 <4 < m. By Lemmas 4.4 and 4.5, |N(z)| and |N?(z)| are bounded. By
Lemma 4.6, |[N“"'(z)| < R(l,r) - |[N*(x)| for all 2 < i < m — 1. Using an inductive
argument we get that |[N'(z)| < R(I,r)"? - |[N?(z)| for all 3 <i < m. We conclude
that |N*(z)] < R(l,r)™ 2 |N?(x)| for all 3 <i < m. O
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Finally, we prove our main theorem.

Proof of Theorem 4.1. Let ¢t > 3. By Theorem 4.2, we already know that every
family of graphs in F(¢) is also in H(¢). It remains to show that every family of
graphs in H(¢) is also in F(t).

Let H € H(t). Then there is a positive integer ngy such that every H-free
connected graph of order at least ng is K -free. Let n be an integer such that
n > max(ng,t + 1).

Consider the family H' = H'(n,n,n,n). All the graphs in H' are connected
graphs of order at least ny containing an induced K;;. Then it must be that no
graph of H' is H-free. In other words, for each H' € H’, there is an H € H such
that H < H'. But this is exactly the definition of H < H’. Then since H' is in F(¢),
we conclude that H is also in F(¢). O

4.4 Conclusions

The characterization we were looking for is given by Theorem 4.1.

We have solved the problem of characterizing H(¢) for any ¢ > 3, but it is also
possible to consider ¢ = 1 and t = 2. It is not difficult to see that F(¢) is also the
solution for ¢ = 1 and ¢ = 2. In these cases, the corresponding families H!(m, [, q,)

and H?(m, [, q,r) after removing redundant graphs are as follows.
L Hl(ma la q, T) = {Kl,la Kq7 Pm}

ZQ

¢ H2(mﬁl?q>r) = ‘{[(—1,l7{/v2 Y2, Z3 m—2,r}

q’-m> 17r7"'7

The case t = 1 is an easy proposition that can also be found in [10, Proposition
9.4.1].

It is also possible to consider restricting the size of the families of forbidden
subgraphs for K ;-free graphs for ¢ > 4. We think that a complete characterization
of such families may be difficult and very long. In particular, we think that there
might be many “irregular” families and many “regular” infinite series of families.

In this thesis we considered connected graphs with no degree or connectivity
conditions. For the same reasons as we explained in Section 3.6, we suggest to

consider graphs with higher connectivity or with some minimum degree condition.

Problem 4.2. Let t > 3 and k > 1. Characterize all the families of connected
graphs H satisfying the following property. Every large enough k-connected H-free
graph is K 4-free.

In this chapter we were able to resolve Problem 4.2 for the case k = 1.
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Problem 4.3. Let t > 3 and d > 2. Characterize all the families of connected
graphs H satisfying the following property. FEvery large enough H-free connected

graph with minimum degree at least d is K -free.

Even a combination of Problems 4.2 and 4.3 is possible.
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Chapter 5

Perfect Matchings

In this chapter, we study the relation between perfect matchings and forbidden
induced subgraphs. The main result in this chapter is Theorem 5.9, which shows a
characterization of all families of forbidden subgraphs implying a perfect matching
in graphs of large enough even order. All the new results we prove in this chapter

can be found in [28].

5.1 Introduction

The following result was proved independently by Sumner [32] and Las Vergnas [24].

Theorem 5.1 ([32],]24]). Every connected K 3-free graph of even order has a perfect

matching.

Plummer et al.[30] showed that K3 is essentially the only graph with that
property.
Theorem 5.2 ([30]). Let H be a connected graph. If there exists a positive constant

ng such that every connected H-free graph of even order at least ng has a perfect
matching, then H <X K 3.

Fujita et at.[18] extended Theorem 5.2 by considering two forbidden subgraphs.

Theorem 5.3 ([18]). Let Hy, Hy be a pair of connected graphs. If there ezists a
positive constant ng such that every connected {Hy, Hs}-free graph of even order at

least ny has a perfect matching, then Hy < Ky 3 or Hy < K 3.

In the view of these results, one can go further and consider the following more
general problem. Characterize all the families of connected graphs F such that every

large enough F-free connected graph of even order has a perfect matching.
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By Theorem 5.3, we can observe that when considering a family F of two forbid-
den subgraphs, one of the graphs in F is an induced subgraph of K; 3 and the other
one is redundant, as it was pointed out in [27]. In this sense, even if we consider two
forbidden subgraphs, K 3 is still essentially the only forbidden subgraph implying
a perfect matching.

Ota et al.[27] continued this line of research and considered families of forbidden
subgraphs of size 3. Their results show that there are families that do not contain
an induced subgraph of K 3 when one considers at least three forbidden subgraphs

(see Section 5.2 for graph definitions).

Theorem 5.4 ([27]). For every | > 4 and r > 3, there is an ng = no(l,r) such
that every connected { K1, Py, Z1 , }-free graph of even order at least ng has a perfect
matching.

Theorem 5.5 ([27]). For everyl >4, m > 3 and r > 3, there is an ng = no(l, m,r)
such that every connected { Ky, Yy, Zfr}—free graph of even order at least ng has a
perfect matching.

In [27], it was shown that these are essentially all the families of forbidden sub-
graphs of size at most 3.

Theorem 5.6 ([27]). Let H be a family of connected graphs with |F| < 3. If there
exists a positive constant ng such that every connected H-free graph of even order at

least ng has a perfect matching, then
o there is an H € H such that H X K3, or
e there exist | > 4 and r > 3 such that F < {Ky;, Py, Z1,}, or
o there exist | >4, m >3 and r > 3 such that F < {Kyy,Ym, Z;,}.

In this chapter, we complete the characterization by finding all the families of
forbidden subgraphs implying a perfect matching in graphs of large enough even
order. The rest of the chapter is organized of follows. In Section 5.2 we make all
needed definitions and present the main results. In Sections 5.3 and 5.4 we give the
proofs for our results. Finally, in Section 5.5 we make some discussion and propose

some open problems.

5.2 Definitions and main results

Define G as the set of all non-redundant families of connected graphs. Define H
as the set of families 7 € G such that there is a constant ng = no(F) with the
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property that all F-free connected graphs of even order at least ny have a perfect

matching. Then, our problem is reduced to finding all the elements in the set H.
With the previous definitions, Theorems 5.2 and 5.3 say that If H € H and
|H| S 2 then H S {KLg}.

To state our results we define the following graphs (see Figure 5.1)

Y., is a path on m vertices with two extra vertices attached to the first vertex
of the path. The last vertex of the path is called the tail of Y,,. Notice that
Y] is isomorphic to P5 and the tail of Y7 is the middle vertex of Ps.

Let {v1,...,v,} be the vertices of a K,. W, is the graph obtained by adding

2 extra vertices which are adjacent to every vertex {vy,...,v,} and then at-
taching one pendant vertex to each vertex of {vy,..., v} (¢ > t). Define also
W, =Wy,

W, is the graph obtained by attaching one pendant vertex to t different

vertices of a K, (¢ > t).

Z,, 18 the graph obtained by identifying a vertex of a K, with the end vertex
of a P,.

Zm,r 1s the graph obtained by identifying a vertex of a K, with the tail of a

Z L.y

m,r

Figure 5.1: Some forbidden subgraphs
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Define the following families of graphs.

o Hi(l,q,r) = {K11,Yiro, Wy, Zir, ..., Ziy} (for i > 1).

o HP(l,m,q,r) ={K11, Y, Wo, Z1, ..., Zi-1,, Z;,} (for i >2).
Notice that the size of both HA(l,q,7) and HEZ(I,m, q,r) is i + 3.
Define the following subsets of G.

e H={HecG: H<{Ki3} }

e Hy={HecG: H<{Ky P72 ,} for somel >4, r > 3}

Hy ={HeG:H{KYnZ,} forsomel >4, m>3andr > 3}.

HY={HecG:HLHA,qr) forsomel >4 g>2andr >3} (i >1).

HP ={H e G: H<HE(I,m,q,r) for somel >4, m >i+3,¢q>2and
r>3} (i >2).

With these notation and definitions, Theorem 5.4 says that Hy C H and Theo-
rem 5.5 says that Hy3 C H. Also, Theorem 5.6 says that if H € H and |H| < 3 then
H e Hy UH; U Hs.

Main Results

Our main results in this chapter are the following three theorems. First we show
that the new families from the sets HZ and H? imply a perfect matching.

Theorem 5.7. For every i > 1, H! C H and for every i > 2, H? C H.

Next, we show that these two families are exactly the maximal families when the

size of the family of forbidden subgraphs is limited to some positive integer k.
Theorem 5.8. Let k > 1 be an integer and H € H with |H| < k. Then

e H cH, for someie{1,2,3} and 1 <k <3 or

° ’HEH;“forsomelgigk—?) or

° Herforsom62§i§k—3.

Finally and to complete the characterization, we need to show that there are no
infinite family in H that is not already considered by the families in H# and in HZ.
Furthermore, we show that it is enough to consider only the families in H#. We

prove this fact in the following theorem.

Theorem 5.9. H € H if and only if H € H for some i > 1.
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Definitions

For our proofs we need the following definitions and theorems.
For a graph G, let ¢,(G) be the number of odd components of G. We use the

following Tutte’s Theorem [33] as our main tool in the proofs (see also Theorem 9.5
of [8]).

Theorem 5.10 ([33]). A graph G has a perfect matching if and only if for every
S CV(Q), c,(G—=S) <|9].

A set S C V(@) not satisfying the inequality in Theorem 5.10 is called a Tutte
set. A Tutte set S is said to be minimal if it does not contain any proper Tutte set.
Let S be a Tutte set, z € S and X C S. Define

e Cs(x) = {C: C is a component of G — S such that Ng(x) NV (C) #0 }

o Cs(X) = Cs(2)

zeX

Because S is usually clear from the context, we write C(x) and C(SS) instead of Cg(z)

and Cg(X), respectively.

5.3 Proof of Theorem 5.7

First we prove a few lemmas. Lemmas 5.11 and 5.12 were proven in [27] as part of

the proof of Theorem 1. We prove them again here for completeness.

Lemma 5.11. Let G be a connected graph of even order and S C V(G) a minimal
Tutte set. Then for every non-empty subset X C S, [C(X)| > |X| + 2.

Proof. By the definition of Tutte set, ¢,(G —S) > |S|+ 1. But since |V (G)]| is even,
then ¢,(G — S) > |S| + 2.

Let S' =S — X. By minimality of S, ¢,(G — 5’) < |S5’|. Since each component
of G — S not in C(X) is a component of G — 5, then C(S) — C(X) C C(S’) and so
co(G—=9) —|C(X)] < co(G—5"). Then we have that

191+ 2 = [C(X)| < ¢o(G = 5) = [C(X)] < (G = &) <[5 = [5] = | X]
We conclude that |C(X)| > | X]| + 2. O

Lemma 5.12. Let [ > 4 and let G be a K, -free connected graph of even order and
S C V(G) a minimal Tutte set. Then for every non-empty set A C S, there is a
component Cy € C(A) such that |[Ng(Co) N A| <1 —2.

Proof. Let k be the number of adjacencies (z, C') with x € A and C € C(A). Clearly,

43



k=) |Cx)| and k= Y |Ne(C)NAl

z€A CeC(A)
Suppose that for all components C' € C(A), |[INo(C)N A| > 1 — 1. By Lemma
5.11, |C(A)| > |A|+2. Then > [Ng(C)NA|>(1—1)-(JA|+2), and so k >

Cec(A)
(l—=1)-(JA] +2).
On the other hand, since G is K -free then |C(z)| < 1 —1 for all x € A. But
then Z IC(z)] < (I—1)-]A|,and so k < (I — 1) - |A|, a contradiction. O
r€A

Lemma 5.13. Let G be a connected graph of even order and S C V(G) a minimal
Tutte set. Suppose that G is {Ki,, Z1,}-free for some l > 4 and r > 3. Let ¢ > 2
and let A C S be a clique with |A| > (I —2) - q+ r. Suppose that there are two
vertices 1, € Dy and yo € Do for two different components Dy, Dy € C(A) such that
N(y1) NA= N(y2) NA=A. Then G contains an induced W,.

Proof. We will prove by induction that there are g vertices vy, ...,v, in ¢ different
components C1,...,C, of C(A) — {Dy, Dy} and g vertices ay, ..., a, of A such that
via; € E(G) if and only if ¢ = j. Then the set {y1,y2,a1,..., a4, v1,...,0,} will
induce a W, in G.

To so do, we find components C},...,C, in such a way that they satisfy the
i—1

following condition. If for 1 < i < g+ 1 we define A, = A — U(A NN(C;)), then

j=1
forall 1 <i<gq, C;e€C(A;) and |[A,NN(C;)| <1—2.

Let 1 <i < ¢ and suppose that we have found Ci,...,C;_;. We find C; in the
following way. Since

i—1

UAnnG)

Jj=1

|A;] = |A| — >(1=2)q+r—(1=-2)-i—=1)>1—-2+r

then A; is not empty. Then by Lemma 5.12; there is a component C; € C(A;)
such that |A; N N(C;)| < I —2. By the way A; is defined, N(C;) N A; = 0 for
all 1 < j<i—1andso C; ¢ {Cy,...,C;1}. If C; = Dy then y; € C; and so
|A;| = [N (y1) NA;| < |N(Cy)NA;| < 1—2, contradicting that |A;| > 1 —2+r. Then
C; # Dy and similarly we get that C; # D,. Thus, we have found the required C;.

For 1 <i < g, choose a; € A; N N(C;) and v; € C; N N(a;).

Let 1 < i < ¢, we will prove that a; ¢ N(v;) for all 1 < j < ¢ with j # 4. Since
forall 1 <j<i—1, A,NN(C;) =0 then a; ¢ N(v;) for all 1 < j <i—1. Suppose
that a; € N(v;) for some i + 1 < j < ¢. Since

[Aga| = 1A] = )2 (U=2)-q+r—(1-2)-q=

Qanvicy
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and Agy1 N N(vj) = Agyr N N(v;) = 0 then Ayq U {a;} U {v;,v;} contains a Z;,
which is a contradiction.

Thus, we have proved that the set {y1, y2, a1, ..., a4,v1,...,v,} inducesa W,. O

Now we prove the main theorem of this section.

Proof of Theorem 5.7. We first show that forall7 > 2 and H € Hf , there is some
m > 1 such that H € HA. This implies that it is enough to show that H C H for
all ¢ > 1.

Let i > 2 and H € HP. Then H < {K1y, Y, Wy, Zoy. ..., Zi_1y, Z;,.} for some
>4, m>i+3,¢q>2andr > 3. Since Z;, jZ,:fr for all A > i and r > 3, then
HeHA .

Let i > 1 and H € HA. Let [ >4, ¢ > 2, and r > 3 such that H < H(l,q,7).
Let G be a connected H-free graph of even order with no perfect matching. We will
show that |V (G)| is bounded by a function depending only on 4,1, q, 7.

By Theorem 5.10, G has a Tutte set S C V(G). We may assume that S is chosen
to be minimal. Since G is connected, then S # (). Let x € S. By Lemma 5.11,
there are three different components Cy,Cy, C3 € C(z). Let y; € (C; N Ng(x)) for
i€{1,2,3}. Let Y = {y1,y2,y3}. Notice that {z} UY is a claw in G.

Claim 5.7.1. |N(2)| < 8- R(I,(1—2) - q+7)

Proof. Let Y' CY. Since {z}U(N (z)NBy (Y"')) contains no K7 ;, then N(z)NBy (Y”)
contains no independent set of size at least [. Let IV be the largest clique in N(x)N
By (Y'). If we show that |N| < (I—2)-q+r, then |[N(z)NBy (Y")| < R(l, (I—2)-q+7),
and since |Y'| = 3, by Proposition 2.2 we get that |[N(z)| <23 - R(I,(I—2)-q+7r).

If Y] <1, then |Y —Y’| > 2. Then |N| < r, since otherwise (Y =Y’ )U{z}UN
contains a Zj .

If |Y'] > 2, then at least two vertices of Y are adjacent to all the vertices of N.
Since the elements of Y are in different components and |Y'| > 2, then it must be
that N C S. Then by Lemma 5.13, |[N| < (I —2) - g+ r. O

Notice that since G is Z,, ,-free for all 1 < m <7 and G is Y o-free, then G is
L, r-free for all m > 1.

Claim 5.7.2. |N*(z)] < [N(2)|-8- R(I, (1 —2) - q +7)

Proof. Let x1 € N(z). We will show that |[N?(z) N N(x)| < 8- R(I,(I —2)-q+).

Let Y1 = N(z;) NY and Y/ C Y. Let N’ = N?(z) N N(x1) N By(Y’). Since
{z1} U N’ contains no Kj;, then N’ contains no independent set of size at least
[. Let N be the largest clique in N’. If we show that |[N| < (I —2) - ¢+ r, then
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IN'| < R(l,(I —2)-q+r), and since |Y| = 3, by Proposition 2.2 we get that
IN?(z) "N (z1)] <28 R(I,(1—2)-q+7).

If|Y'] =1, then |Y=Y"’| = 2. Then |N| < r, since otherwise (Y =Y")U{z}UY'UN
contains a Zy,. If |[Y’| > 2, then we get that |[N| < (I — 2) - ¢+ r in the same way
as Claim 5.7.1.

Suppose now that |Y’| =0, that is NN N(Y) = 0.

If |Y1| > 2, then |N| < r since otherwise Yy U{z; }UN contains a Z; .. If |Y;| <1,
then |Y —Y3| > 2. Then |N| < r since otherwise (Y —Y])U{z} U{x,;} UN contains
a Loy O]

Let m > 2. Since G is {Zm.r, Zim+11) Zms2r p-free, then by Lemma 3.10 we have
that [N™*(z)| < R(l,r) - [IN™(x)|. By an inductive argument we get that for all
m > 3, IN"(z)] < R(l,r)™ 2 -|N?(x)|. Then by Claims 5.7.1 and 5.7.2, we have
that for all m > 3, [N (z)| < R(l,7)"2-8-R(I,(I—=2)-q+7r)-8-R(I,(I—2)-q+7)
=64 - R(l,r)™ - R(I,(I1—2)-q+1r)

Additionally, since G is Y o-free then by Lemma 3.7, Ni™3(x) = (). It follows
that [V(GQ)| < (i+2)-64-R(l,7)"- R(l,(I —2)-q+71)*+ 1. O

5.4 Proof of Theorems 5.8 and 5.9

In this section we prove the other two main results of this chapter.

Proof of Theorem 5.8. Suppose that H € H and |H| < k. Since H € H, there is
a positive integer ng such that every H-free connected graph of even order at least
no has a perfect matching. Let n be an odd integer such that n > max(ng,4).

Contrary to the theorem, suppose that H ¢ H; for all 1 <1i < 3, H ¢ H# for all
1Si§k—3andH§éHfforall2§i§k—3. Since H ¢ H; for all 1 <1 < 3,
then by Theorem 5.6, k£ > 4.

We will consider several connected graphs G of even order at least n containing
no perfect matching. Then for each of such graphs GG there will be some H € H
such that H < G.

Consider G = Kj,. Then there is a graph H; € H such that H; < G. All
connected subgraphs of G are stars. Since H ¢ Hi, then H £ {K;3}, and so
H, £ Ky 5. We conclude that

e [ = K, for some [ > 4.

Consider G =Y,,. Since G contains no K 4 then H; ﬁ G. Then there is a graph
H, € H such that Hy < G. Since Hy £ K; 3 then

e Hy, = P, for some m > 4 or Hy =Y,, for some m > 4.
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Since H ¢ Hs, then H £ {Z;,} for all r > 3.

Consider G = Zj,,11. Since G contains neither K; 4 nor P then H; A G and
Hy £ G. Then there is a graph H, € H such that H, < G (Hs will be used later).
Since H, ﬁ K3 and Hy ﬁ Z1, for all » > 3, then

e Hy= 7, for some ry > 3 (Notice that Z; = K 3).

Since H ¢ H, then H £ {P,}. Then H, = P, for some m > 5, or Hy =Y, for
some m > 4.

Consider G = W,,. Since G contains neither K, 4, P5, Y, nor Z; 3, then H,; ﬁ G,
Hy £ G and Hy £ G. Then there is a graph H3 € H such that H; < G. Since
H; ﬁ K3, H3 ﬁ P, and Hjy ﬁ Zy, for all r > 3, then

o Hy=W,_, for some ¢ > 3 and ¢ > 2 with ¢ > ¢, or H3 = W, for some ¢ > 2
and t > 0 with ¢ > ¢.

Claim 5.8.1. There are graphs Hy, ..., Hy in H and integers ry,...,rx_3 such that
foralld <i<k, H =Z;_3,,_, and r;_3 > 3. In particular |H| =k

Proof. The proof is by induction on i. We have already showed the base case i = 4.

We prove now the inductive case. If kK = 4 there is nothing to prove. Suppose
that £ > 5 and let 5 <7 < k. Suppose that we have already proved that there are
graphs Hy, ..., H;y in H such that for all 4 < j <i—1, H; 2 Z,
rj—s > 3. We will prove that there is a graph H; € ‘H such that H; = Z;_3,, , for
some r;_3 > 3.

Let v’ = max(ry,...,7_4). Since 1 <i—4 <k —4, then H ¢ HZ,. Then since
H < K1 ,Wy, Zvgryeo oy Zicap}, H £ {Yi—a}. In particular, Hy = P, for some
m >1i—1or Hy =Y, for some m >i— 1. Since 2 <i—3 < k—3, then H ¢ HZ .
Then since H < {K1, Y, Wy, Z1,, ... Zi—ap}, H £ {Zi_3,} for all r > 3.

If i—3is even, consider G = Z;_3,, and if i—3 is odd, consider G = Z;_3 ,11. Since
G contains neither K 4, F;, W3, nor Wy and that Z; 333 f Gforall4 <j<i-—1,
then G contains no H; for all 1 < j <4 — 1. Then there is a graph H; € H such
that H; < G. Since H; AY;_5 and H; £ Z;_3, for all r > 3, then H; = Z;_3,, , for

some 7;_3 > 3 (Notice that Z;_3 contains a Y;_,). a

s for some

Let r = max(rq,...,75_3).

Suppose first that H < {Y},_;}. Since |H| = k, then there must be some 1 <1i < k
such that H; < Y,. But the only graph for which that is possible is Hy. Then
Hy =P, withm <k—1or Hy =Y, withm < k—1 and so H; < Y,_;. We
conclude that H < Hji' 5(I,¢q,r) and so H € Hj! ..

Suppose now that H £ {Yj_1}. Then Hy = P, for some m > k or Hy =Y, for

some m > k.
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If kK —2is even, consider G = Zj_4,, and if k — 2 is odd, consider G = Zj_3 ;,+1.
Since G contains neither K 4, Pyy1, W35 mor Woo and that Z; 33 ﬁ G for all
4 < j <k, then G contains no H; for all 1 < j < k. We conclude that G is H-free,

a contradiction. O

Proof of Theorem 5.9. By Theorem 5.7, we already know that for ¢ > 1, every
family of graphs H in H# is also in H.

Let H € H. Then there is a positive integer ny such that every H-free connected
graph of even order at least ny has a perfect matching. Let n be an odd integer such
that n > max(ng,4).

Consider the following family of graphs. H' = { Ky, Yoo, Wi } U { Zps m
iseven and 1 < m < n} U { Z,n1: misodd and 1 < m < n }. Notice that
H' < H2A(n,n,n+1) and so H' € HA.

Since n is odd, all the graph in H’ are connected graph of even order at least
ng. Furthermore, none of them have a perfect matching. Then it must be that no
graph of ‘H' is H-free. In other words, for each Hy € H’, there is an H; € H such
that H; < H,. We conclude that H < H'. But since H’ is in H2 then # is also in
H. O

5.5 Conclusions and open problems

The characterization we were looking for is given by Theorem 5.9. It is interesting
to notice that by this result, every infinite family in H has a finite subfamily that is
enough to imply a perfect matching (under the assumptions of connectedness and
large enough even order). This fact might be surprising but it is easily explained as
follows.

The graph that is needed to bound the diameter of the graph G (N**3(z) = ()
near the end of Theorem 5.7), in this case Y;, has the property that Y; < Y;,;. This
implies that it is not necessary to forbid Y,,, for all m greater than some integer my,
but it is enough to forbid Y,, just for one value of m. This phenomenon does not
happens for example when considering the problem for near perfect matchings, as
we showed in Chapter 6. In that case, the family that characterize the corresponding
set H has an infinite number of graphs and any proper subfamily is not enough to
imply that the graph has a near perfect matching .

Regarding the characterization family HZ(l, ¢, ), notice that it is not necessary
that the parameters “r” of all the Z,,, are the same. In other words, we could have
r1, ro and so on. But we think that doing so would make the proof of Theorem 5.7

more difficult to understand and it does not add real value to the result.
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About the characterization itself, may be it is interesting to notice that there is
only one set of families of size 4, namely HZ'. For size 3, there are two sets: Hy and
H3. And for all other sizes i > 5, there are also two sets: HZ, and HZ ,,.

In this chapter we considered connected graphs with no degree conditions. But
it is also possible to consider graphs with higher connectivity or with some minimum

degree condition. In this line of research, we propose the following problems.

Problem 5.1. Let k > 1. Characterize all the families of connected graphs H
satisfying the following property. FEvery H-free k-connected graph of large enough
even order has a perfect matching.

In this chapter we were able to resolve Problem 5.1 for the case k = 1.

Problem 5.2. Let d > 3. Characterize all the families of connected graphs H
satisfying the following property. Every H-free connected graph of large enough even
order and minimum degree at least d has a perfect matching.

Even a combination of Problems 5.1 and 5.2 is possible.
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Chapter 6

Near Perfect Matchings

In this chapter, we study the relation between near perfect matchings and forbidden
induced subgraphs. The main result in this chapter is Theorem 6.5, which shows
a characterization of all families of forbidden subgraphs implying a near perfect
matching in graphs of large enough odd order. All the new results we prove in this

chapter can be found in [26].

6.1 Introduction

Fujita et al.[18] studied the relation between forbidden induced subgraphs and the
resulting deficiency.

Let T,, be the graph obtained by attaching 2 independent vertices to each end of
a path on n vertices. For d > 0, let Ty = {K1 314} U{ Tp: n>2 }.

Theorem 6.1 ([18]). Let d > 0. Then every Ty-free connected graph G with
|[V(G)| =d (mod 2) satisfies def(G) < d.

In the same paper, the authors also proved that for the near perfect matching
case (d = 1), the family Ty is essentially the only family with that property when
forbidding only triangle-free graphs. In other words, they proved the following

theorem.

Theorem 6.2 ([18]). Let F be a family of triangle-free connected graphs. If there
exists a positive constant ng such that every F-free graph of odd order at least ng

has a near perfect matching, then F < T;.

In this chapter, we complete this line of research by characterizing all families
of connected graphs F such that every large enough F-free graph of odd order has
a near perfect matching (without any restriction on the graphs of F). Our main

result of this chapter is Theorem 6.5 that we state in Section 6.3.
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The rest of the chapter is organized as follows. In Section 6.2, we give some
definitions and cite some useful known results. In Section 6.3, we define several
graphs and families of graphs and state our results. In Section 6.4, we give the

proofs for our results. Finally, in Section 6.5, we make some final remarks.

6.2 Definitions and useful results

Define G as the set of all non-redundant families of connected graphs. Define H
as the set of families 7 € G such that there is a constant ng = no(F) with the
property that all F-free connected graphs G of odd order with |[V(G)| > ng have a
near perfect matching. Clearly, our problem is reduced to finding all the elements
in the set H.

With the previous definitions, Theorem 6.2 says that If 7 € H and every graph
in F is triangle-tree then F < 75.

Let G be a graph. An odd component of G is a connected component of G of
odd order. Let ¢,(G) be the number of odd components of G. We use the following
theorem from Berge (see Theorem 3.1.14 of [25]) as our main tool in the proofs.

Theorem 6.3 ([25]). Let G be a graph. Then def(G) = max (c,(G — S) —|95)).

SCV(G)

The formula in Theorem 6.3 is called the Tutte-Berge Formula. Theorem 6.3

can be rewritten for the case of near perfect matching as follows.

Theorem 6.4. A graph G of odd order has a near perfect matching if and only if
for every set S C V(G), ¢,(G—8) <|S|+ 1.

A set S C V(G) not satisfying the inequality in Theorem 6.4 is a Tutte set. A
Tutte set S is said to be minimal if for every S’ C S, S’ is not a Tutte set. Given a
Tutte set S, for each z € S define

Cs(z) = {C: C is a component of G — S such that Ng(z) NV (C) #£ 0 }.

Because S is usually clear from the context, we write C(x) instead of Cg(z). For a
subset X C S, define

o C(X) = Upex C(@)
e C,(X) = the set of odd components in C(X)

Let G be a connected graph. If v,w € V(G) and H C V(G), let dist(v,w) be

the distance from v to w, and dist(H,v) = miIr{l dist(v, w).
we
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6.3 Graphs and Families

In this section, we define the graphs and families of graphs necessary to state our
results. At the end of this section we state Theorem 6.5 that is our main result of
this chapter.

In the drawings of the graphs we define in this section, the white vertices are a
minimal Tutte set for the corresponding graph. We give more detail about this in
Section 6.4.

First, we define some auxiliary graphs that we use later to define the graphs and

families we need.

e A,, is the graph obtained by joining a set {wi,...,w;} of s independent
vertices with a K, and then attaching one pendant vertex to each vertex of

the K,. The vertices wy, ..., ws are called the heads of A ,.

e B, , is the graph obtained by identifying the last vertex of a P, with a vertex
of a K. The first vertex of the P, is called the head of B,, ,.

e C/is an induced path p; ...p,.

° Cfl np 18 an induced path p; ... pn, 1, and a vertex z adjacent only to p,, and

pn1+1-

° Cf;‘m is an induced path p;...pn, 4n,+1 and a vertex z adjacent only to p,,,

Pny+1 and pp, 4o

° Cflm is an induced path p;y ...pn, +n,—1 and a vertex z adjacent only to p,, .

. Cfl np 18 an induced path p1...pp, 10,11 and a vertex z adjacent only to pp,

and pr, 42.

If C e{c}.ch,,.CS ., Ch . .CF .} is asubgraph of a graph G in which two
vertices x1 and xy of G are the ends of the path in C, then we call C' a connector
between z; and z5. If C' is a connector other than C’;?, then z is called the balancer

of C. A connector is said to be odd if it has an odd number of vertices. We say

that C4, Cflm, Cnclm, Cf?lm, Cflm are connectors of type A, B, C, D and E,
respectively.

We define now the graphs and families we need to state our results. The families
with a “hat” on top are defined only to be used later in our proofs. We divide the
graphs in “types”, which is indicated by the letter we use to define them. In the

definitions, n, m and ¢ are positive integers.
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Type “Z” graphs:
. Z}mq is the graph obtained by adding three pendant vertices to the head of a
By

° Zg%q is the graph obtained by putting together a K4 and a B,,, of head z,

and adding an edge between x and two degree one vertices of the K 4.
° ZS% , 1s the graph obtained by adding the edge between x and the center of the
K1’4 in a Z?n,q’

3
i Z(m> Cj) = U({Zi,qa Zé,q’? ty Zrih,qﬂ ZrthrQ,l})'

Type “V” graphs:

° Vq1 is the graph obtained by identifying the heads w; and w; of a Ay, with

two degree one vertices of a K 4.

. Vq2 is the graph obtained by identifying the heads w;, wy and ws of a Az, with

two degree one vertices and the center of a K 4.
o V3is A
q Saq'

° V;‘ is the graph obtained by putting together a Az, of heads w;, ws, w3 and

two extra vertices z; and z, and adding the edges wyws, w27 and wy 2.

o V(g) = {V; . V2, V), V'
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Type “T"” graphs:

o Let T4, TB ~—and TC ,  be the graphs obtained by adding two pendant ver-

nl n2 ni,n2

tices 3¢,9% to one end of a C4, a CB ~or a C¢

o, ot .y Tespectively, and two

pendant vertices y4, 45 to the other end. Notice that T4 = T,.
e TAn) = {TA nisodd and n >n+1 }
e T8(n)={T el m' ni+ngiseven, ny,ng > land ny +ny >n+1}
e TCn)={T mm' ni+ng is odd, ny,ne >l and ny +ny >n+1}

o T(n)=T"(n)UT"n)UT(n)

WWW

nl,ng n17n2

Type “Y” graphs:

o V! is the graph obtained by joining all the vertices of a K, with the last

ni,n2,q

vertex of a P,, and with the last vertex of a F,,, and adding two pendant
vertices to the first vertex of the P, and two pendant vertices to the first

vertex of the P,,.

o V2 is the graph obtained by adding the edge between the last vertex of

ni,n2,q

the P,, and the last vertex of the P,, ina Y, .
o Vi(n,q) ={Y, m,nzq' ni,ne > land ny +ny+1<n }.
e V%(n,q) ={Y, nl’mq' ni,ne > 1 and ny +ny <0 }.
e Y(n,q) = V'(n,q) UY*(n,q)

~

° y(Q) - { Y7111,N27q. ny, N2 > 1 } U { n1 N2 q. ny, N2 Z 1 }

?”‘Q’? m

m,nz’q ”la”%q

95



Type “D” graphs:

° D}llm’m’q is the graph obtained by identifying the p,, of the path of the con-
nector in a 7', | and the head of a B,

° thm’m’ 4 18 the graph obtained by identifying the balancer z of the connector
ina TP and the head of a B, ,.

o D! (ﬁ’ m, (j) = { DT1L1,H271,¢7’ DT1L1,H272,¢7’ T D7111,n27ﬁ%(7’ D71L17n2,m+2,1: Ny, Ny are

even, ny,ny > 2, ny <ngandny +ny —1<7n }.

e D*(n,m,q) = { D? D? .., D? D} o1 i Mg <A

ni,n2,1,§> ~ni,n2,2,q’ ni,ng,m,q’
and i, N9 Z 1}

e D(n,m,q) = D'(n,m,q) UD*(n,m,q)

(7 1 2 .
® D(q) ={ Dy, nyma» Py ngom.g * M1,m2 > Land m > 1 }.
Ny No ny N2
e
L m
1 2
Dn17n27m7q Dn17n2am7q
Type “L” graphs:
° L}fqu, L}fm’m’q, L}ﬁmmw L}fﬁmym?q and L}fm’m’q are the graphs obtained
by identifying the head of a B,,, and the p, of a C4, a Cflm, a Cnchnz, a

ch n, and a ct n, (respectively) and adding a pendant vertex to p, and two

pendant vertices to p;.

24 28 2C 2D 2B :
° Ln,m,q? Lm,nz,m,Q’ Ln1,n27m7<1’ Ln17n27m7q and Lm,nz,m,q are the graphs obtained by
putting together a By, , of head z and a C', a CF | a CS  ~aCP  —anda

Cflm (respectively) of ends p; and p,, adding two vertices z; and zy, adding

the edges xz1, 29, pp21, pnz2 and adding two pendant vertices to p;.

34 3B 30 3D 3E -
° Ln,m,t]’ Lnlmz,m,q’ Lm,m,m,q’ Lm,nmmq and L”17”27m:q are the graphs obtained by
- : 24 2B : 20 : 2D
adding the edge zp, in a L7/, ., ina Ly7, . ina Ly o ooina Ly7,
and in a L2P - (respectively).
iA(s 5 &) — [ TiA iA iA iA g =
o L%n,m,q) ={ L)y o Liog - Lt Liamgon: misodd, 3<n <n }.
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iB(5 7 ) — [ TiB iB iB iB : -
o LP(n,m,q) ={ Ly, pyias Lnymsogr -0 Loy iy gy Ly mpmro,1s M1 +12 s even,

ny 4+ ng < n and ny,ny > 1}.

o L'%(n,m,q) ={ L Li¢ oo LI LiC o mian: M1 +ny is odd,

ni,n2,1,q> ~“ni,n2,2,q’ n1,n2,m,q’> ~ni,

ny 4+ ng < n and ny,ng > 1}.

o L(n,m,q) = J(£*(n,m,q) UL (n,m,q) UL (R,m,q)).

3
o L(q) = U ({Lid, 5 nisodd, n,m > 1} U {LB - ny + ny is even and
i=1
ic iD iB : -
ni,ng,m > 1} ULy o LY Lty magt Mtng is odd and ny, ng, m >

n m ny ng m ny ng m
st
L2B L2C

L2A
n,m,q ni,n2,m,q ni,ngz,m,q
n m ny U m ny U] m
O - -C=O- @ ray —0- - @ - -Se C—O- - @
3A 3B 3C
Lnamaq L”l?”?vqu Ln11n21maq

Type “W?” graphs:

o WA WIB W€ WD and WP are the graphs obtained by put-

n,q° n1,N2,q7 n1,n2,q° n1,1m2,q n1,m2,q

ting together a Ay, of heads wy,wy and a C2, a C’,ﬁm, a CY nay & CnDl,nz and
a Crﬁ,nz (respectively) of ends pi,p,, adding the edges wyp, and wsp, and

adding two pendant vertices to p;.

o W2A W2B w2 W2P and W2F = are the graphs obtained by iden-

n,q7 n1,n2,q’ n1,n2,q’ n1,n2,9 ni,n2,q

tifying the wy of a A, of heads wy,wy, w3 and the p, of a Cf, a Cﬁ,nz’ a
c D E - -

Crimy @ G, and a Gy (respectively) of ends pi,p,, adding the edges

wip, and wsp, and adding two pendant vertices to p;.
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Wit(n,q) = { Wit nisodd, 3<n<n }.

WiB (7, q) = { WIB  _:nj+mnyiseven, ny +ny <7 and ny,ny > 1 }.

ni,n2,q-

Wi (n,q) = { WiC  _nj+mnyisodd, ny+ny <fand ny,ny >1 }.

n1,n2,q"
2 . . .
W(n,q) = JW(n,q) uWP(n,q) UW(n,q)).
=1

—~

2
W(q) = U {Wit: nis odd and n > 1} U {W;P - ny 4 ny is even and

ni,n2,q°

=1
ny,my > 1} U {WE¢ Wb Wik my+mnyisodd and ny,ny > 1 }).

n1,n2,q’ ni,n2,q’ ni,n2,q-

Type “M” graphs:

MA  MEB M¢ MP  and MF are the graphs obtained by iden-

n,q’ n1,m2,q’ n1,m2,q’ ni,n2,q n1,n2,9
el A B c
tifying the wy of a Ay 4 of heads wy,wy and the p, of a C;, a CF ., a CF

a CD —and a CF (respectively) of ends p;,p, and adding two pendant

ni,n2 ni,n2

vertices to p;.

MA(7, q) = { M;gq: niseven,3<n+1<n }.

MB(n,q) =1 Mﬁmqu ny +ng isodd, ny +ny+1 <mnand ny,nyg >1 }.

MC(n,q) ={ M,%nwz ny + ng is even, ny +ng +1 < n and ny,nyg > 1 }.
N NgA(= = B(= = Clm =

M(q) = {M2: nisevenand n > 2} U{MP - ni+nyisodd and ny, ny > 1}
U {Mnclqu, MP ME - ny+nyis even and ny,ny > 1 }.

ni,n2,q’ ni,n2,q-
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Type “J” graphs:

e J! is the graph obtained by identifying the w3 of a As, of heads wy, wq, ws

n?q

and the p, of a C4 of ends pi,p,, adding the edge wows and adding two

pendant vertices to py.

J? . is the graph obtained by putting together a As, of heads wy, wq, w3 and

n,q

a C# of ends py,p,, adding the edges wows, wap, and wsp, and adding two

pendant vertices to p;.

TR, q) ={ Jpg nisodd, 4 <n+1<n}.

J*(n,q) ={ Jog niseven, 3<n+1<n }.
e J(n,q) = J'(n,q)UT*(n,q).

j(cj):{e]n{q: nisodd, n>1}U{ JZ.: niseven,n>2}.

Now, we are ready to define the family of graph characterizing the set H and state

the main theorem of this chapter. Let I,n,m and ¢ be positive integers.

o F(l,n,m,q) = {K1,}UV(q)UZ(m,q)UT (n)UY(n,q)UD(n,m,q)UL(n, m,q)U
Wi(n,q) UM(n,q)UT(n,q).

Theorem 6.5. Let F € G be a non-redundant family of connected graphs. Then
F e H if and only if F < F(l,n,m,q) for somel>5,n>1, m>1 andq > 3.

Theorem 6.5 is our main result of this chapter. We prove it in the next section.

We define two additional families that will be used during the proof of Theorem 6.5.

Let [,m and ¢ be positive integers.

99



o Fall,m,q) = {K,} U{V} V2, VU Z(m,q).

— ~

o F(q) = Z(q) UY(q) UD(q) U L(g) UW(q) UM(q) UT(q).

6.4 Proof of Theorem 6.5

In this section we prove Theorem 6.5. We divide the proof of Theorem 6.5 in the

following two theorems.

Theorem 6.6. Let G be a connected graph of odd order. Suppose that there is a
minimal Tutte set S C V(G), such that there is a vertex x € S with |C,(x)| > 4.
Suppose that G is Fa(l,m,q)-free for somel>5m >1 and ¢ > 3. Then |V(G)] is

bounded by a function depending only on [,m and q.

Theorem 6.7. Let G be a connected graph of odd order. Suppose that there is a
minimal Tutte set S C V(G) such that for every x € S, |Co(x)| < 3. Suppose that G
is F(l,n,m,q)-free for somel >5,n>1,m>1andq> 3. Then |V(G)| is bounded

by a function depending only on l,n,m and q.

Theorems 6.6 and 6.7 are proved later in this section. We present now the proof

of Theorem 6.5 assuming Theorems 6.6 and 6.7.

Proof of Theorem 6.5. Let F € G be a non-redundant family of connected
graphs.

Suppose that F < F(l,n,m,q) for some l > 5,n>1,m>1and ¢ > 3. Let G
be a F-free connected graph of odd order. Suppose that G does not have a near
perfect matching. By Theorem 6.4, G has a Tutte set S. Take S to be minimal.
Then by Theorems 6.6 and 6.7, |V (G)| is bounded by a function depending only on
[,m,m and ¢q. We conclude that F € H.

Suppose now that F € H. Then there is a positive integer ny such that every
F-free connected graph of odd order at least ng has a near perfect matching. Let n
be an integer such that n > max(ng, 5).

Consider the family F; = F(n,n,n,n). We construct another family of graphs JF
as follows. First, add to F5 all the graphs of F; that have an odd number of vertices.
It is easy to check that the graphs of type “V”, “T”, “W”  “M” and “J” that are
in F; have an odd number of vertices, and so are also in F5. Modify graphs of type
“27. Y7, “D” and “L” that are in F; and do not have an odd number of vertices by
adding 1 to the parameter ¢ in those graphs that the parameter ¢ is at least 3, and
adding 1 to the parameter m in those graphs that the parameter ¢ is 1, and add all
of them to F». Notice that the family F, satisfies Fo < F(n,n,n+ 1,n+ 1).
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By the way J> was constructed, all the graphs in F5 are connected graph of odd
order at least ng. In the drawings of Section 6.3, we showed a minimal Tutte set
for each graph. It is not difficult to check that all the components that remain after
removing the Tutte set S have odd order and satisfy ¢,(G — S) > |S| + 3. We can
conclude then that none of the graphs in F; has a near perfect matching.

Then it must be that no graph of F; is F-free. In other words, for each Hy € F3,
there is an H € F such that H < Hs. We conclude that F < F,. But since
Fo < F(n,n,n+1,n+1) then F < F(n,n,n+ 1,n+1). This completes the “only
if” part of the proof. O

Auxiliary Lemmas

In this section, we prove some auxiliary lemmas that we use later in the proofs of
Theorems 6.6 and 6.7.

Lemma 6.8. Let G be a connected graph of odd order. Suppose that there is a
minimal Tutte set S C V(G). Then for every nonempty subset X C S, |Co(X)| >
| X + 2.

Proof. By definition of Tutte set, ¢,(G—S) > |S|+2. But since |V(G)| is odd, then
(G —8) > |S]+ 3.

Let §' = S—X. By minimality of S, ¢,(G—5") < |S’|+1. Since each component
of G—S not in C(X) is a component of G—.5’, then ¢,(G—S5) —|Co(X)| < ¢o(G—5").
Then we have that

S| +3 = 1Co(X)| < co(G=5) = Co(X)| < co(G—=5) <|S'+1=15]—|X]|+ 1
We conclude that |C,(X)| > | X]| + 2. O

Lemma 6.9. Let G be a connected graph of odd order. Suppose that there is a
minimal Tutte set S C V(G). If G is Ky -free for some | > 4 then for every
nonempty set A C S, there is a component C € C(A) such that [IN(C)NA| <1-—2.

Proof. Let k be the number of pairs (z,C) with x € A, C € C(A) and C € C(x).
Clearly,
k=) _|C(x)] and k= > [N(C)NA]
z€A Cec(A)

Suppose that for all components C' € C(A), IN(C) N Al > 1 — 1. By Lemma

6.8, |C(A)| > |A]+2. Then Y [N(C)NAl>(-1)-(|A|+2), and so k >
cec(A)

1—=1)- (A +2).

On the other hand, since G is K -free then |C(z)| <1—1 for all z € A. But then
we have that Z IC(z)| < (I—1)-|A|,and so k < (I — 1) - |A], a contradiction. [

T€EA
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Lemma 6.10. Let G be a connected graph of odd order. Suppose that there is a
minimal Tutte set S C V(G). Suppose that G is {K1,, Z} ., Zy,}-free for some | > 5
and r > 3. Let A C S be a clique, and Z C G — S and X C S — A be two sets of

vertices. Suppose that one of the following is true:
(i) X =0.

(ii)) X = {x} and there are three pairwise non-adjacent vertices z1,zq, 23 € Z N
N(z). Also N(x)NA=N(z1)NA=N(2)NA=0 and A C N(z3).

(iti)) X = {x} and there are two non-adjacent vertices z1,z0 € Z N N(z). Also
N(z1)NA=N(z)NA=0and AC N(x).

(iv) For every x € X, |C(z)| = 3 and x is adjacent to three vertices of Z that are
in three different components of G — S.

Let ¢ > 3 and suppose that |A| > (2¢+ |Z]) - (I — 2) +r.
Then there are q wvertices y1,...,y, in q different components of C(A) and q

different vertices ay, . ..,aq of A such that
e ya; € E(G) if and only if i = j and
o vy, ¢ N(Z)UN(X) forall1 <i<gq.

Proof. Let m be the number of components of G — S that meet the vertices of Z.
Clearly m < |Z].

First, we construct a sequence A; O ... D Agyimy1 of subsets of A such that
there are distinct components Dy, ..., Doy, of G — S with the property that for all
1<i<2¢+m, D; € C(A;) and N(D;) N Ajq1 = 0.

The construction is by induction. Let A; = A. For 1 < i < 2g + m, suppose
that we have constructed Aq,...,A; and Dq,...,D;_;. By Lemma 6.9 there is a
component C' € C(A;) such that |[N(C)N A;| <1 —2. Take D; = C and A;; =
A; — N(D;). Since |Ai11]| = |Ai| — IN(D;) N A > |Ai| — (I —2), we have that

[ Aggia| = [Ar] = (2¢+m) - (1=2) = ¢+ |2]) - (1 =2) +7 = (2¢+m)- (1 -2) = .

Among the components D;, ..., Dogir,, at most m of them meet Z. Choose
Dy, ..., Dy, so that i; <15 < ... <y, and they do not meet Z.

For 1 < j < 2gq, choose y; € D;; and a; € N(y;) N Ay,. Since D;,, ..., Dy,
not meet Z, then y; ¢ N(Z) for all 1 < j < 2q.

Suppose there is a 1 < j < 2¢ such that y; € Ng(z) for some z € X. If

do

condition (i) of the lemma holds, no such x exists. If condition (ii) holds, then

{21, 22,Yj, 2,23} U Agyq1 contains a Zj, which is a contradiction. If condition (iii)
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holds, then {21, 22, yj, £} UAs,41 contains a le’r which is a contradiction. If condition
(iv) holds, since D;, € C(z), then |C(x)| > 4 which is a contradiction. Then y; ¢
N(X) for all 1 <j < 2q.

For 1 < j < 2q, define Y; = N(a;) N {y1,...,y2q}. Since y; € Y;, then |Y;| > 1
for all 1 < j < 2¢. Suppose there is a 1 < j < 2¢ such that |Y;| > 3. Then
Y; U{a;} U Ay contains a Z], which is a contradiction. We conclude that for all
1 <j <2 1<|Y;] <2. Then there is a way to choose ¢ different pairs (a;, y;)
from {(a1,y1)... (a2, Y2q)} satisfying the conditions required by the lemma. O

Lemma 6.11. Let G be a connected graph. If G is F(I,n, m, q)-free for some | > 5,
n>1,m>1 and g > 3, then G is also .7:( q)-free.

Proof. Let G be an F(I,n,m, q)-free connected graph for given integers [ > 5, i > 1,
m > 1 and ¢ > 3. We will show that G is F(q)-free.

Let i € {1,2,3} and m > 1. Consider Z = Z} .. If 1 < m < m, then
Z € Z(m,q). If m > m + 1, since ¢ > 2 then Z contains a Z, 5, € Z(m,q). We
conclude that G is Z(q)-free.

Let ny,ny > 1. Consider Y =Y, g Hni+ny+1 <7, then Y € Y(n,q).
Suppose that ny+ns+1 > n+1. If ny+ny+1 is odd, since § > 1 then Y contains a
T i1 € T(72). If ny +ny+1is even, since § > 2 then Y contains a T)f € T ().

Let ni,ne > 1. Consider Y = Yn21 s If ny+ny <, then Y € Y(n,q). Suppose
that n; +nge > i+ 1. If ny +ns is odd, then Y contains a 74 € T(n). ifny+nsyis
€ T (). We conclude that G is Y(q)-free.

ni+no
even, since ¢ > 1 then Y contains a T2,

Let ny,ny > 1 and m > 1. Consider D' = D} .. Suppose first that at least
one of ni,nsy is odd. By symmetry, we may suppose that ny is odd. If n; > n + 1,
then D' contains a T} € T(q). If ny = 1, then D' contains a Z}, , € Z(g). Since
ny is odd, then n; # 2. Suppose that 3 < n; < 7. If 1 <m < m, then D! contains
a L), - € L(n,m,q). If m >m+ 1, then D' contains a L), € L(n,m,q).
Suppose now that both ni, ny are even. Then ny,ny > 2. Ilf ny+n,—1 > n+1, since
ny +mng — 1 is odd then D' contains a T iins—1 € T(n). Suppose that n; +mny —1 <

n. If 1 < m < m, then D' € DY(f,m,q). If m > m + 1, then D! contains a

ni,m+2,

Tlll,ng,ﬁ’b+2,1 6 Dl <ﬁ7 m? q_>
Let ny,my > 1 and m > 1. Consider D* = D? . Suppose first that
ny +ny >+ 1. If ny +ny is odd, D? contains a T2, € T (7). If ny 4 ny is even,

2
D? contains a T2,

D? € D*(n,m,q). If m > m + 1, then D? contains a D?
conclude that G is D(q)-free.

€ T(n). Suppose now that ny + ny < n. If 1 <m < m, then
. € D*(n,m,q). We

ni,ne,m+2,

Let i € {1,2,3}, n > 1 and m > 1, with n odd. Consider L4 = Li4 If

nm,q"

n >+ 1, then LA contains a T4 € T(n). If n < 7, then LA € L(n, m, q) or LA
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contains a LM o, € L7, m, q).
Let i € {1,2,3}, ny,my > 1 and m > 1, with n; + ny even. Consider L? =
If ny +ny > n+ 1, then L contains a TE € T(n). If ny +ny <,

ni,n2

LiB -

ni,n2,m,q
then L? € £'(n,m,q) or L” contains a L5 ., € L'P(n,m, q).

Let i € {1,2,3}, ny,ny > 1 and m > 1, with n; + ny odd. Consider L¢ =

If ny +ny > f+ 1, then LC contains a TS € T(n). If ny + ny < 7,

ni,n2

LI o ma
then che L(n,m,q) or L contains a LT, € L(n,m, ().

Let i € {1,2,3}, ny,ny > 1 and m > 1, with n; + ny odd. Consider LP =
L mgand LP = LiF - Since ny + ny is odd then one of ny,ny is odd. If
ny = 1, then both L*” and L'" contain a Z, . € Z(q). If ny is odd and ny > 3, then

both L*P and L*¥ contain a L4

ns.m.p Which we have considered earlier. If n; = 1,

then LP contains a graph of type “Z'” and L** contains a graph of type “Z2”,
which we considered earlier. If n; is odd and n; > 3, then L’ contains a graph

44L2A77

of type “L'4” and L*F contains a graph of type , which we have considered

carlier. We conclude that G is £(g)-free.

Let i € {1,2} and n > 1, with n odd. Consider W# = WL If n > i + 1, then
W4 contains a T4 € T(n). If n <, then W4 € W (q, ).

Let i € {1,2} and ny,ny > 1, with n; + ny even. Consider W5 = Wéﬁnm.
If ny +ny > 0+ 1, then W2 contains a Tflm € T(n). If ng +ny < n, then
W5 e W(n,q).

Let i € {1,2} and ny,ny > 1, with ny + ny odd. Consider W¢ = Wi¢
If ny +ny > 7+ 1, then W¢ contains a Tnol’n2 € T(n). If ny + ny < n, then
W< e Wi (a,q).

Let i € {1,2} and ny,ny > 1, with ny +ny odd. Consider W™ = WP and

WP = Wf’nw. Since nq + ny is odd then one of ny, ny is odd. If ny = 1, then both

WP and W' contain a V; € V(). If ny is odd and n, > 3, then both W* and

W contain a W4

1a.q» Which we have considered earlier. If n; = 1, then WP contains

a graph of type “Z'” and W*F contains a graph of type “Z%”, which we considered
earlier. If n; is odd and n; > 3, then W contains a graph of type “L'4” and Wi¥
contains a graph of type “L?4”, which we considered earlier. We conclude that G is
W(q)—free.

Let n > 2, with n even. Consider M4 = Mﬁq. If n+1>n+1, then M4
contains a 772, | € T(n). If 3 <n+1 <7, then M* € MA(7, q).

Let ny,ny > 1, with ny+ny odd. Consider MP = MP | - Ifny+ny+1 > n+1,
then MP contains a 7 .\ € T(7). If ny +ny+1 <7, then MP € MP(n,q).

Let ny,ny > 1, with ny+nsy even. Consider M¢ = M¢ Ifni+ns+1>n+1,
then M contains a T, .., € T(72). If ny +ny <7, then M € MC(n, q).

ni,n2,q-
n

Let ni,ne > 1, with n; 4+ ny even. Consider MP = MP _and M¥ = ME

n1,n2,q n1,n2,q"
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If ny is even (and so ny > 2), then both MP and MFE contain a M*

n2,q"

that ny is odd. Since n; 4+ ns is even, then n; is odd. If ny = 1, then MP contains
a Z! € Z(q) and ME contains a Z2, . € Z(q). If n, > 3, then MP contains a

n2,q n2,q

LA e L£(q) and MP contains a L>A € L£(g). We conclude that G is M\(q)—free.

ni,ng,q ni,n2,q

Suppose

Let n > 1, with n odd. Consider J! = Jé,q' If n+1>n-+1, then J' contains
aTPl eT(n). If4<n+1<n,then J' € J'(n,q). If n =1, then J' contains a

Ve V(q).
Let n > 2, with n even. Consider J? = J?L,q. If n+1>n+1, then J? contains
a T e T(n). If3<n+1<n,then J? € 72(n,q). O

Proof of Theorem 6.6

In this section we present the proof of Theorem 6.6.

Proof of Theorem 6.6. Let G be a connected graph of odd order and S C V(G)
a minimal Tutte set. Suppose that G is F(l, m, q)-free for some [ > 5, m > 1 and
q=3.

Let zg € S with |C,(x0)| > 4. Let C4,...,Cy be four different components in
Co(mg). For 1 <i <4, lety, € C;N Ng(z). Let Y = {uy1,...,us}.

Define the function f(z) = (2¢+ 2) - (I — 2) + q. Let k = f(4).

Claim 6.6.1. |N(zo)| < 2*- R(l, k).

Proof. Let Y/ C Y and let N = N(zo) N By(Y’). By Proposition 2.2 it is enough
to show that |[N| < R(l,k). Since {zo} U N contains no K;; then N contains no
independent set of size [. We will show that N contains no clique of size k. Let A
be a clique of N.

Since the elements of Y are in different components of G — S, if |Y'| > 2 then
ACS.

If |Y’| > 3 then |A| < f(3) < k, since otherwise Y’ U A could be extended to a
V.2 by Lemma 6.10 (condition (i)). If [Y”| = 2 then |A| < f(4) = k, since otherwise
Y U{zo} UA could be extended to a V,? by Lemma 6.10 (condition (iii)). If [Y’| <1,
since (Y —Y’) U {xo} U A contains no Z] ., then |A| < ¢ < k. O

1,r

Claim 6.6.2. |N%(z0)| < 2*- R(L,k) - | N (wo)]

Proof. Let 11 € N(xg). We will show that |[N?(zo) N N(x1)| < 2*- R(1, k).
Let Y C Y. Let N = N?(x9) N N(z1) N By (Y”’). By Proposition 2.2 it is enough
to show that |[N| < R(l,k). Since {z1} U N contains no K;; then N contains no
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independent set of size [. We will show that N contains no clique of size k. Let A
be a clique of N.

As in Claim 6.6.1, if |Y’| > 2 then A C S.

If |Y’| > 3 then |A] < f(3) < k, since otherwise Y' U A could be extended to a
V2 by Lemma 6.10 (condition (i)). If [Y”| = 2 then |A| < f(4) = k, since otherwise
Y U{z¢} UA could be extended to a V' by Lemma 6.10 (condition (ii)). If [Y”] = 1,
since (Y — {y1}) U{zo, 1} UA (with g € Y”) contains no Z; , then [A| < ¢ < k.

Suppose now that |Y'| =0. Let Y] = Y N N(zy). If |Yy| > 3, since Yy U{z;} U A
contains no Zj ,, then [A| < ¢ < k. If |Y1] = 2, since Y U {x¢, 21} U A contains no

Z3 ,, then [A] < ¢ < k. If [Y1] < 1, since (Y — Y1) U {g, 21} U A contains no Zy,
then |A] < ¢ < k. O

Claim 6.6.3. Let i > 3. Then |N*(zo)| < R(l,q) - N7 (x0)].

Proof. Let P = xg...x;—1 be an induced path such that z; € N7(z) for all 0 < j <
i—1. Let N = N(x;_1) N N%(xq). We will show that |[N| < R(l,q).

Since {x;—1} U N contains no Kj; then N contains no independent set of size
[. We will show that N contains no clique of size q. Let A be a clique of N and
suppose that then |A| > q.

As in Lemma 6.11, since G is Z(m, q)-free, then G is also ZA(q)—free.

Since P is an induced path, N(z;) N Y =0 forall 3 < j <i—1. Let Y; =
N(x;)NY and Yy = N(z2) NY. Also, N(A)NY = 0.

If |Ys| > 3 then Y3 U {zs,..., 2,1} U A contains a Z ,,. If [Yo| = 2 then
(Y = Y2) U{zo} UYo U {zy,..., 251} U A contains a Z7, . If [Yo| = 1, then
(Y = Ya2) U{zo} UYa U {xs,...,2i21} U A contains a Z] .

Suppose now that |Ys| = 0. If |Y;| > 3, then Y] U {xzy,...,2;.1} U A contains a
Z} . Y1 =2, then (Y = Y1) U{2o} UY1U{x1,..., 2,1} U A contains a Z} , .
If [Y1] <1, then (Y — Y1) U {zo,21,..., 2,1} U A contains a Z; . O

Claim 6.6.4. N™"3(z0) = 0.

Proof. Suppose that N™"3(zq) # 0. Let P = xq, ... T3 an induced path such that
x; € Ni(z) for all 0 < j < m + 3. Since P is an induced path, N(z;) NY = 0 for
all 3<j<m+3. Let Y =N(xz1)NY and Y2 = N(z9) NY.

If |Ys] > 3, then Y5 U {xy, ..., pmys} contains a Z, . If [Ya] = 2, then (Y —
Vo) U{ao} UYa U{zy, ..., Tmys} is a 27,5, If [Ya| = 1, then (Y = Y5) U{zo} UY, U
{22, ... &mua}isa Z) ;.

Suppose now that |Y;| = 0. If |Yi] > 3, then Y] U{z1,..., 242} contains a
Zyioq- V1] = 2, then (Y = Y) U{zo} UYL U {zy,... ,Tppo} is a 25,5, If
V1| <1, then (Y — Y1) U {xo,%1,..., Tmy1} contains a Z) . O
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Using the above claims we will show that |[N?(xq)| is bounded for all i > 1 and
that Ni(x¢) = () for some i > 1.

By Claims 6.6.1 and 6.6.2, we have that |[N'(xq)| and |N?(z,)| are bounded. By
Claim 6.6.4, N"™"3(zy) = 0. It remains to show that |N?(xg)| is bounded for all
1> 3.

By Claim 6.6.3, [N'(xq)| < R(l,q) - |N*"(z0)| for all : > 3. Using an inductive
argument, we can show that |[N%(xq)| < R(l,q)"2 - |N?(zo)| for all i > 3. By Claims
6.6.1 and 6.6.2, we get that |[N*(xo)| < R(l,q)"? - R(l,k)? for all i > 3. By Claim
6.6.4, we get that |[N'(xg)| < R(l,q)™" - R(l, k)?* for all i > 3. O

Proof of Theorem 6.7

In this section we present the proof of Theorem 6.7. First, we prove a lemma to
find a starting structure. In proof of the Theorem 6.7 itself, we use this structure to

divide the vertices of the graph into sets according to the distance to the structure.

Lemma 6.12. Let G be a connected graph of odd order and S C V(G) a minimal
Tutte set. Suppose that for every x € S, |C,(z)| < 3. Suppose that G is F(I, 7, m, q)-
free for some [>5n>1,m>1and §> 3. Then there are two different vertices
T,y € S such that |Co(x1) NCo(x2)| = 1. Also, there is an odd connector C between
x1 and xo such that C' — {x1, 22} C D, with D € C,(x1) N Co(xs), satisfying:

° z'fC’z'saC’;? then n is odd and 3 < n <n,

o ifC isa Cfl n, then my +mny is even and ny +ny < n,

o if CisaCC thenny +ny is odd and ny + ny < 0 and

ni,ng

e IfCisaCP —oraCFE

1 gy then my +ny is odd. Also, if ny is odd and ny is

even then 1 < ny < n and 2 < ny < m, and if ny is odd and ny is even then
1<ny<nand?2<n; <m.

Proof. As in Lemma 6.8, we have that |C,(S)| > |S| + 3. Since |C,(x)| < 3 for all
x € S, by Lemma 6.8 we get that |C,(x)| =3 for all x € S.

Claim 6.12.1. There are two different vertices xy,x9 € S such that |Co(x1) N
Co($2)| =1.

Proof. Suppose that for all 21,29 € S, |Co(z1) N Co(x2)| # 1. Let y € S and let
S’ =S — {x1}. Suppose that for any x € S’, |C,(x) — Co(z1)| < 1. Then,

Co(S)] = [Cox1)| + D [Col) = Colwr)] < [Col1)| + || =3+ 15| =1 =|5] +2.

zes’
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And so |C,(S)| < |S| + 2, which is a contradiction. We conclude that there are two
different vertices xy, x9 € S such that |C,(z1) N Cpo(z2)| < 1.

Suppose that |C,(x1) N Co(z2)| = 0. Let G' be the bipartite graph with vertex
set V(G') = SUC(S) and edge set E(G') = {(z,C): z € S and C € C(z) }.

Suppose that G’ is not connected. Since G is connected, then S can be parti-
tioned in two nonempty sets Si, Sy such that C,(S7) N C,(S2) = 0. By the mini-
mality of S, we have that |C,(S1)| < [S1] + 1 and |C,(52)| < [S2] + 1. But then,
ICo(S)| = |Co(S1)| +Co(S2)| < |S1|+1+1[Ss| +1 = |S|+ 2, which is a contradiction.
We conclude that G’ is connected.

Let P = z; - - - z be a shortest path from 2 to x5 in G'(z1 = 21, ¥3 = z). Since
G’ is bipartite, the vertices of P alternate between S and C(S). Let Cy,Cy,C35 €
Co(x1) three different components. We may suppose that z, = Cy. Since |C,(z1) N
Co(x2)| = 0, then z3 # 5. Notice that z3 € S and C) € C,(z3). We may suppose
that |C,(x1) N Cyo(23)| > 2. Hence we may suppose that Cy € C,(23).

Consider z4 and z5. Notice that z; € S and z5 might be z5. Since z4 € C,(z3) N
Co(z5) then we may suppose that |C,(z3) N Co(z5)] > 2. Hence at least one of
Cy or Cy is in C,(z5). This contradicts the minimality of P. We conclude that
ICo(z1) N Co(ma)| = 1. O

Let z1,29 € S be two different vertices with |Co(z1) N Co(za)] = 1. Let D €
Co(x1) N Cy(x2) be a component of G — S.

Claim 6.12.2. There is an odd connector C between x1 and xo such that C —
{z1, 221 C D.

Proof. Suppose first that x; and x5 are adjacent. Let z € DN N(xq). If zz5 € E(QG)
then {1, 2, 2} is a CP). If 225 ¢ E(G) then {1, x5, 2} is a CP),.

Suppose now that x; and x5 are not adjacent. Let P = p;---p, be a shortest
path between 1 and x5 in D U {z1, 22} with p; = 1 and py = x5. If n is odd then
P is CA. If n is even, since |D| is odd, then D — P # (). Then there is some vertex
z € D — P such that N(z) N (P — {p1,px}) # 0.

Let d = min{i : p; € N(z)} and d’ = max{i : p; € N(z)}. Since P is the shortest
path between z; and xs in D U {21,292}, then d < d" < d+ 2. Let ny = d and
ng=n—d+1. Ifd =dthen PU{z}is CP . 1Ifd =d+1then PU{z}isC} .
If d =d+2and pgr1 € N(z) then PU{z}is CF . If d = d+2 and pay1 ¢ N(z)
then P U {z}is CF . O

Let C' be an odd connector between z; and zy with C' — {x1,20} C D. Let
P1-..pn be named as in Claim 6.12.2. If C' is not of type A, let z be the balancer of
C.
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Let C¢, C? € Co(x1) — Co(2) and C%, CE € C,(13) — Co(zy) four different compo-
nents of G — S. Let y¢ € V(C4) N N(zy), y8 € V(C?) N N(z1), y§ € V(CS) N N(z2)
and y3 € V(C3) N N(ws). Let H = {yf, 41} UC U {y3,15}.

If C'is a C#, since C is an odd connector then n is odd, since z; # x5 then n > 3,
and since H ¢ T4(n) thenn <n. If Cisa CZ |

ny + ng is even, and since H ¢ T2(n) then ny +ny < 7. If Cis a CY

ni,n2’

since C' is an odd connector then

since C' is

an odd connector then n; + ny is odd, and since H ¢ Tc(ﬁ) then ny +ny < 0.
Suppose that C'isa CP  ora CF

b, g Oince C'is an odd connector then ny +ny

is odd. Suppose that n; is odd and ny is even. Since {y¢, 9%} U {p1,...,pn,} U
{2, Py i1} & TA(R) then ny < q. If Cisa CP

ni,n2’

then no+1 < m+2and sony, < m. If Cisa Cf

ni,nz’

since H — {y} is ot a L},
since H—{y;} isnot a L2} |
then ny +1 < m + 2 and so ny < m. We conclude that n; <7 and ny < m. If ny is

odd and n; is even, in the same way we get that no, < n and ny < m. O

We present now the proof of Theorem 6.7.

Proof of Theorem 6.7. Let G be a connected graph of odd order and S C V(G)
a minimal Tutte set. Suppose that for every x € S, |C,(x)| < 3. Suppose that G is
F(I, 7,1, §)-free. By Lemma 6.11, G is also F(q)-free. We will prove that |V (G)]
is bounded by a function depending only on [, 72, m and q.

Let the following elements be as in the statement and proof of Lemma 6.12.

x1,x2 € S with |Co(x1) NCo(z2)| =1

o D e Cylxy) NCy(x2)

e C be an odd connector between z; and 25 C' — {x1, 25} C D
® Ty =pi...p, = xo the induced path in C'

e If C is not of type A, let z be the balancer of C.

o C¢ (e Cyh(x1) — Co(x) and C, CY € Cp(wa) — Co(w1)

oyl € V(CY) N N(zy), o € V(CY) N N(x1), y5 € V(C5) N N(x,) and 3} €

Notice that C' is of type A if and only if n is odd.

Additionally, let y§ € V(D)N N(xy) and y5 € V(D) N N(xq). Notice that y§ and
yS might be the same vertex, and that one or both of them might be part of the
connector C'.

Let H = {yf, 1, yi} UC U {ys, 5, y5}. Define f(2) = (24 +2) - (I - 2) +q. We
will prove that:
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(i) INYH)| <a+m+38

(ii) |N'(H)| < 2. R(I, k), where k = f(n + 3)
(iii) |NY(H)| < R(l,q) - [N“YH)|forall 2 <i <m+1
(iv) N™2(H) =0

By proving (i), (ii), (iii) and (iv) and using a similar argument to the one used at
the end of the proof of Theorem 6.6, we can show that |[N*(H )| is bounded for every
i > 0 and that N™"2(H) = (), which is enough to prove the theorem. Notice that
k= [f(n+3) < f(H]) = [(N(H)]).

By Lemma 6.12, |[N°(H)| = |H| < n + m + 8 (the worst case is when C is of
type E). Hence, (i) is true. For the rest of the proof, fix i > 1.

Ifi =1, let H C H with H' # () and let Ny = By(H') N N'(H). We will prove
that |N;| < R(I, k), which implies (ii) by Proposition 2.2.

Ifi > 2,let 21, ..., 21 an induced path, with z; € N7(H) forall 1 < j < i—1 and
let N; = N(z_1) N N(H). We will prove that if 2 < i < m + 1 then |N;| < R(l, q),
and that if i« > m + 2 then N; = (), which implies (iii) and (iv), respectively.

Let y € H' (remember that H' # (). Since Ny U {y} does not contain a K,
then N; contains no independent set of size [. If 2 < i < m + 1, since N; U {zi_1}
does not contain a K j, then N; contains no independent set of size [. Let K; be a
clique in N;. We will show that if ¢ = 1 then |K;| < k and that if 2 <i < m+1
then |K;| < q.

In the rest of the proof, we will show that

(v) if i = 1 then |K;| < k, if 2 <i < m+ 1 then |K;| < ¢ and if ¢ > m + 2 then

To do so, for i = 1 we will divide into cases according to what vertices of H are in
H'" and so how K is connected to H; for i > 2 we will divide into cases according
to what vertices of H are in N(z1) and so how 2; is connected to H. Because the
division into cases is exactly the same for all three i = 1, 2 < ¢ < m + 1 and
t > m + 2, we will consider them simultaneously.

In order to do it, we define two auxiliary sets R and A; as follows. If i = 1,
let R = H and A; = K;. If2 < i< m+1,let R= N(z)NH and A; =
{z1,...,zi1JUK;. fi>m+2/let R=N(z)NHand A; = {z,...2,.1} UN;.
According to what vertices of H are in R we can know how K is connected to H
(if i = 1) and how z; is connected to H (if i > 2). For each case, we will use some
vertices of H and put them together with A; to find some graph from F(I, 7, m, q)
or from F(q).
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When we apply Lemma 6.10, we will say that some subgraph of G' can be ex-
tended to some graph from F(I,7,m,q) or from F (), without explicitly writing
that we are using Lemma 6.10. All the applications use condition (iv) of Lemma
6.10, except when we extend to ng , that we use condition (i). Lemma 6.10 is only
applied when 7 = 1. Before applying it, we will always show that A; C S and use A;
as the set A of Lemma 6.10. The value k = f(n+3) corresponds to the applications
of Lemma 6.10 to {y%, 42} UC U {y$, 35} U A, that contains at most n + 3 elements
of G — S5, and is the induced subgraph of G with the largest amount of elements of
G — S to which we will apply the Lemma.

Let Y = {y%,95, 93,95} and P = {p1,...,pn}. We divide the proof into four
claims, according to the size of RNY.

Claim 6.7.1. If there are three pairwise non-adjacent vertices vy, y2,y3 of H that are
in at least two different components of G — S and such that y; € R for i € {1,2,3},
then (v) holds. In particular, if |[RNY| > 3 then (v) holds.

Proof. 1f i = 1, since yy, yo, y3 are in at least two different components of G — S, A;
is connected to more than one component of G — S and so A; C 9, allowing us to
apply Lemma 6.10.

Consider V; = A; U{y1,y2,y3}. If i =1 and | K| > f(3), V; can be extended to
a Vq3. If 2<i<m+1and |K;| > g, then V; contains a Z}_Lq. If « > m + 2, then

Vi contains a Zj, |, ;. O
Claim 6.7.2. If [RNY| =2 then (v) holds.

Proof. 1f i = 1, since [RNY| = 2 then A; is connected to more than one component
of G — S and so A; C 5, allowing us to apply Lemma 6.10.

Suppose first that |[R N {y¢, 1} = |[R N {y$,45}] = 1. By symmetry, we may
suppose that RNY = {y{,v5}. By Claim 6.7.1, we may assume that y{ ¢ R.

Suppose that (v) does not hold. That is, if i = 1 then |K;| > k = f(n +4), if
2 <i<m+1then |K;| > qandif i > m + 2 then N; # 0.

Consider V; = {y%, 9%, y§, 71, y3} U A;. If 21 € R, then V; can be extended to a
V!, or V; contains a Ly ;_, -, or V; contains a L5 ., | (depending on 7). If 21 ¢ R,
then V; can be extended to a M{}q, or V; contains a Léjf}_m, or V; contains a Léj‘}ﬂ”’l
(depending on 7).

Suppose now that |R N {y¢, 4%} = 2 or |[RN {y$,45}] = 2. By symmetry,
we may suppose that RNY = {y$,45}. By Claim 6.7.1, we may assume that
(P = {or,22}) U{yi}) N R = 0.

If 2, € R, then {y{, 4}, yf, 21} U A; contains a Z}, or a Z}, ., (depending on 7).
Suppose that ©1 ¢ R.
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Consider V; = {y¢,1°} U C U {y4,45} U A;. Suppose that o € R. If i = 1,
depending on the type of C, V; can be extended to a W24, W28 - Ww2¢ _ 12D

n,q’ ni,n2,q’ ni,n2,q’ n1,n2,q

or W?2F If i > 2, depending on the type of C, V; contains an L34 3B

ni,n2,q- n,i—1,q> “ni,n2,i—1,q>

3C 3D 3E : : _
Ly nsic1.g0 Linyngim1q OF Ly io14 OF the corresponding graphs with m = m + 2

and g =11if ¢ > m + 2.
Suppose that zo ¢ R. If i = 1, depending on the type of C, V; can be extended

1A /1B 1c 1D 1E - -

toa Wog, Wal, o Walnea Watneq OF Waln, s If @ > 2, depending on the type
: 24 2B 20 2D 2E

of €, Vi contains a Lii 15 Lyl nsic1q0 Lt Linimosio1,q OF Liiying,io1,q OF the

corresponding graphs with m =m +2 and ¢g=11if i > m + 2. O

Claim 6.7.3. Suppose [RNY|=0. If1 <i<m+1then |K;| <q. Ifi>m+1
then N; = 0. In particular, (v) holds.

Proof. Suppose that N; # () and that |K;| > q.

Suppose that [RN P| = 1 and let 1 < d < n such that p; € R. Then
{8, 98,01, -+ 0y Y8, Y5} U A contains a Dy, gy 20 a Dy gy 2oy (depending
on 7).

Suppose that |[R N P| > 2. Let d = min{i : p; € R} and d' = max{i : p; € R}.
Clearly, d’ > d+1. If d' = d+1, consider V; = {y%, v2,p1, .. ., Pn, ¥$, Y3 YU A, If i = 1,
Vi contains a Yd%nfd@. If2 <¢ <m+1, V, contains a D?l,nfd,ifl,(j' Ifi > m+2,V, con-
tains a Din—d,ﬁz+2,1' If d' > d+2, consider V; = {y%,v%, D1, - -, Pds Pt - - - » Py YS, Y5 U
A If i =1,V contains a Y, s - If2<i<m+1,V; contains a D},
If i > m +2, Vi contains a Dy, 1m0

We may suppose that |RN P| = 0. Suppose that C'is not of type A and that z €
R. IfCisaCB

ni,n2’

+1,:—1,q°

a ,,b a ,b : 2
then {ylaybpl? st 7pn7 yQ? y2} U {Z} UAZ COIltalHS a Dn1,n27i7(j or a
2 : C E a ,,b a b
Dy nymion- HCisaCyoraCy | then {Y8, Y7, D15 -+ Prys Prat2s - -+ » Py USs Ys §
: 1 1 . D
U {2z} U A; contains a Dy 015000 a Dpovyog 0oy If Cis a G then

{yt, 90, p1, - 0 y8, Y5 U {2} UA; contains a D) oy oraDL oo,

We may suppose that C' is of type A or that z ¢ R. Since R # () then RN
{y¢, S} # 0. Suppose that y¢ € R. If y¢ € C then we have already consider all the
cases where yf € R. If y¢ ¢ C, then py # y§ and {y{, v, p2, p1, 9} U A; contains a
Zhagora Zy . Similarly, if y5 € R. O

)

Claim 6.7.4. If [ RNY| =1 then (v) holds.

Proof. By symmetry, we may suppose that RNY = {y$}. If i =1 and RN (H —
{21, 22,95}) # 0 then A, is connected to more than one component of G — S and so
A; C S, allowing as to apply Lemma 6.10.

Suppose that (v) does not hold. That is, if i = 1 then |K;| > k = f(n + 3), if
2<i<m-+1then |K;| > qand if i > m+ 2 then N; # 0.
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Suppose that z; € R. If y§ € R, consider V; = {y%,v%, ¢, z1, 95} U A;. If i = 1,
V; can be extended toaV4 f2<i<m+1,V, contamsaLllZ 1o i >m+2,
Vi contains a L5 . o, If yf ¢ R, then {yf, 4%, yf, ©1} U A; contains a contains a
Zl- or a Z-Jr2 .- We may suppose that z; ¢ R.

Start supposing that RN (C' — {x1,22}) # 0. By Claim 6.7.1, we may suppose
that R does not contain two non-adjacent vertices of C' — {z1, z2}.

Suppose first that either C'is not of type A and z ¢ R or C'is of type A. Suppose
that |[RN(P—{z1,22})| =1 and let 2 < d < n—1 such that p; € RN(P —{x1, x2}).
If d is even, then {y¢, 4%, p1,...,pa, ¥$} U A; can be extended to a Mi‘q or contains a
Lty i g g0ra L oo, (depending on i). Suppose then that d is odd. If d < n—2,

then pgi1 # x2 and so {y% %, p1,...,Pd, Par1} U A; contains a LY or a Ldm+2 1

dy,

Suppose then that d = n—1. Since d is odd, then n is even and C'is no‘z of type A. If C'
is not CP, then N(z) N (P —x3) # 0. Consider V; = {y{, 18, p1,. . Pu-1, 2, Y5} U A;.
If i = 1, then V; can be extended to some graph of type MZ, MY MP or MF
(depending on how z is connected to P — z3). If i > 2, then V; contains some graph
of type L'B, L1¢ L'P or L'¥ (depending on how z is connected to P —x5). Suppose
then that C' is C’TJZI and consider V; = {y%, 4%, p1, ..., pn, ¥5, 2} U A;. If 25 € R, then
Vi contains a ¥? | cora Dy, ora Dl . If 2 ¢ R, then V; contains
a D!

Suppose that |[R N (P — {x1,22})] > 2. Since R does not contains two non-

n—12,, O & D711—1,27m+2,1'
adjacent vertices of C'— {x1, z2}, then we may suppose that |[RN (P —{xy,z2})| = 2
and that there is a 2 < d < n — 2 such that pg,pgr1 € R. If d is even, then
{yd, 8,01, pa, Y3} U A; can be extended to a qu or contains a Ld+12 15 Or &
L}jﬁl mio1- 1f dis odd, then {yd, 98,01y - - -y Pas Pas1, Y5} U Ay can be extended to a
Ji 1,4 Or contains a Ld1Z 15 Or & Ld1m+21

Suppose now that C'is not of type A and that z € R. Since R does not contains
two non-adjacent vertices of C' — {z1, x2}, then (RN (P — {z1,25})) € N(z). Since
C' is not of type A, then n is even. Let 1 < d < n be the smallest integer such that
z € N(pg). Suppose that d = n and consider V; = {y%, 4%, p1, ..., pn, Y3, 95, 2} U A;.

If 2, € R, then V; can be extended to a W27, or contains a L35 ;| -ora L35 o,
If 25 ¢ R, then V; can be extended to a Wn,l,(j or contains a Lfg i—14 OT & Ln717m+271.

We may suppose then that 1 < d <n — 1.

Suppose that d is odd and consider V; = {y¢, 9%, p1, ..., pa, 2, y3} U A;. If pg € R,
then V; can be extended to a .Jj, or contains a Ly}, ;. ora L5 oo, If pg ¢ R,
then V; can be extended to a Mfﬂ’q or contains a Ld+27i7m or a L}fizmw,r We may
suppose then that d is even. If d = n—1 then n is odd and so C'is of type A, a contra-
diction. Then d < n—2 and 50 pgy1 # Zo. If pg € R, then {y%, 4%, p1, ..., pa, y2} U A;

can be extended to a M ;7 Or contains a LdJrl i—1g0ra LdJrl mi21- Suppose then that
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pa & R. I pgraz ¢ E(G) then pgy1 ¢ R, and so {yf, 47, p1, - .. pa, Pas1, 2, Y5 U A; can
be extended to a M«fzq or contains a Lég,z‘—l,q ora Lég7m+271. We may suppose then
that pgy12 € E(G). Consider V; = {yf, 4}, p1, ..., Pa; Pat1, 2,45} U A I payy € R,
then V; can be extended to a J7  or contains a Liclyifl’q or a L}ﬁ}mw,l. If pasy1 € R,
then V; can be extended to a Mp, - or contains a Ly3, | -ora L5 .., ,.

We may suppose now that RN (C' — {z1,z2}) = 0. If 2 ¢ R, depending on the
type of C, {yf, 48,1, .., n, 5, y5} U A; contains a L3, o LB oy o LIC o
LP  ivigor LiP . or the corresponding graphs with m = m + 2 and ¢ = 1
(if i > m +2). If 25 € R, depending on the type of C, {y%,v%,p1,...,Pn, ¥5} U A;
contains a LY - L5 . L2 o LP . oor LIE -

withm=m+2and g=1ifi > m + 2. m

or the corresponding graphs

By the discussion done before, proving Claims 6.7.1, 6.7.2, 6.7.3 and 6.7.4 com-
pletes the proof of the theorem. n

6.5 Final Remarks

In this chapter we considered the problem of characterizing the families of forbidden
induced subgraphs that imply a near perfect matching in large enough connected
graphs. We were able to characterize all such families and the characterization is
given by Theorem 6.5 with the family F(l,n,m,q). In particular, Theorem 6.5
extends the previous result given in [18], that is Theorem 6.1.

Even though we did not mention it before, it is important to notice that the
family F(l,n,m,q) itself is part of H. To see this, one needs to check that the
family F(I,n, m,q) is non-redundant. A complete and detailed proof of this fact
would be tedious, would take several pages, and it is not essential. However, it
is easy to check by looking at the “subfamilies” composing F(l,n,m,q) and the
conditions given to the parameters in the definition of those subfamilies. Part of
the proof of the non-redundancy of F(I,n,m,q) is actually included in the proof of
Lemma 6.11.

Nevertheless, we would like to remark that this is an important fact in our result,
since the F(l,n,m,q) could be replaced in Theorem 6.5 by some other redundant
family that includes F(I,n, m,q) without changing the truth of Theorem 6.5. For
example, F(n) = { G: G is a connected graph of odd order with no near perfect
matching and |V(G)| > n } is such a family. Proving Theorem 6.5 with F(n) is of
course no meaningful result.

In Chapter 5, we did a similar characterization for graphs with perfect matchings.
There are two big differences between the results. The first is that the families for

near perfect matchings are much more complicated. Actually, the characterization
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for perfect matchings uses only 2 types of graphs (Zrlmq and Vq?’, see Section 6.3 for
definitions), compared to 34 types we use in our characterization. The second is that
for perfect matchings it is enough to consider finite families, but for near perfect
matching it is necessary to consider also infinite families (the family F(I,n,m,q)
defined in section Section 6.3 contains infinite many graphs).

Also, as we considered perfect matchings and near perfect matchings, it seems

natural to consider the same problem for graphs of higher deficiency.

Problem 6.1. Giver d > 0, characterize all the families of connected graphs F
such that every large enough F-free connected graph G with |V (G)| = d (mod 2)
has deficiency d.

In this thesis we solved Problem 6.1 for d = 0,1. We think that the higher the
deficiency, the more complicated the families of forbidden subgraphs will be. We
leave the characterization of forbidden families for graphs of deficiency higher that

1 as an open problem.
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Chapter 7
Toughness

In this chapter, we study the relation between toughness and forbidden induced
subgraphs. The main result in this chapter is Theorem 7.2, which shows for each t >
0, a characterization of all families of forbidden subgraphs that imply the property
of being t-tough in connected graphs of large enough order. All the new results we

prove in this chapter can be found in [29].

7.1 Introduction

Let G be a connected graph. Broersmal5] proposed to study the relation between
forbidden subgraphs in G and the resulting toughness of G. Consider the following

problem.

Problem 7.1. Lett be a positive real number. Characterize the families of connected

graphs F such that every connected F-free graph is t-tough.

If the problem is stated this way, it is easy to see that the family F(n) = { K 41}

(with n = [1]) is essentially the only answer, as the following proposition shows.

Proposition 7.1. Lett > 0 and let F be a family of connected graphs. Then every

connected F-free is t-tough if and only if F < {Kj 41}, where n = L%J

Proof. The only if part is a consequence of the fact that K, itself is not ¢-tough.
For the if part, we need to show that every connected K, ,i-free graph is ¢-tough.
For1 <t < %, it is a consequence of Lemma 7.7. For ¢ > %, we have n = 1 and so
K1 41 = P3, which implies that the K ,-free graphs are complete graphs. O

We consider then allowing a finite number of exceptions. In other words, we

study the following problem.

Problem 7.2. Lett be a positive real number. Characterize the families of connected

graphs F such that every large enough connected F-free graph is t-tough.
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In this chapter, we solve Problem 7.2. The answer is expressed in Theorem 7.2,
that we state in the following section.

The rest of this chapter is organized as follows. In Section 7.2, we make all
needed definitions and present our main results. In Section 7.3, we give the proofs
for the case t > % In Section 7.4, we give the proofs for the case 0 < t < %
Finally, in Section 7.5, we make some analysis of our results and propose some open

problems.

7.2 Definitions and main results

Define G as the set of all non-redundant families of connected graphs. Let ¢ > 0.
Define H(?) as the set of families F € G such that there is a constant ng = ng(t, F)
with the property that all F-free connected graphs G with |V(G)| > ng are t-tough.
The answer to Problem 7.2 is reduced to finding all the elements in the set H(t).

Define the following graphs (See Figure 7.1).

e Y is the graph obtained from identifying the center of a K, with the first
vertex of a path on m vertices. The last vertex of the path is called the tail of
the Y.

e Z, . 1s the graph obtained by identifying one vertex of a K, with the tail of a

Figure 7.1: Some forbidden subgraphs

Define the following families of graphs:
o Let FA(m,l,7) = {KLZ,Pm,Zi,,}.
o Let F2(m,l,r) = {K ., Y 0, 27, ..., 2], }.
Define the following subsets of G:
o Let FA={ Fe G: F<FAm,l,r) for somem>4,1>3andr >3}

o Let FP = { Fe G: F < FB(m,l,r) forsomem>1,1>n+2andr >3 }.
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Our main result in this chapter and the answer to Problem 7.2 is the following
theorem.

Theorem 7.2. Let t be a positive real number. Then,
o Ift>1 H(t)=FA

e fO<t<i H()=FF

n?’

where n = [ 1].
In the rest of this section we give some definitions we need for our proofs.

Let G be a connected graph. If v,w € V(G), we write v ~ w when vw € E(G).
If SCV(G) is a cutset of G and x € S, define

Cs(z) = { C: Cis a component of G — S such that N(z) NV (C) #0 }.

For X C S, define Cg(X) = U,cx Cs(x). If there is no ambiguity about the set S,
we write C(z) instead of Cs(z).

Let G be a connected graph. If 0 < ¢ < 1, it is easy to see that the cutset
condition is not needed in the definition of t-tough. That is, G is t-tough if for every
non-empty set S C V(G), it holds that ¢ -w(G — S) < |S|. In accordance to this, we
make the following non-standard but useful definition. A non-empty set S C V(G)
is a t-tough cut if w(G —S) > 1|S|. A t-tough cut S C V(G) is a minimal t-tough
cut if for every S’ C S, S’ is not a t-tough cut.

Let S C V(G) be a t-tough cut, 2 € S and let D C Cg(x) be a set of components.
A set A C V(G) is a selection for x from D if A C N(z) and for every C €
D,|ANV(C)| = 1. In other words, A is made by taking exactly one vertex of N(z)
from each C' € D. A set A C V(G) is a selection for x if A is selection for = from
Cs(z).

The following is a direct corollary of Hall’s marriage Theorem (see Theorem 9.4
of [8] or Corollary 1.1.4 of [25]). We use it later in Section 7.4.

Theorem 7.3. Let G be a bipartite graph with partite sets X and Y with X =
{z1,...2}. Suppose that for all X' C X, IN(X")| > n|X'|. Then there are pairwise
disjoint subsets Y1,..., Yy of Y such that for all1 <i <k, Y; C N(z;) and |Y;| = n.

7.3 Caset > %

Theorem 7.4. Let t > 1. Then F* C H(2).

Proof. Let F € FA. Let m > 4, [ > 3 and r > 3 such that F < F4(m,[,r). Let
G be a connected F-free graph. Suppose that G is not t-tough. We will show that
|V (G)| is bounded by a function depending only on ¢, m, [ and r.
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Since G is not t-tough, there is a cutset S C V(G) such that |S| <t-w(G —S).
We may suppose that S is minimal under inclusion.

Claim 7.4.1. There is a vertex y € N(S) — S such that |[N(y) N S| <1-t.

Proof. Suppose on the contrary that for all y € N(S) — S, [N(y)NS| >1-t.
Let k be the number of pairs (z,C) with z € S and C € C(x). Clearly,
k=) |C(z)] and k= IN(C)N S|.
(S)

TE€S ceC

Since G is Ky -free then |C(z)| < for all x € S. Then, we have that
k=Y |Cx)| <l-[S| <l-t-w(G-S5).

z€eS
Let C' € C(S) and let y € V(C) N N(S). Then [IN(C)NS| > |N(y)NS|>1-t.
We conclude that |[N(C)N S| >1-t for all C € C(S). Then, we have that
k= > IN(C)NS|>1-t-[C(S)| =1-t-w(G—S5),
cec(s)

a contradiction, completing the proof. O

Let y; be a vertex in N(S) — S as in Claim 7.4.1 and let g € SN N(y;). Let
C1 € C(xg) such that y; € Cf.

We show now that |C(zo)| > 2. Since S is a cutset, then |C(S)| = w(G - S) > 2.
If |S| = 1, then |C(zo)| = |C(S)| > 2. Suppose then that |S| > 2. If |C(zo)| < 1,
then since G is connected S = S —{z} is still a cutset with w(G —5") > w(G —9).
Then t - w(G —S") >t-w(G —S) > |S| > |5’|. This contradicts the minimality of
S. We conclude that |C(zo)| > 2.

Thus, there is a component Cy € C(xy) with Cy # C. Let yo € N(z9) NV (Cy).

Since G is P,,-free then N (x5) = (). Then it suffices to show that N¢(z) is
bounded for all 1 <3 <m — 2.

First, we show that |N(x¢)| < 2- R(l,r) +t- 1. Since {zo} U N(z¢) has no Ky,
then N(zo) has no independent set of size I. Since {y1, 2o} U (N(z9) — N(y1)) does
not contain a Zj, then N(xo) — N(y1) does not contain a clique of size r. In the
same way, |N(xzo) — N(y2)| does not contain a clique of size r. Then we have that
[(N (o) = N(y1)) U (N (o) = N(y2))| < 2- R(l,7)

Let X = N(zo) N N(y1) N N(ya). Since y; and yo are in different components of
G — S, X has neighbors in more than one component of G — .S and so X C S. By
the way y; was chosen, | X| < {-t. We conclude that |N(z¢)| <2- R(l,r)+1-1.

Let i > 1. We show that |[N“™'(xq)| < R(l,r) - [N*(z0)|. Let x; € N'(xg). It is
enough to show that | N (z;)N N (x0)| < R(l,r). Since {z; }U(N(z;)NN"T1(x¢)) has
no Ky, then N(z;) N N“*!(z0) has no independent set of size [. Let z;_; € N~ (z).
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Notice that if i« = 1 then z;_; = x¢. Since {z;_1,7;} U (N(z;) N N (z)) does not
contain a Z{ . then N(z;)NN*"(zy) does not contain a clique of size r. We conclude
that |N(x;) N N (xo)| < R(I,7).

Using an inductive argument, we get that for all + > 0
|IN“(z0)| < R(I,r) 1 - |N(x)] < R(L,r)1 - (2 R(I,7) +t-1).

Since N™ 1(x9) = 0, then |N%(zo)| < R™2(l,7) - (2 R(l,r) +t - 1) for all
1< <m—2. ]

Theorem 7.5. Let t > 1. Then H(t) C FA.

Proof. Let F € H(t). Then there is a positive integer ny such that every F-free
connected graph of order at least ng is t-tough. Let n; be an integer such that
ny > max(ng, 3).

1

Consider the family F' = F4(ny,n1,n1). Ki,, has toughness o < 1. P, has

2
toughness % le,n , has toughness % Thus, all the graphs in F’ have toughness at
most % and so none of them is ¢-tough.

Since n; > ng then all the graphs in F’ are connected graphs of order at least
ng. Then it must be that no graph of F’ is F-free. In other words, for each graph
H' € F', there is a graph H € F such that H < H’. This is exactly the definition

of F < F'. Then since F' is in F4, we conclude that F is also in F4. O

7.4 Case ()<t<

NI

Theorem 7.6. Let 0 <t < L. Then FE C H(t), where n = |1].

We divide the proof of this theorem in several lemmas that we state and prove

bellow.

Lemma 7.7. Let G be a connected graph. Let0 <t <1, and S be a minimal t-tough
cut. Then |Cs(X)| > 1|X| for all nonempty X C S. In particular, |Cs(x)| > 1 for
allz € S.

Proof. By the definition of t-tough cut, w(G — S) > 1|S|. Let S’ =S — X. By the
minimality of S, w(G — 5') < 7|5’

Since each component of G — S not in Cg(X) is a component of G — §’, then
Cs(S) — Cs(X) C Co(5) and so w(G — S) — |Cs(X)| < w(G —S"). Then we have
that

11|~ [Cs(X)] < w(G — 8) ~ Cs(X)] < w(G ~ ) < 118 = 1 (15|~ X]

~ | =

Then, we conclude that [Cs(X)| > 1]X]. O
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Lemma 7.8. Let G be a connected graph. Letn > 2, 0 <t < %, S be a minimal
t-tough cut and vy € S. If G is Y,"-free for some m > 1, then N™ (z¢) = 0, where

m' = 2-max(n,m+ 1) +m.

Proof. Suppose that N (x) # 0. Let P = xy---x,, be a path such that z; €
N'(zg). Notice that P is an induced path. If v € P with v = z;, we use the notation
vt =gy and v =1y

Let ¢ = max(n, m+1). We construct a subsequence vy, ..., v, of xg, ..., T, and

sets Ay, ..., A, satisfying the following properties:
(i) v; € Sforall 1 <i<gq,
(ii) v;qq is either UZ-H or v;” forall 1 <i:<gqg-—1,
(iii) A; is a selection for v; for all 1 <i < ¢ and
(iv) |[Aj— Apq| <n—1forall 1 <i<gqg-—1.

We do the construction by induction. Choose v; = xg and let A; be any selection
for . Let 1 < i < ¢ and suppose we have chosen vq,...,v; and Aq,..., A;. We
choose v;;1 and A;; in the following way.

Note that by condition (ii), if v; = z;, then h < 2i — 2 < 2g — 4. Thus, we have
that m’ = 2¢g +m > h 4+ m, and hence viﬂ
For all j > 3, since the distance between v; and v is j then N(v;) "N (v;7) =

and so A; N N(v/7) = 0. Let Y, = A; N N(vj!) and Y = 4; N N(v;?).
2

exists for all 1 < 5 < m.

Suppose |Ya| = 1 and let y € Y5. We have that y ~ v, y ~ ;2 and y = v,
for all 3 < 7 <m — 1. Since y and the vertices of A; are in different components of
G — S, then N(y) N A; = 0. By Lemma 7.7, [4;| > 1 > n and so |4; — {y}| > n.
Since the vertices of A; are in different components, A; — {y} is an independent
set. But then, (4; — {y}) U {vs,y,v;%, v, ..., v} contains a Y,* which is a
contradiction.

Suppose now that |Ys| = 0 and |Y;| < 1. We have that (A; — Y;) N N(v;th) = 0.
Since |A;| > n+1 then |A; —Yi| > n. But then, (4;— Y1) U {v;, v !, 02, ... o™t
contains a Y,? which is a contradiction. Then, we have that either |Y3| > 2, or
|Ys| = 0 and |Y3| > 2.

If |Ya| > 2, then v;® has neighbors in more than one component of G'— S and
so v;? € S. Choose v;y; = v and let A;y; be any selection for v;"? such that

Yo C A1, Let y € Yo, In a similar way to the case |Yz| = 1, since (4; — Aj41) U

{vi, y, ;72 v, .. vf™ 1} does not contain a Y, then |A; — A;q| <n — 1.
If |Ya| = 0 and |Y;| > 2, then v' € S. Choose v;;; = v;' and let A;;; be any
selection for v;t! such that Y; C A;,;. Since (A; — A;yy) U {vg, v o2 o0 ofm!

does not contain a Y,? then |4; — A; 11| <n —1.
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Claim 7.8.1. |4,| < 2(n —1).

Proof. As before, for j > 3 we have that A; N N(v,7) = 0.

Suppose first that A; N N(v,?) # 0 and let y € A, N N(v,?).
Since (Aq — N(v;?)) U {vg, 4,0, 7% ... vy ™V} does not contain a Y™, then |4, —
N(v,?)| < n—1. Since (A4, N N(v;?)) U {v> ... ,vg ™™ does not contain a
Y, then [A; N N(v,?)| < n—1. Then |Ay| = |4, — N(v,?)| + [A4; " N(v,?)| <
m—1)+(n-1)=2(n-1).

Suppose now that A, N N(v;?) = 0.
Since (Ag — N (v, ")) U{vg, v, 0%, ... ,v, "™V} does not contain a Y™, then |A, —
N(v, ") < n—1. Since (A, N N(v;') U{v, " v % ... ,v;7} does not contain a
Y, then [A; N N(v,')| < n— 1. Then |Ay| = [A; — N(v,")| + [A4; " N(v, )| <

m—1)+n-1)=2(n-1). O
By Lemma 7.7, we have that
|A; U~ UA > |Cs(v1) U---UCs(vg)| = |Cs(v1,...,04)] >n-q.

On the other hand, we have that

q q
(AU U A = A = (Al + 1A = [J Al -+ A1 — A + 14 <

=2 =3

| Ay — Ag|+] Ag— As|++ -+ | A1 — Ag|+]A,| < (n—1)(g—1)+2(n—1) = (n—1)(g+1).

Then we have that (n — 1)(¢ + 1) > n-¢. Then, we get that ¢ < n — 1, which

contradicts the way ¢ was taken (¢ = max(n,m + 1)). ]

Lemma 7.9. Let G be a connected graph. Letn > 2,0 <t < %, S be a minimal
t-tough cut. Let X C S be a clique. If G is {Kyy, Z7,}-free for some r > 3 and
some | > n+2, then | X| < l(r —1).

Proof. Let Y = C(X). For each z € X let Y, = C(x).

Claim 7.9.1. For each x € X there is a set Y, C V(G) that is a selection for x
from some set Y. C Y, such that |Y,| = n, and so that for all 1,29 € X (17 # x2),
VYL, = 0.

Proof. Let G’ be the bipartite graph with vertex set V(G') = X U and edge set
EG) ={(z,C):z € X, C € V,}.

Since X C S, by Lemma 7.7, for all X’ C X, |Ne(X')| = |C(X")| > n|X'].
Then, by applying Theorem 7.3 to G, for each x € X there is a set V. C ), such
that | V.| = n and so that for all z1, 25 € X (21 # x2), Y, NV, = 0.

For each z € X, let Y, C V(G) be a selection for x from }.. Then, the claim
follows. [l
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Let v € X. If |[X = N(Yz)| > r—1then Y, U {z} U (X — N(Y,)) contains a Z7,
which is a contradiction. Then for all z € X, | X — N(Y,)| <r — 1.

We may suppose that |X| > [. Let xq,...,2; € X. If there is a vertex x €
X — U§:1(X — N(Y,,)) then for all 1 < i <[, N(z)NY,, # 0. Since the Y,,’s are
selections from pairwise disjoint Y, ’s, then N (z)UU._, Yz, contains a K ;, which is a
contradiction. Then X = [J\_, (X — N(Y;,)). But then |X| = |U\_,(X = N(¥3,))] <
[(r—1). O

Lemma 7.10. Let G be a connected graph. Letn > 2, 0 <t < %, S be a minimal
t-tough cut and vo € S. Let X C N(xo) be a clique. If G is Z7-free for some r > 3,
then | X| < q where ¢ =r(l+1).

Proof. Let X; = X —S and Xy = X N S. By Lemma 7.9, | X5| <I(r —1). We will
show that | X;| <7 and so | X| = |Xi|+|Xs| <r+i(r—1)<r(l+1) =q.

Let Yy be a selection for zy. By Lemma 7.7, |Yo| > n + 1. Let Y be any subset
of Yy with [Y] = n + 1.

Since X7 NS = (), then there is a component C' of G — S such that X; C V(C).
Let Y =Y NV(C). Then |Y'| <1 and so |Y —Y’| > n. Since X; C V(C) then
there are no edges between Y —Y” and X;. Then since (Y —Y’) U {zo} U X; does
not contain a Z7', it must be that X; <. ]

Lemma 7.11. Let G be a connected graph. Letn > 2, 0 <t < %, S be a minimal
t-tough cut, ¥y € S. Let 1 € N(zo) and let X C N(x1) N N%(zo) be a clique. If G
is {Z7,, Z3, }-free for some r > 3, then |X| < q where ¢ = r(l +1).

Proof. 1f x; € S, then by Lemma 7.10, |X| < r(I + 1). Then we may suppose that
r1 ¢ 8S.

Let X1 = X — S and Xo = NNS. By Lemma 7.9, | X5| < I(r—1). We will show
that |X;| <7 andso |X| = |Xi|+|Xso| <r+i(r—1)<r(l+1)=g¢q

Let Yy be a selection for zy. By lemma 7.7, |Yy| > n+ 1. Let Y be any subset
of Yy with [Y] = n + 1.

Since X7 NS = (), then there is a component C' of G — S such that X; C V(C).
We may suppose that 3 € V(C). Let Y/ =Y nV(C). Then |Y’| < 1 and so
Y —Y’| > n. Furthermore, since x; € V(C) there are no edges between x; and
Y — Y’ and since X; C V(C), no edges between X; and Y — Y’. But then, since
(Y = Y") U {zo, 21} U X, does not contain a Z3,, | X;| < r. O

Lemma 7.12. Let G be a connected graph. Letn > 2, 0 <t < %, S be a minimal
t-tough cut, xo € S and i > 0. If G is {K1,, 27, ..., 2%, . }-free for some r > 3
and some | > n + 2, then [N"™(zo)| < |N%(z0)| - R(l,q) where ¢ =r(l+1).
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Proof. Let x; € N'(xy). Notice that if i = 0 then z; = zo. We will show that
|N(x;) N N (x0)| < R(I,q).

Since {x;} U (N(z;) N N*"'(xq)) does not contain a K7, then N(z;) N N (zg)
does not contain an independent set of size at least [. Let X C N(z;) NN (z0) be a
clique. We will show that | X| < ¢ and so we can conclude that |N(z;) N N ()| <
R(l,q).

Let P = z¢ - - - 2; be a path from z to x; such that for all 0 < j <4, z; € N’ (z).
Notice that P is an induced path.

Let k =max { j: 0 <j <iandz; € S}. Since zy € S, such an index k exists.
If Kk =1ior k=1—1 then the result follows from Lemma 7.10 and Lemma 7.11,
respectively (take zj as the x( in the corresponding lemma).

Suppose that & < i—2. Let Y be a selection for . By Lemma 7.7, |Y| > n+1.
Let P’ be the subpath of P going from x;, to x;. Then P’ is a shortest path from xy,
to x;, and hence |[N(Y) N P| C {xg, xx11, Tpro}. Furthermore, |[N(Y) N X| = 0.

Let Y1 =Y N N(zg41) and Yy = Y N N(xp42). By the way k was chosen, none
of zx11 and x40 isin S and so |Y;] < 1 and |Ya| < 1.

Suppose that |Y2| = 1 and let y € Y5. Since (Y — {y}) U {zk, y, Tps2, ..., 2} U
X does not contain a Z* ;. then |X| <r <r(l+1) = ¢. Then, we may suppose
that |Y3| = 0.

Since |Y;| < 1, then |Y —Yj| > n. Then, since (Y —Y]) U {zk, Tgs1, Thro, -, T}
U X does not contain a Z7' ;. . we have that [X| <r < gq. O

We use the above lemmas to prove Theorem 7.6.

Proof of Theorem 7.6. Let F ¢ Ff. Let m > 1,1 >n+ 2, and r > 3 such that
F < FB(m,Lr).

Let G be an F-free connected graph. Suppose that G is not t-tough. We will
show that |V(G)| is bounded by a function depending only on ¢, [, m and r.

Since G is not t-tough, G has a t-tough cut. We may suppose that S is a minimal
t-tough cut. Let xq € S.

Notice that since G is Y7, o-free, then G is Z[' -free for all « > m + 1. Since
we also know that G is Zg:‘r—free for all 1 < i < m, we conclude that G is Zﬁr—free
for all i > 1. Notice also that since n = [}], then ¢ < 1. Then G satisfies all the
conditions of Lemmas 7.8 and 7.12.

Let m' = 2 - max(n,m + 1) + m. By Lemma 7.8, N™ (z9) = 0. Then we only
need to show that N'(xg) is bounded for all 1 < i < m/ — 1.

Let ¢ = r(l +1). By Lemma 7.12, |[N""!(z¢)| < R(l,q) - |[N*(x¢)| for all # > 0.
Using an inductive argument we get that |N(zo)| < R(l,q)*"! for all i > 1. Since
N™ (z0) = ), we conclude that |[N?(z0)| < R(l,q)™ 2 forall 1 <i <m/ — 1. O
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Theorem 7.13. Let 0 <t < 5. Then H(t) C FE, where n = [1].

Proof. Let F € H(t). Then there is a positive integer ny such that every F-free
connected graph of order at least ng is t-tough. Let n; be an integer such that
ny > max(ng, n + 2).

Consider the family F' = F,(ny,ni,ny). Notice that F/ € FZ. K, has
toughness n% < n%l Y, o has toughness HLH Zpn, has toughness HLH for all
1 <m < ny. Thus, all the graphs in 7’ have toughness at most n+r1 Since n = L%J,

then t > and so no graph of F’ is t-tough.

1
n+1
In the same way as in Theorem 7.5, we get that F is in FZ. O]

7.5 Discussion

The characterization of forbidden induced subgraphs for toughness is given by The-
orem 7.2, which is a direct consequence of Theorems 7.4, 7.5, 7.6 and 7.13.

It is not difficult to check that for every n > 2, the family FZ(m,l,r) is non-
redundant for the constants used in the condition of the definition of FZ (m > 1,1 >
n+2, r > 3). Moreover, reducing by 1 any of these constants would make F2(m, [, r)
redundant. In the same way, F*(m,[,r) is non-redundant for the constants used
in the definition of F4 (m > 4, [ > 3, r > 3) and reducing by 1 any of the
constants would make it redundant. On the other hand, increasing the constants in
the definitions of either F4 or FZ would not change the truth of Theorem 7.2. In
this sense, we can say that the constants in the definition of both F4 and FZ are
optimal for Theorem 7.2.

It is easy to see that the proof for Theorem 7.6 can be extended without any
change from 0 < t < % to 0 < t < 1, since for % < t < 1, the condition of cutset
for the set S is still not necessary in the definition of t-tough. Also, F4(m,l,7) <
FB(m,l,r) for all m > 1,1 > n+ 2 and r > 3. Using these two observations, the
case % < t <1 of Theorem 7.4 can be proved by using Theorem 7.6. Thus, we have
shown two different proofs for 5 < ¢ < 1. Nevertheless, notice that F2(m,1,r) is
redundant for n = 1.

Even though for the case 0 <t < % the resulting family of forbidden subgraphs
depends on t, for the case t > %, it does not. We comment now on a possible expla-
nation for this. It is well known that [2t]-connectivity is a necessary condition for
t-toughness. Since in Problem 7.2 we are imposing a condition of only 1-connectivity
on G, the lack of connectivity must be compensated by forbidding very small graphs
in G. Actually, even the forbidden subgraphs for ¢-toughness with ¢ close to % hap-
pen to be so small that they are enough for all ¢ > 1. and they don’t need to be

29
changed.
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Moreover, the proof of Theorem 7.4, can be easily adapted to show that the
connectivity of a F4(m, [, r)-free graph goes to infinity when the size of the graph
goes to infinity. The adaptation consists mainly in taking the set S to be a minimal
cutset of G and showing that the size of S is constant with respect to the size of G.

Consequently, to find out more about the case t > %, we propose the following

problem.

Problem 7.3. Let t be a positive real number. Characterize the connected graph

families F such that every large enough [2t]-connected F-free graph is t-tough.

Since for all 0 < ¢ < 1, [2t] =1, we have solved Problem 7.3 for all 0 < ¢ < 1.
Even though it might be an interesting problem, we think that for any ¢ > %, the
families for Problem 7.3 are quite complicated and giving a full characterization

might be very difficult.
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